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Preface

This book is the expanded version of lectures on quantum mechanics, which au-
thor read for students of the graduate level and which have been published in
Russian. The main attention is given to the consecutive and consistent descrip-
tion of foundations of modern quantum mechanics. Difference of the suggested
book from others is consistent use of the functional analysis and operator alge-
bras. To read the text, preliminary knowledge of these sections of mathematics is
not required. All the necessary information, which is beyond usual courses of the
mathematical analysis and linear algebra, is included.

To describe the theory, we use the fact that quantum and classical mechanics
are connected not only by limiting transition, but also realized by identical mathe-
matical structures. A common basis to formulate the theory is an assumption that
classical and quantum mechanics are different representations of the same total-
ity of mathematical structures, i.e., the so-called Dirac correspondence principle.
For construction of quantum theory, we consider mathematical concepts that are
the general for Hamiltonian and non-Hamiltonian systems. Quantum dynamics
is described by the one-parameter semi-groups and the differential equations on
operator spaces and algebras. The Lie–Jordan algebraic structure, Liouville space
and superoperators are used. It allows not only to consistently formulate the evo-
lution of quantum systems, but also to consider the dynamics of a wide class of
quantum systems, such as the open, non-Hamiltonian, dissipative, and nonlinear
systems. Hamiltonian systems in pure states are considered as special cases of
quantum dynamical systems.

The closed, isolated and Hamiltonian systems are idealizations that are not ob-
servable and therefore do not exist in the real world. As a rule, any system is
always embedded in some environment and therefore it is never really closed or
isolated. Frequently, the relevant environment is in principle unobservable or is
unknown. This would render the theory of non-Hamiltonian and dissipative quan-
tum systems to a fundamental generalization of quantum mechanics. The quantum
theory of Hamiltonian systems, unitary evolution, and pure states should be con-
sidered as special cases of the generalized approach.

Usually the quantum mechanics is considered as generalization of classical me-
chanics. In this book the quantum mechanics is formulated as a generalization
of modern nonlinear dynamics of dissipative and non-Hamiltonian systems. The
quantization of equations of motion for dissipative and non-Hamiltonian classical
systems is formulated in this book. This quantization procedure allows one to de-
rive quantum analogs of equations with regular and strange attractors. The regular
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vi Preface

attractors are considered as stationary states of non-Hamiltonian and dissipative
quantum systems. In the book, the quantum analogs of the classical systems with
strange attractors, such as Lorenz and Rössler systems, are suggested. In the text,
the main attention is devoted to non-Hamiltonian and dissipative systems that
have the wide possibility to demonstrate the complexity, chaos and self-organi-
zation.

The text is self-contained and can be used without introductory courses in quan-
tum mechanics and modern mathematics. All the necessary information, which
is beyond undergraduate courses of the mathematics, is presented in the book.
Therefore this book can be used in the courses for graduate students. In the book
the modern structure of the quantum theory and new fundamental results of last
years are described. Some of these results are not considered in monographs and
text books. Therefore the book is supposed to be useful for physicists and mathe-
maticians who are interested in the modern quantum theory, nonlinear dynamics,
quantization and chaos.

The book consists of two interconnected parts. The first part is devoted to the
quantum kinematics that defines the properties of quantum observable, states and
expectation values. In the second part, we consider the quantum dynamics that
describes the time evolution of the observables and states.

Quantum mechanics has its mathematical language. It consists of the operator
algebras, functional analysis, theory of one-parameter semi-groups and operator
differential equations. Although we can have some sort of understanding of quan-
tum mechanics without knowing its mathematical language, the precise and deep
meaning of the physical notions cannot be obtained without using operator alge-
bras, functional analysis, etc. Many theorems of operator algebra and functional
analysis, etc. are easy to understand and use, although their proofs may be quite
technical and time-consuming to present. Therefore we explain the meaning and
significance of the theorems and ask reader to use them without proof.

The author is greatly indebted to Professor George M. Zaslavsky for his invalu-
able suggestions and comments. Thanks are expressed also to Edward E. Boos,
Vyacheslav A. Ilin, Victor I. Savrin, Igor V. Volovich, colleagues of THEP di-
vision, and my family for their help and invaluable support during the work on
the book. Finally, the author wishes to express his appreciation to Elsevier for the
publication of this book.

Vasily E. Tarasov
Moscow

September 2007
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A Very Few Preliminaries

To motivate the introduction of the basic concepts of the theory of non-Hamilto-
nian and dissipative systems, we begin with some definitions.

1. Potential and conservative systems

Suppose that a classical system, whose position is determined by a vector x in a
region M of n-dimensional phase-space Rn, moves in a field F(x). The motion
of the system is described by the equation

(1)
dx
dt
= F(x).

Let us give the basic definitions regarding this system.

(1) If the vector field F(x) satisfies the condition

curl F(x) = 0

for all x ∈ M, then the system is called potential, or locally potential. The
field F(x) is called irrotational.

(2) If there is a unique single-valued function H = H(x) for all x ∈M such that

F(x) = grad H(x),

then the system is gradient, or globally potential.
The globally potential system is locally potential. The converse statement

does not hold in general. It is well known that a locally potential system with
the field F = (−y/r2)e1 + (x/r2)e2, where r2 = x2 + y2 in the region
M = {(x, y) ∈ R2: (x, y) �= (0, 0)} is not globally potential.

(3) If there are x ∈M ⊂ Rn such that

curl F(x) �= 0,

then the system is called nonpotential.
(4) If we have the condition

div F(x) = 0

for all x ∈M, then the system is called nondissipative. The vector field F(x)

is called solenoidal.

1



2 A Very Few Preliminaries

2. Hamiltonian and non-Hamiltonian classical systems

Let M be a symplectic manifold and let x = (q, p).

(1) The locally potential system on M is called locally Hamiltonian.
(2) The globally potential system on M is called globally Hamiltonian.
(3) The nonpotential system on M is called non-Hamiltonian.
(4) If div F(x) �= 0 for some x ∈M, then the system is called generalized dissi-

pative.

3. Examples of non-Hamiltonian systems

Suppose that a classical system, whose position and momentum are described
by vectors q = (q1, . . . , qn) and p = (p1, . . . , pn), moves in the force field
F(q, p) = (F1, . . . , Fn). The motion of the system is defined by the equations

(2)
dqk

dt
= ∂H(q, p)

∂pk

,
dpk

dt
= −∂H(q, p)

∂qk

+ Fk(q, p).

The Hamiltonian function H(q, p) = p2/2m + U(q) gives the Newton’s equa-
tions

d2qk

dt2
= −∂U(q)

∂qk

+ Fk(q,mv),

where v = dq/dt . If the conditions

(3)
∂Fk(q, p)

∂pl

= 0,
∂Fk(q, p)

∂ql

− ∂Fl(q, p)

∂ql

= 0

hold for all q, p, then equations (2) describe a classical Hamiltonian system. If
these conditions are not satisfied, then (2) is a non-Hamiltonian system. If

Ω(q, p) =
n∑

k=1

∂Fk(q, p)

∂pk

�= 0,

then we have a generalized dissipative system. For example, the force field

(4)Fk(q, p) =
n∑

l=1

aklpl +
n∑

l,s=1

bklsplps

describes non-Hamiltonian system.
Suppose that H(q, p) = p2/2m and Fk(q, p) is defined by (4). Using the

variables x = p1, y = p2, z = p3, we can obtain the well-known Lorenz and
Rössler systems in the space of (x, y, z) ∈ R3. The field

F1 = −σx + σy, F2 = rx − y − xz, F3 = −bz+ xy,



4. Non-Hamiltonian and dissipative classical systems 3

gives the Lorenz equations [100]. All σ, r, b > 0, but usually σ = 10, b = 8/3
and r is varied. This system exhibits chaotic behavior for r = 28. The field

F1 = −y − z, F2 = x + ay, F3 = b + cz− zx

defines the Rössler system [128]. Rössler studied the chaotic attractor with a =
0.2, b = 0.2, and c = 5.7. These Lorenz and Rössler systems defined by equa-
tions (2) and (4) are non-Hamiltonian and dissipative. The systems demonstrate a
chaotic behavior for some values of parameters.

4. Non-Hamiltonian and dissipative classical systems

Let A = A(x) be a smooth function on M. Equation (1) gives

(5)
d

dt
A = (F, grad A),

where the brackets is a scalar product. We can define the operator L = (F,∇x),
where ∇x is the nabla operator.

(1) For globally Hamiltonian systems, L is an inner derivation operator, i.e.,
there is H ∈M such that

(6)L = {H, ·},
where { , } is a Poisson bracket, and H is a unique single-valued function on M.

(2) A locally Hamiltonian system is characterized by the conditions

(7)ZL(A,B) = L(AB)− (LA)B − A(LB) = 0,

(8)JL(A,B) = L
({A,B})− {LA,B} − {A,LB} = 0

for all real-valued smooth functions A = A(x) and B = B(x) on M. Equa-
tions (7) and (8) can be used as a definition of locally Hamiltonian systems.

These equations mean that L is a derivation operator. In general, the derivation
operator is not inner. For example, every derivation L of polynomial A in real
variables q, p can be presented in the form

LA = {H,A} + b

(
A− ap

∂A

∂p
− (1− a)q

∂A

∂q

)
,

where a, b are numbers. Thus every derivation of polynomial is a sum of an in-
ner derivation {H,A} and an explicitly determined outer derivation. (However
this decomposition is not unique.) As a result, locally Hamiltonian system is not
equivalent to globally Hamiltonian.

(3) For non-Hamiltonian systems, there exist functions A(x) and B(x) and
points x, such that equations (6) and (7) are not satisfied. We can use this property
as a definition of classical non-Hamiltonian systems.
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(4) A generalized dissipative classical system is characterized by the condition

Ω(q, p) = −
m∑

k=1

JL(qk, pk) �= 0.

The function Ω(q, p) is a phase space compressibility. It is not hard to see that the
generalized dissipative system is non-Hamiltonian. The converse statement does
not hold in general.

5. Non-Hamiltonian and dissipative quantum systems

Let us consider a quantum system, whose coordinates and momenta are deter-
mined by operators Qk and Pk , k = 1, . . . , n. The motion of the system is
described by the operator differential equation

(9)
d

dt
A(t) = LA(t)

under a variety of conditions and assumptions. In each example the operator
A = A(0) corresponds to an observable, or state, of the quantum system and will
be represented by an element of some suitable operator space, or algebra, M. The
map t ∈ R → A(t) ∈ M describes the motion of A, and L is a superoperator
on M, which generates the infinitesimal change of A. In other words, a superop-
erator L is a rule that assigns to each operator A exactly one operator L(A). The
dynamics is given by solution of the operator differential equation.

Let us give the basic definitions regarding the quantum system described by (9).
(1) For globally Hamiltonian quantum systems, L is an inner derivation opera-

tor, i.e., there is H ∈M such that

L(A) = 1

ih̄
[H,A],

for all A ∈M, where [ , ] is a commutator on M.
(2) A locally Hamiltonian quantum system is characterized by the conditions

ZL(A,B) = L(AB)− (LA)B − A(LB) = 0,

(10)JL[A,B] = L
([A,B])− [LA,B] − [A,LB] = 0,

where A, B are self-adjoint operators. These equations mean that L is a derivation
superoperator.

(3) For non-Hamiltonian quantum systems, there exist operators A and B such
that conditions (10) are not satisfied.

(4) A generalized dissipative quantum system is characterized by

Ω(Q,P ) = − 1

ih̄

n∑
k=1

JL[Qk, Pk] �= 0.
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Then, generalized dissipative systems are non-Hamiltonian.

6. Quantization of non-Hamiltonian and dissipative systems

Suppose that a classical system is described by the equation

(11)
d

dt
At (q, p) = L[q, p, ∂q, ∂p]At(q, p)

under a variety of conditions and assumptions. In each instance the real-valued
function A0 corresponds to an observable, or state, of the classical system. If the
conditions (7) and (8) are not valid for L = L[q, p, ∂q, ∂p], then the classical
system is non-Hamiltonian.

Quantization is usually understood as a procedure, where any classical observ-
able, i.e., a real-valued function A(q, p), is associated with a relevant quantum
observable, i.e., a self-adjoint operator A(Q,P ).

Let us define the operators L−A and L+A acting on classical observables by the
formulas

L−AB(q, p) = {
A(q, p), B(q, p)

}
, L+AB(q, p) = A(q, p)B(q, p).

From these definitions, we get

(12)L+
qkA(q, p) = qkA(q, p), L+

pkA(q, p) = pkA(q, p),

and

(13)L−
qkA(q, p) = ∂A(q, p)

∂pk
, L−

pkA(q, p) = −∂A(q, p)

∂qk
.

Then the operator L[q, p, ∂q, ∂p], will be presented by

L[q, p, ∂q, ∂p] = L
[
L+q , L+p ,−L−p , L−q

]
.

Using the operators L+A and L−A , which act on quantum observables and defined
by

L−AB̂ = 1

ih̄

(
ÂB̂ − B̂Â

)
, L+AB̂ = 1

2

(
ÂB̂ + B̂Â

)
,

the Weyl quantization πW is defined by

πW

(
L+

qkA
) = L+

QkÂ, πW

(
L−

qkA
) = L−

QkÂ,

πW

(
L+

pkA
) = L+

Pk Â, πW

(
L−

pkA
) = L−

Pk Â

for any Â = A(Q,P ) = πW(A(q, p)), where Qk = πW(qk), and Pk = πW(pk).
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Since these relations are valid for any Â = πW(A), we can define the quanti-
zation of operators L±

qk and L±
pk by the equations

πW

(
L+

qk

) = L+
Qk , πW

(
L−

qk

) = L±
Qk ,

πW

(
L+

pk

) = L+
Pk , πW

(
L−

pk

) = L−
Pk .

These relations define the Weyl quantization of the operator L[q, p, ∂q, ∂p].
The Weyl quantization πW for the classical system (11) is defined by the for-

mula

πW

(
L[q, p, ∂q, ∂p]

) = L
[
L+Q,L+P ,−L−P , L−Q

]
.

Note that the commutation relations for the operators L±
qk , L±

pk and L±
Qk , L±

Pk co-

incide. Then the ordering of L±
Pk and L±

Qk in the superoperator L[L+Q,L+P ,−L−P ,

L−Q] is uniquely determined by ordering in L[L+q , L+p ,−L−p , L−q ].
As a result, the quantization of (11) gives the operator equation

d

dt
At (Q, P ) = L

[
L+Q,L+P ,−L−P , L−Q

]
At(Q,P ).

If the classical system (11) is non-Hamiltonian, then the quantum system are also
non-Hamiltonian.

We may also say that the quantization is realized by the replacement

qk −→ L+Qk
, pk −→ L+Pk

,

∂

∂pk
−→ L−Pk

,
∂

∂qk
−→ −L−Qk

.

We illustrate this technique with a simple example. The equations of motion

dp

dt
= p

m
,

dq

dt
= −mω2

2
q − γp

describe a damped harmonic oscillator. For A(q, p), we have

d

dt
At (q, p) = p

m
∂qAt (q, p)+

(
−mω2

2
q − γp

)
∂pAt (q, p).

The quantization gives

d

dt
At (Q, P ) = − 1

m
L+P L−P At (Q, P )

+
(
−mω2

2
L+Q − γL+P

)
L−QAt(Q,P ),
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where Ât = A(Q,P ) = πW(A(q, p)) is a quantum observable. As a result, we
obtain

d

dt
Ât = i

2mh̄

[
P 2 +m2ω2Q2, Ât

]+ iγ

2h̄

(
P
[
Q, Ât

]+ [
Q, Ât

]
P
)
.

This is the equation for quantum damped oscillator. The Weyl quantization of
classical dissipative Lorenz-type system can also be realized [162,163].
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Chapter 1

Quantum Kinematics of Bounded Observables

1.1. Observables and states

Physical theories consist essentially of two interconnected structures, a kinemati-
cal structure describing the instantaneous states and observables of a system, and a
dynamical structure describing the time evolution of these states and observables.
In the quantum mechanics observables and states are represented by operators on
a Hilbert space.

(a) The observables of a quantum system are described by the self-adjoint linear
operators on some separable Hilbert space.

(b) The states of the quantum system are identified with the positive self-adjoint
linear operator with unit trace.

As a result, to formulate quantum kinematics, the mathematical language of
operator algebras must be used. Before we start to study the mathematical struc-
tures that are considered on sets of quantum observables and states, we should
describe a Hilbert space H and operators on H.

1.2. Pre-Hilbert and Hilbert spaces

A Hilbert space generalizes the notion of the Euclidean space Rn with a scalar
product. In a Hilbert space, the elements are abstractions of usual vectors, whose
nature is unimportant (they may be, for example, sequences or functions).

DEFINITION. A linear space (or vector space) over C is a set H, together with
two following operations:

(1) An addition of elements of H such that
(a) x + y = y + x for all x, y ∈ H.
(b) (x + y)+ z = x + (y + z) for all x, y, z ∈ H.
(c) 0+ x = x + 0 = x for all x ∈ H.

(2) A multiplication of each element of M by a complex number such that

11
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(a) a(bx) = (ab)x for all x ∈ H, and a, b ∈ C.
(b) (a + b)x = ax + bx for all x ∈ H, and a, b ∈ C.
(c) a(x + y) = ax + ay for all x, y ∈ H, and a ∈ C.
(d) 1x = x and 0x = 0 for all x ∈ H.

The most familiar linear spaces over R are two and three-dimensional Euclid-
ean spaces. In physics, the mathematical notions have physical interpretations.
For example, the elements of the linear space H can be mathematical images of
pure states.

DEFINITION. A scalar product in a linear space H is a complex-valued numeri-
cal function (x, y) of arguments x, y ∈ H satisfying the axioms:

(1) (x + y, z) = (x, z)+ (y, z) for all x, y, z ∈ H.
(2) (x, ay) = a(x, y) and (ax, y) = a∗(x, y) for all x, y ∈ H, a ∈ C, where ∗

denotes complex conjugation.
(3) (x, y) = (y, x)∗ for all x, y ∈ H.
(4) (x, x) > 0 for x �= 0, and (x, x) = 0 if and only if x = 0.

A scalar product is also called an inner product. Scalar products allow the
rigorous definition of intuitive notions such as the angle between vectors and or-
thogonality of vectors in linear spaces of all dimensions. A linear space, together
with a scalar product is called the pre-Hilbert space.

DEFINITION. A pre-Hilbert space is a set H, such that the following conditions
are satisfied:

(1) H is a linear space.
(2) A scalar product exists to each pairs of elements x, y of H.

A pre-Hilbert space is also called an inner product space.

DEFINITION. Suppose H is a linear space and x is in H. A seminorm of x ∈ H is
a nonnegative real number ‖x‖H, such that the following conditions are satisfied:

(1) ‖x + y‖H � ‖x‖H + ‖y‖H for all x, y ∈ H (triangle inequality).
(2) ‖ax‖H = |a|‖x‖H for all x ∈ H, and a ∈ C (homogeneity).
(3) ‖x‖H � 0 for all x ∈ H (nonnegativity).

A norm of x ∈ H is a seminorm ‖x‖H such that ‖x‖H = 0 if and only if x = 0.

A norm generalizes the notion of the length of vector. Each norm can be consid-
ered as a function that assigns a positive number to a non-zero element of a linear
space. A seminorm is allowed to assign zero value to some non-zero elements.
A linear space with a norm is called a normed linear space.
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DEFINITION. A normed space is a linear space H over C, if there is a norm for
each element of H.

A seminormed space is a pair <H, ‖ ‖H>, where H is a linear space, and ‖ ‖H
is a seminorm on H. A normed space is a linear space H, together with a norm
‖ ‖H. In general, a given space H can be made into a normed space in different
ways by using different norms. We can denote the normed space by <H, ‖ ‖H>.

We will often need a notion of distance (called a metric) between elements of
the set. It is reasonable to define a notion of metric that has the most important
properties of ordinary distance in Rn.

DEFINITION. A metric space is a set H, together with a real-valued function
d( , ) on H×H, such that the following conditions are satisfied:

(1) d(x, y) � 0 for all x, y ∈ H (nonnegativity condition).
(2) d(x, y) = 0, if and only if x = y.
(3) d(x, y) = d(y, x) for all x, y ∈ H (symmetry condition).
(4) d(x, z) � d(x, y)+ d(y, z) for all x, y, z ∈ H (triangle inequality).

The function d( , ) is called the metric on H.

We denote by H1 × H2 the set of all ordered pairs of elements x, y, where
x ∈ H1 and y ∈ H2. The set H1 × H2 will be called the direct product of H1
and H2.

Any normed space is a metric space with the metric

d(x, y) = ‖x − y‖H.

A pre-Hilbert space H is a normed linear space with the norm

‖x‖H =
√

(x, x).

Then, the pre-Hilbert space H is a metric space with the metric

d(x, y) = √
(x − y, x − y).

The metric and norm allow us to define a topology, i.e., a certain convergence
of infinite sequences of space elements. Convergence describes limiting behavior,
particularly of an infinite sequence toward some limit.

DEFINITION. A sequence {xk: k ∈ N} of elements in a normed space H is said
to be convergent to an element x ∈ H if

(1)lim
k→∞‖xk − x‖H = 0.

The element x is called the limit point.
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DEFINITION. A fundamental sequence (or Cauchy sequence) is a sequence of
elements xk of a normed space H if

(2)lim
k,l→∞‖xk − xl‖H = 0.

Using the triangle inequality, it is easy to see that a convergent sequence {xk}
in H satisfies condition (2). As a result, we have the following theorem.

THEOREM. Let H be a normed space and let {xk} be a sequence of elements in H.
If {xk} converges to an element x ∈ H, then {xk} is a fundamental sequence.

Although every convergent sequence is a fundamental sequence, the converse
statement need not be true. In general, a fundamental sequence of a normed
space H is not convergent to an element of H. We now define a space such that
the converse statement is true. A normed linear space is said to be complete if and
only if all Cauchy sequences are convergent.

DEFINITION. A complete space is a normed space in which all fundamental se-
quences convergent, and its limit points belong to this space.

For example, R is complete, but Q is not. Here Q is a linear space of all rational
numbers with the usual norm ‖x‖ = |x|. A complete normed space is called the
Banach space.

DEFINITION. A Banach space is a normed space H, such that each fundamental
sequence {xk} ∈ H converges to an element of H, i.e., if we have (2) for all
{xk: k ∈ N} ⊂ H, then there exists x ∈ H, such that (1) holds.

A complete pre-Hilbert space is a Hilbert space.

DEFINITION. A Hilbert space is a set H such that the following requirements are
satisfied:

(1) H is a linear space.
(2) A scalar product exists to each pairs of elements x, y of H.
(3) H is a Banach space.

A Hilbert space H is a Banach space with the norm ‖x‖H = √
(x, x)H. In

general, the norm does not arise from a scalar product, so Banach spaces are not
necessarily Hilbert spaces and will not have all of the same geometrical proper-
ties.
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PARALLELOGRAM THEOREM. A Banach space H is a Hilbert space if and only
if the norm ‖ ‖H of H satisfies the parallelogram identity

(3)‖x + y‖2
H + ‖x − y‖2

H = 2‖x‖2
H + 2‖y‖2

H

for all x, y ∈ H.

If the parallelogram identity is satisfied for all elements of a Banach space H,
then it is possible to define a scalar product by the norm ‖ ‖H. The associated
scalar product, which makes H into a Hilbert space, is given by the polarization
identity:

(4)(x, y) = 1

4

3∑
s=0

is
∥∥x + isy

∥∥2
H.

This function (x, y) satisfies the axioms of scalar product if and only if require-
ment (3) holds.

The scalar product makes it possible to introduce into H the concept of the
orthogonality. The elements x and y of a Hilbert space H are called orthogonal if
(x, y) = 0. If the elements x and y are orthogonal, then the equality

‖x + y‖2
H = ‖x‖2

H + ‖y‖2
H

is easily verified. This is the Pythagorean theorem.
Hilbert spaces arise in quantum mechanics as some function and sequence

spaces. The following are examples of some Hilbert spaces.

(1) Euclidean space. The simplest example of a Hilbert space is the finite-
dimensional linear space Cn (or Rn) with the scalar product

(x, y) =
n∑

k=1

x∗k yk.

(2) Sequence space. Consider the infinite-dimensional space l2, whose elements
are sequences of complex numbers xk such that

∞∑
k=1

|xk|2 <∞.

We introduce a scalar product of the elements {xk} and {yk} of this space by
the equation

({xk}, {yk}
) = ∞∑

k=1

x∗k yk.
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(3) Lebesgue space. Consider the space L2[a, b] of square-integrable complex-
valued functions Ψ (x) on the closed interval [a, b]. If Ψ (x) ∈ L2[a, b], then

b∫
a

∣∣Ψ (x)
∣∣2 dx <∞.

The scalar product in this space is defined by

(Ψ1, Ψ2) =
b∫

a

dx Ψ ∗
1 (x)Ψ2(x).

1.3. Separable Hilbert space

In this section, we extend the idea of “basis” from finite-dimensional linear spaces
to Hilbert spaces. In quantum mechanics, we would like to use a Hilbert space, in
which every element has an expansion over the countable basis.

Two elements, x and y, in a Hilbert space H are said to be orthogonal if
(x, y) = 0. These elements is called orthonormal if (x, x) = (y, y) = 1 and
(x, y) = 0.

DEFINITION. A orthonormal system in a Hilbert space H is a set of elements
ea ∈ H, a ∈ R, such that the following conditions are satisfied:

(1) (ea, ea) = 1 for all a ∈ R.
(2) (ea, eb) = 0 for a �= b.

Here, R is a set of indices. In general, this set is not countable.
Let H be a linear space over C. The elements in a subset S = {ea: a ∈ R} of

H generate the whole H if for every x ∈ H, we have

(5)x =
∑
a∈R

xaea

for some xa ∈ C. In this case, the element x is a linear combination of ea and H
is a linear span. The elements in the subset S = {ea: a ∈ R} of H are linearly
independent if

∑
a∈R xaea = 0 implies that all xa = 0. If H is a linear space, the

elements in a subset S = {ea : a ∈ R} of H form a basis if they generate H and
ea are linearly independent.

DEFINITION. A complete orthonormal system in a Hilbert space H is an ortho-
normal system {ea} ∈ H, a ∈ R, such that (ea, x) = 0 for all a ∈ R implies
x = 0.
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A orthonormal basis is a complete orthonormal system {ea: a ∈ R} in H, such
that each element x ∈ H can be presented as a unique linear combination of ea

by (5), where xa = (ea, x).

The equality in (5) means that the sum on the right-hand side converges to x

in H. Every basis is a complete system. However, a complete system may not be
a basis for the space.

In study of complete systems {ek} it is very important question whether a given
system forms a basis of a separable space, i.e., whether any element x of the space
can be presented by (5), and in only one way. Here xk are numbers and the series
converges in the norm of the space. Although bases have been constructed for all
the basic separable Banach spaces, the question whether there exists a basis for an
arbitrary separable Banach space happens to be complicated. A negative answer
has been obtained by P. Enflo. In 1972 he constructed a reflexive separable Banach
space having no basis.

Each Hilbert space has an orthonormal basis. In general, this basis is not a
countable set. In quantum theory, it is important to have a countable basis.

DEFINITION. Let H be a Hilbert space. If there exists a countable complete sys-
tem in H, then the space H is called separable.

A Hilbert space is separable if and only if it has a countable orthonormal basis.

THEOREM. If H is a separable Hilbert space, then each complete orthonormal
system {ek} in H is a basis. Any element x of H can be represented in the form

(6)x =
∞∑

k=1

xkek, xk = (ek, x),

and

(7)‖x‖2
H =

∞∑
k=1

|xk|2 =
∞∑

k=1

∣∣(ek, x)
∣∣2 �∞.

Equation (7) is called the Parseval’s identity. The coefficients xk = (ek, x) ∈ C

are often called the Fourier coefficients of x with respect to the basis ek , and this
representation of x ∈ H is called the Fourier series.

Inequality (7) gives that any infinite-dimensional separable Hilbert space is iso-
morphic to a space l2. Two spaces are isomorphic if the spaces are identical except
for the names of the elements and operations, i.e., if the spaces are structurally the
same.

If H is a separable Hilbert space, then a complete orthonormal system is a basis.
As a result, we have the following important property of separable Hilbert spaces:
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There exists an isomorphism between separable Hilbert spaces. The isomorphism
is a one-to-one correspondence that preserves the linear space operations and the
scalar product. In the finite-dimensional case, we have the following statement.

THEOREM. Each finite-dimensional (n-dimensional) separable Hilbert space
over C is isomorphic to Cn.

Let us give the basic theorem regarding infinite-dimensional spaces.

THEOREM. Any two infinite-dimensional separable Hilbert spaces are isomor-
phic to each other.

Thus any two separable Hilbert spaces are isomorphic to (in one-to-one cor-
respondence that preserves the linear space operation and the scalar product) the
space l2, and, consequently isomorphic to each other. If {xk: k ∈ N} is arbitrary
sequence of numbers xk such that

∑∞
k=1 |xk|2 < ∞, then the series

∑∞
k=1 xkek

converges in H. If we denote the sum by x, then taking the scalar product of x with
ek , we shall have xk = (x, ek). Hence there is a one-to-one correspondence be-
tween of sequences of numbers xk the series of whose squared moduli converges,
i.e., the space l2, and the elements of the Hilbert space H.

In particular the space L2[a, b] whose elements are square-integrable functions
is a Hilbert space isomorphic to the space l2. The space L2[a, b] is a complete
space. It is obviously also separable. As a result, the space L2[a, b] and l2 are
isomorphic to each other and may be identified. These spaces can be consid-
ered as different realizations of an abstract infinite-dimensional separable Hilbert
space H. The isomorphism of L2[−π, π] and l2 can be presented by the Fourier
transform:

xk = 1√
2π

π∫
−π

Ψ (x)eikx dx,

where Ψ (x) ∈ L2[−π, π], and {xk} ∈ l2.

1.4. Definition and examples of operators

A function can be presented as a “black box” that generates a number at the output
in response to an number at the input.

DEFINITION. Let H1 and H2 be linear spaces. We say that an operator A with
values in H2 is defined on a set D(A) ⊂ H1 if to every element x ∈ H1 there
corresponds an element y = Ax ∈ H2. The set D(A) is called the domain of
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the operator. The set of all elements y of H2, representable in the form y = Ax,
x ∈ D(A), is called the range of the operator and is denoted by R(A).

For example, an operator may be pictured as a “black box” that generates a
function at the output in response to a function at the input; it is said that an
operator applied to a function generates a new function. The operator squaring:
AΨ (x) = Ψ (x)2 is an example of an operator on the space L2[0, 1]. The entire
space L2[0, 1] serve as the domain of this operator. The set of all non-negative
functions of L2[0, 1] is its range.

DEFINITION. A linear operator is a map A from a linear space H1 into a linear
space H2, such that A(ax + by) = aAx + bAy for all x, y ∈ D(A) ⊂ H1 and
a, b ∈ C.

The operator of differentiation, AΨ (x) = dΨ (x)/dx, is an example of a linear
operator. The operator squaring is not linear.

As emphasized in the definition, an operator is not simply a formal operating
rule. Two operators, which act in the same way, must be considered as different if
they are not defined on the same subspace of a Hilbert space. A typical example
for this situation is given by a physical problem on a compact or semi-infinite
interval. In this case, the domain of operators includes some boundary conditions
whose choice depends on the experimental device. In general, two non equivalent
devices for the measurement of a given observable lead to different experimental
results. Therefore it is important to consider as different two operators that act in
the same way, but admit different domains of definition. Thus, strictly speaking,
a Hilbert space operator is a triple <D(A),A,R(A)> consisting of a rule of
operation on the Hilbert space, together with the Hilbert space subsets D(A) and
R(A).

DEFINITION. Suppose H1 and H2 are Hilbert spaces. A linear operator A from
H1 into H2 is called bounded, if there exists a real number C > 0 such that
‖Ax‖H2 � C‖x‖H1 for all ∈ H1.

If A is bounded, then ‖Ax‖H2/‖x‖H1 � C for all x ∈ H1. The smallest of the
numbers C in this inequality is called the norm of the operator A.

DEFINITION. A norm of operator A is a non-negative number ‖A‖ that is defined
by the equation

‖A‖ = sup
‖x‖H1=1

‖Ax‖H2 = sup
x �=0

‖Ax‖H2

‖x‖H1

.
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That is, ‖A‖ is a least upper bound of the Hilbert space norm ‖Ax‖H2 when
‖x‖H1 = 1. If C is equal to infinity then the operator A is called unbounded. The
operator norm represents the greatest possible absolute value for the observable.

DEFINITION. A continuous operator is a linear operator A, such that

lim
k→∞‖xk − x‖H1 = 0 implies lim

k→∞‖Axk − Ax‖H2 = 0

for all x ∈ D(A) and xk ∈ D(A).

STATEMENT. Let A be a linear operator from H1 into H2. Then A is a continuous
operator if and only if A is bounded.

As a result, the use of the adjective “continuous” is an equivalent for “bound-
ed”.

The following are examples of some linear operators.

(1) We say that I is a unit operator if Ix = x for all x ∈ H.
(2) We say that A−1 is an inverse operator of A if A−1A = AA−1 = I .
(3) We say that A∗ is an adjoint operator if (A∗x, y) = (x,Ay) for all x, y ∈ H.
(4) A is a self-adjoint operator if (Ax, y) = (x,Ay) for all x, y ∈ H or A∗ = A.
(5) A is a unitary operator if (Ax,Ay) = (x, y) for all x, y ∈ H.
(6) A is a projection operator if A2 = A and A∗ = A.
(7) A is a nonnegative operator if A∗ = A, and (x,Ax) � 0 for all x ∈ H.
(8) A is a positive operator if A∗ = A and (x,Ax) > 0 for all x �= 0.

1.5. Quantum kinematical postulates

Let us give the basic postulates regarding observables, states and expectation val-
ues. These postulates relate the main physical concepts with some mathematical
notions.

POSTULATE (Observable). An observable of a quantum system is described by a
linear self-adjoint operator on a complex separable Hilbert space.

Note that to identify an observable one must give the domain on which its
operator acts. This domain is a subset of a separable Hilbert space.

DEFINITION. Let A be a linear bounded operator A on a separable Hilbert
space H. A trace of A is a complex number Tr[A] such that

(8)Tr[A] =
∞∑

k=1

<ek,Aek>,
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where {ek} is an orthonormal basis of H.

If the sum (8) is absolutely convergent and is independent of the choice of the
orthonormal basis, then the following properties of Tr are satisfied:

(1) Tr[aA+ bB] = a Tr[A] + b Tr[B].
(2) If 0 � A � B, then Tr[A] � Tr[B].
(3) Tr[A∗] = (Tr[A])∗.
(4) Tr[AB] = Tr[BA], Tr[ABC] = Tr[BCA] = Tr[CAB].

POSTULATE (State). A state of the quantum system is described by a nonnegative
self-adjoint linear operator ρ of unit trace, i.e., ρ � 0, ρ∗ = ρ, Tr[ρ] = 1.

A set of all states is decomposed into two disjoint subsets of pure and mixed
states. A pure state is described by a density operator ρ that satisfies the idempo-
tent condition ρ2 = ρ. If ρ describes a pure spate, then ρ is a projection operator,
i.e., ρ∗ = ρ and ρ2 = ρ. Note that to each element Ψ of a Hilbert space H such
that ‖Ψ ‖H = 1 there corresponds a pure state ρΨ = PΨ , where PΨ is the pro-
jection on the one-dimensional subspace. Note that Ψ is determined by ρ = PΨ

only up to a phase. Note that ρ2 = ρ if and only if the entropy S = −< ln ρ> is
equal to zero, S = 0.

POSTULATE (Expectation value). An expectation value of an observable A on a
state ρ is a real value <A> defined by the equation <A> = Tr[ρA].

The following are properties of expectation values:

(1) <aA+ bB> = a<A>+ b<B> for all observables A,B and a, b ∈ C.
(2) <A> is real number if A is a self-adjoint operator.
(3) <A∗A> is nonnegative.
(4) <I> = 1, and <0> = 0.

1.6. Dual Hilbert space

Let H be a Hilbert space. We say that a functional Y with values in C is defined
on H if to every element x ∈ H there corresponds a complex number Y(x) ∈ C.

For example, a functional may be pictured as a “black box” that generates a
number at the output in response to an operator at the input, i.e., a concrete number
is obtained in response to a concrete operator.

DEFINITION. A linear functional on a Hilbert H is a linear operator Y from H
into C.
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If Y is an operator that maps a Hilbert space H into the space of complex
numbers C, then Y is a functional. A functional is an operator Y such that
R(Y ) ⊂ C.

DEFINITION. A linear functional Y is bounded, if there is a positive constant C

such that |Y(x)| � C‖x‖H for all x ∈ H.

A norm of Y is a nonnegative number ‖Y‖ that is defined by the equation

‖Y‖ = sup
‖x‖=1

∣∣Y(x)
∣∣ = sup

x �=0

|Y(x)|
‖x‖H .

A linear functional is continuous if

lim
k→∞‖xk − x‖H = 0 implies lim

k→∞
∣∣Y(xk)− Y(x)

∣∣ = 0.

A linear functional is continuous if and only if it is bounded.
We shall denote the linear space of all bounded linear functionals on H by H∗.

For any x ∈ H and Y ∈ H∗, we shall denote by Y(x) the value of the functional
at the element x.

DEFINITION. Let H be a Hilbert space. A dual space of H is a linear space H∗
of all continuous linear functionals on H.

Each element y of a Hilbert space H determines a continuous linear functional
Y ∈ H∗ by the equation

Y(x) = (y, x).

Conversely, every continuous linear functional is representable in the form of the
scalar product with some element y. This is the Riesz–Fréchet theorem.

RIESZ–FRÉCHET THEOREM. For each bounded linear functional Y ∈ H∗, there
exists a unique element y ∈ H, such that Y(x) = (y, x) for all x ∈ H. Moreover,
‖Y‖ = ‖y‖H.

The Riesz–Fréchet theorem establishes the general form of a continuous linear
functional on H. Every continuous linear functional on H has the form Y(x) =
(y, x), where y is a fixed element of the space H. Conversely, if y ∈ H, then
Y(x) = (y, x) is a bounded linear functional on H.

As a result, there exists an isomorphism between a Hilbert space H and its
dual space H∗ : x ∈ H → (x, ) ∈ H∗. By the Riesz–Fréchet theorem, the dual
space H∗ of a Hilbert space H is isomorphic to H, i.e., H∗ = H. The spaces H∗
and H are identical except for the names of the elements and operations, such
that H∗ and H are structurally the same.
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THEOREM OF ISOMORPHISM BETWEEN H∗ AND H. For each element y of a
Hilbert space H there exists a unique element Y of H∗, such that Y(x) = (y, x)

for all x ∈ H. Conversely, for each element Y of H∗ there exists a unique element
y of H, such that Y(x) = (y, x) for all x ∈ H. Thus the spaces H∗ and H are
isomorphic.

Therefore, the element x can be considered not only as an element of H, but
also as an element of the dual space H∗.

1.7. Dirac’s notations

Suppose H be a Hilbert space. By the fundamental Riesz–Fréchet theorem, the
element x can be considered not only as an element of H, but also as an element
of the dual space H∗ of linear continuous functionals on H. Denote x, treated as
an element of H, by |x>. This element is called the ket-vector. We shall denote x,
treated as an element of H∗, by <x|. The elements <x| are called the bra-vectors.
Then |x> → <x| is a one-to-one linear map of H onto H∗. The symbol for scalar
product <y|x> is the graphic junction of the symbols <y| and |x>:

<y|x> = <y||x> = (|y>, |x>
) = (y, x).

Note, that the scalar product in a Hilbert space H satisfies the condition

<y|x>∗ = <x|y>,

where |y>, |x> ∈ H. Here we can use (|x>)∗ = <x| and (<x|)∗ = |x>. The
scalar product (x, y) will be denoted by <x|y>. This notation is widely used.

The main convenience of this Dirac’s notation [46] is the possibility of sim-
ple representation of operators in terms on an outer product. We shall denote by
P̂ (x, y) = |x><y| the operator which maps an element |z > of H into the ele-
ment |x><y|z>:

P̂ (x, y)|z> = |x><y||z> = |x><y|z>.

Thus the action of P̂ (x, y) = |x><y| on |z> is described by a simple graphic
junction of the symbols. Operators of this form map onto the one-dimensional
subspace Hx = {|x>z: z ∈ C}, and will be called the ket-bra operators. Note that

P̂ (x, y)∗ = (|x><y|)∗ = |y><x| = P̂ (y, x).

If |x> is a ket-vector with the norm ‖x‖H = √<x|x> = 1, then the operator
P(x) = P̂ (x, x) is a projection on |x>, i.e.,

P ∗(x) = P(x), P 2(x) = P(x).
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DEFINITION. A ket-bra operator is an operator P̂ (x, y) = |x><y| that assigns
to each element |z> of H exactly one element |x>a(y, z), where a(y, z) =
<y|z>.

Finite linear combinations of ket-bra operators describe operators of finite rank.
If A is a linear operator whose domain D(A) and range R(A) both lie in the same
Hilbert space H, and dim R(A) < ∞, then A is a finite-rank operator. The rank
of A is dim R(A).

1.8. Matrix representation of operator

Each complete orthonormal system of ket-vectors |ek> in a separable Hilbert
space H is a basis for H. Using equation (6), any ket-vector |x> of the space H
can be represented in the form

(9)|x> =
∞∑

k=1

|ek>xk,

where xk = <ek|x>. The ket-bra operators

(10)Pk = P̂ (ek, ek) = |ek><ek|
are projection operators, such that P ∗k = Pk and PkPl = Pkδkl . Each Pk maps
onto the one-dimensional subspace Hk = {|ek>a, a ∈ C}, dimHk = 1.

We can consider the sum
∑N

k=1 Pk for infinite-dimensional case (N → ∞).
The question of convergences arises since an infinite sum is used. The operator
norm (uniform) convergence is not relevant here since ‖Pk‖ = <ek|ek> = 1 for
all k ∈ N.

We distinguish three types of convergences of a sequence {Ak} of bounded
linear operators defined everywhere in a Hilbert space H.

DEFINITION. A sequence of operators {Ak: k ∈ N} converges uniformly to the
operator A, if

lim
k→∞‖Ak − A‖ = 0.

Thus, a uniform convergence is a convergence with respect to the operator
norm.

DEFINITION. A sequence of operators Ak converges strongly to the operator A,
if

lim
k→∞‖Akx − Ax‖H = 0
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for all x ∈ H. The sequence {Ak} converges weakly to the operator A, if

lim
k→∞<y|Akx − Ax> = 0

for all x, y ∈ H.

Using Cauchy–Schwarz inequality, it is not hard to see that the strong limit is
stronger than the weak limit, i.e., if a sequence of operators converges strongly,
then it also converges weakly. Since ‖Ax‖H � ‖A‖‖x‖H, it is evident that the
uniform limit is stronger that the strong limit, i.e., if a sequence of operators con-
verges uniformly, then it also converges strongly.

Suppose {|ek>} is an orthonormal system in a separable Hilbert space H. For
any |x> ∈ H the series

|xN> =
N∑

k=1

|ek><ek|x> =
N∑

k=1

Pk|x>

converges to |x>. Hence, the operator PN converges strongly (N → ∞). As a
result, for each orthonormal basis {|ek>} in H, we have

(11)
∞∑

k=1

|ek><ek| = I,

∞∑
k=1

Pk = I.

These equations are symbolic form of relation (9), expressing the completeness of
the orthonormal system {|ek>}. Let A be a bounded linear operator on a separable
Hilbert space H. Using (11) and A = IAI , we obtain the following theorem.

STATEMENT. Each bounded linear operator A on a separable Hilbert space H
can be represented in the form

(12)A =
∞∑

k,l=1

|ek><ek|A|el><el | =
∞∑

k,l=1

AklPkl,

where Pkl = P̂ (ek, el) = |ek><el | are ket-bra operators, and {|ek>} is an or-
thonormal basis for H. The numbers Akl = <ek|A|el> = <ek|Ael> are called
the matrix elements of the operator A.

This is the matrix representation of A. This theorem gives the decomposition of
a bounded operator into the linear combination of ket-bra operators. As a result,
the operators Pkl can be considered as an operator basis. If B(H) is a linear space
of all bounded operators on H, then Pkl form a basis for B(H).

A linear operator can be considered to act on a ket-vector to change it, usu-
ally changing both its magnitude and its direction. An eigenvector of a given
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linear operator is a ket-vector which is simply multiplied by a constant called
the eigenvalue. The direction of the eigenvector is either unchanged (for positive
eigenvalues) or reversed (for negative eigenvalues). Let A be a linear operator A

on a Hilbert space H. An eigenvalue problem for A is a determination of nonzero
elements |x> of H and complex numbers z, such that the following equation is
satisfied: A|x> = |x>z. Then the nonzero element |x> is called the eigenvector
of A. The number z ∈ C is called the eigenvalues of A.

THEOREM. If A is a self-adjoint bounded operator, then its eigenvalues zk are
real, and eigenvectors corresponding to distinct eigenvalues are orthogonal.

As a result, we can define the orthonormal basis {|ek>}, such that A|ek> =
|ek>zk and <ek|el> = δkl .

STATEMENT. For every bounded self-adjoint operator A on a separable Hilbert
space H there exists an orthonormal basis |ek> such that |ek> are eigenvectors
of A.

Suppose A is a bounded self-adjoint operator. Using A|ek> = |ek>zk , it is not
hard to prove that the matrix Akl = <ek|A|el> has diagonal form Akl = zlδkl .
Using (12), we obtain

(13)A =
∞∑

k=0

zk|ek><ek| =
∞∑

k=1

zkPk.

As a result, we have the following statement.

STATEMENT. Each bounded self-adjoint operator A on a separable Hilbert
space H can be represented by (13), where Pk are the projections (10) on
Hk = {|ek>a: a ∈ C} ⊂ H.

Note that the expectation value of the bounded observable A on the pure state
ρ = Pk = |ek><ek| is the eigenvalue zk .



Chapter 2

Quantum Kinematics of Unbounded Observables

2.1. Deficiencies of Hilbert spaces

A Hilbert space H can be an infinite-dimensional space. The Hilbert space H
is infinite-dimensional in the following sense. It is complete with respect to a
particular convergence of infinite sequences. Physical measurements cannot tell
us anything about infinite sequences, but can give us information about arbitrary
large but finite sequences. Therefore, physics cannot give us sufficient informa-
tion to describe how to take the limit to infinity, i.e., how to choose the topology.
Therefore the topology can be chosen from convenience. A physical reason to use
only a Hilbert space convergence do not exist. In quantum mechanics, it is ac-
cepted to use a Hilbert space, instead of any another Banach space. Any physical
proof of this choice, except of convenience, does not exist.

The quantum observables are identified with the self-adjoint linear opera-
tors acting on some Hilbert space. The simplest self-adjoint differential opera-
tor P = −ih̄d/dq (the momentum operator), which is defined for absolutely
continuous functions in H = L2(R), whose derivatives are square-integrable,
has no eigenvector in L2(R). An eigenvector of the operator P = −ih̄d/dq

is the function exp(i/h̄)qp. This eigenvector does not belong to L2(R), since
‖ exp(i/h̄)qp‖2

H = 1 is not integrable over the whole R.
In general, the self-adjoint operators (even if they are bounded) have not only

discrete, but also a continuous set of eigenvalues. However, only the eigenvectors
of the discrete set of eigenvalues belong to a Hilbert space. In the general case, we
deal with eigenvectors which cannot be described by the elements of the Hilbert
space. In general, the scalar product is not defined for these eigenvectors, which
cannot be normalized. A natural way out of this difficulty is the introduction of a
rigged Hilbert space.

27



28 Chapter 2. Quantum Kinematics of Unbounded Observables

2.2. Spaces of test functions

Fréchet space

Let us give the basic definitions regarding test functions and distributions.

DEFINITION. A countably-normed space is a linear space H, together with a
countable system of norms (or seminorms) ‖ ‖m, m ∈ N, such that the following
conditions are satisfied:

(1) The inequalities ‖x‖1 � ‖x‖2 � · · · � ‖x‖m � · · · holds for all x ∈ H.
(2) Each sequence {xk} ∈ H converges to an element x of H for all m > 0.

A pseudometric is a generalization of a metric, which does not satisfy the con-
dition that requires d(x, y) = 0 only when x = y. If {‖ ‖m: m ∈ N} is a countable
system of seminorms, then

d(x, y) =
∞∑

m=1

1

2m

‖x − y‖m
1+ ‖x − y‖m

is a pseudometric. The complete countably-normed space is called the Fréchet
space.

DEFINITION. A Fréchet space is a countably-normed space H that is complete
with respect to the metrics dm(x, y) = ‖x − y‖m for all integer m > 0.

For example, the linear space C∞[0, 1] of all infinitely differentiable functions
Ψ : [0, 1] → R is a Fréchet space with respect to the seminorms

‖Ψ ‖m = sup
{∣∣Ψ (m)(x)

∣∣: x ∈ [0, 1]},
where m � 0. Here, Ψ (m) denotes the mth derivative of Ψ (x), and Ψ (0) = Ψ .
Note that each Banach space is a Fréchet space.

A smooth function is an infinitely differentiable function that has derivatives of
all finite orders. A function is called C0, if it is a continuous function. A function
is called Ck for k � 1 if it can be differentiated k-times, leaving a continuous
kth derivative. The smooth functions are those that lie in the space Ck for all k,
they are often referred to as C∞ functions. For example, the exponential func-
tion is evidently smooth because the derivative of the exponential function is the
exponential function itself. Note the inclusion Ck+1(Rn) ⊂ Ck(Rn). If the kth
derivative of Ψ is continuous for all k, then Ψ is said to be C∞.

Let M be an open subset of Rn, and let E(M) = C∞(M) be a space of infinitely
differentiable functions on M . Then E(M) is a Fréchet space with respect to the
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seminorms:∥∥Ψ (x)
∥∥

m
=

∑
|k|�m

sup
x∈M

∣∣∂k
xΨ (x)

∣∣ <∞,

where k is a multi-index, i.e., k = (k1, . . . , kn), ki is an integer nonnegative num-
bers, and

∂k
x =

∂ |k|

∂x
k1
1 · · · ∂x

kn
n

, |k| =
n∑

i=1

ki = k1 + · · · + kn.

The test function space D(M)

Functions which vanish outside a certain finite region of the space are called func-
tions of compact support. The closure of the set of all points such that Ψ (x) �= 0
is called support of the function Ψ (x).

Let M be a finite domain (i.e., a bounded connected open set) in Rn. We shall
denote by D(M) the set of infinitely smooth or C∞(Rn) functions (i.e., func-
tions with continuous partial derivatives of all orders) which vanish outside the
domain M .

The space D(M) ⊂ C∞(M) of infinite differentiable functions on a compact
set M ⊂ Rn is called the space of compactly supported functions. A function
Ψ : Rn → R is said to have compact support if there exists a compact subset M

of Rn such that Ψ (x) = 0 for all x ∈ (Rn − M). The function with compact
support is identically zero except on some closed, bounded set.

DEFINITION. A space of finitary functions, or space of compactly supported
functions, is a linear space D(M) of infinitely differentiable functions Ψ (x) ∈
C∞(M) on a compact subspace M ⊂ Rn, such that Ψ (x) = 0 outside of M , i.e.,

D(M) :=
{
Ψ (x):

∥∥Ψ (x)
∥∥

k
= sup

x∈M

∣∣∂k
xΨ (x)

∣∣ < ∞ ∀k, l
}
.

The function Ψ (x), such that Ψ (x) = exp−a2/(a2 − |x|2) for |x| < |a|, and
Ψ (x) = 0 for |x| � |a| is a compactly supported function.

It is easy to see that D(M) ⊂ C∞(M). Spaces of infinitely differentiable func-
tions defined on compact sets are typical examples of Fréchet spaces.

STATEMENT. The space D(M) of finitary functions is a Fréchet space with re-
spect to the seminorms

(1)‖Ψ ‖m = max
|k|�m

∥∥Ψ (x)
∥∥

k
= max
|k|�m

sup
x∈M

∣∣∂k
xΨ (x)

∣∣.



30 Chapter 2. Quantum Kinematics of Unbounded Observables

The test function space J (Rn)

The space J (Rn) consists of the infinitely differentiable functions Ψ (x) that,
together with all their derivatives, decrease faster than any power of |x|−1, i.e.,
Ψ (x) ∈ J (Rn) if for any fixed k, l there exists a constant Ckl such that∣∣xk∂lΨ (x)

∣∣ < Ckl.

If D(Rn) is a set of smooth functions of compact support on Rn, then this set is a
subset of J (Rn).

DEFINITION. A space of rapidly-decreasing functions, or Schwarz space, is a
linear space J (Rn) of infinitely differentiable functions Ψ (x) ∈ C∞(Rn), which
decrease together with its derivatives at x →∞ is faster than any power of |x|−1.

J
(
Rn

) := {
Ψ (x): ‖Ψ ‖kl = sup

x∈Rn

∣∣xk∂l
xΨ (x)

∣∣ < ∞ for all k, l
}
.

Here xk = x
k1
1 · · · xkn

n , and

∂l
x =

∂ |l|

∂x
l1
1 · · · ∂x

ln
n

, |l| =
n∑

i=1

li , |x| =
√√√√ n∑

i=1

x2
i .

The following are examples of some rapidly-decreasing functions.

(1) If k is a multi-index, and a is a positive real number, then Ψ (x) =
xk exp{−ax2} is in J (R).

(2) Any smooth function Ψ with compact support on Rn is in J (Rn).

It is easy to see that a space of finitary functions is a subspace of a Schwarz
space D(Rn) ⊂ J (Rn). Let Lp(Rn) be a space of p-integrable functions on Rn.
Note that J (Rn) ⊂ Lp(Rn) for p � 1.

One can introduce the structure of a countably normed space on the space
J (Rn) by setting

(2)
∥∥Ψ (x)

∥∥
m
=

∑
|k|�m

∑
|l|�m

∥∥Ψ (x)
∥∥

kl
< ∞.

STATEMENT. The Schwarz space J (Rn) is a Fréchet space with respect to the
seminorms (2).

The spaces C∞(M), D(M) and J (M) are usually used as spaces of test func-
tions. A generalized function (or distribution) is a bounded linear functional on
some space of test functions.
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2.3. Spaces of generalized functions

Generalized functions (also known as distributions) are objects that generalize
functions and probability distributions. They extend the concept of derivative
to all integrable functions, and are used to formulate generalized solutions of
differential equations. These notions are very important in quantum mechanics.
Generalized functions were introduced by S. Sobolev in 1935. Then the theory of
these functions was developed by L. Schwartz.

The basic idea is to identify generalized functions with linear functionals on a
space of well-behaved functions (test functions). An operator on a set of general-
ized functions can be understood by mapping distributions to the test function. For
example, if Y(x) : Rn → R is a locally integrable function, and Ψ (x) : Rn → R

is a smooth function with compact support, then we set

(3)<Y,Ψ > =
∫
Rn

Y (x)Ψ (x) dx.

This is a real-valued functional that linearly and continuously depends on Ψ (x).
One can therefore consider the function Y(x) as a continuous linear functional
on the space of all test functions Ψ . Probability distributions can thus also be
considered as continuous linear functionals on the space of test functions. This
notion of (continuous linear) functional on the space of test functions is there-
fore used as the definition of distribution. Such distributions may be multiplied
by numbers and can be added together, so they form a linear space. In general, it
is not possible to define a multiplication for distributions, but distributions may be
multiplied with infinitely differentiable functions. Note that several constructions
of algebras of generalized functions have been proposed. These are intended to
solve the problem of multiplication of distributions. The most widely used ap-
proach to construct such associative differential algebras is based on Colombeau
algebra [37].

To define the derivative of a distribution, we consider the integration by parts:∫
Rn

∂kY (x)Ψ (x) dx = −
∫
Rn

Y (x)∂kΨ (x) dx,

where ∂kΨ (x) = ∂Ψ (x)/∂xk . Note that Ψ (x) is zero outside of a bounded set
and that therefore no boundary values have to be taken into account. Then if Y is
a distribution, we can define its derivative ∂kY by

<∂kY,Ψ > = −<Y, ∂kΨ >.

Each distribution becomes infinitely differentiable and the usual properties of
derivatives hold.
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Suppose M is a finite domain (i.e., a bounded connected open set) in Rn. Let
E∗(M) be a set of all continuous linear functionals on E(M) = C∞(M). Then
E∗(M) is a dual space of E(M). The value of a functional Y on an element Ψ is
denoted by

Y(Ψ ) = <Y,Ψ >.

A continuity of Y ∈ E∗(M) means that if Ψk → Ψ in E(M), then <Y,Ψk> →
<Y,Ψ > in E∗(M). This convergence can be defined in terms of seminorms. If
|<Y,Ψ >| � C‖Ψ ‖m for all Ψ ∈ E(M) and some constants C,m, then Y is a
bounded functional.

DEFINITION. A generalized function, or distribution, is a bounded linear func-
tional on J (Rn). A space of generalized functions, or space of distributions, is a
linear space J ∗(Rn) dual of J (Rn).

Each function Y(x) ∈ J (Rn) defines a functional Y ∈ J ∗(Rn) by equation (3).
Using D(Rn) ⊂ J (Rn), we obtain J ∗(Rn) ⊂ D∗(Rn).
The following are some properties of generalized functions.
(1) Differentiation of a distribution Y can be defined by the equation

<∂kY,Ψ > = (−1)|k|<Y, ∂kΨ >.

(2) Multiplication of a distribution Y ∈ D∗(M) by a smooth function a(x) ∈
C∞(M) is defined by

<aY,Ψ > = <Y, aΨ >,

where Ψ ∈ D(M). We would like to describe the class of smooth functions a(x)

such that a(x)Y (x) ∈ J ∗(Rn) if Y(x) ∈ J ∗(Rn). Then it is necessary and suffi-
cient that function a(x) is a multiplicator in J (Rn). This multiplication by a(x)

is a continuous linear operator on J (Rn) if |∂ka(x)| � Ck(1+ |x|)Nk , where k is
a multi-index, and Ck,Nk are constants.

(3) Let A be a linear differential operators on M ⊂ Rn of the form

(4)A =
∑
|k|�m

ak(x)Dk, Dk = D
k1
1 D

k2
2 · · ·Dkn

n , Dj = −i∂/∂xj ,

where k is a multi-index, k = (k1, . . . , kn), kj is integer nonnegative numbers,
|k| = k1 + · · · + kn, and ak(x) ∈ C∞(M).

The linear differential operator A on D∗(M) and J ∗(Rn) is defined by the
equation

<AY,Ψ > = <Y,AtΨ >,
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where Ψ ∈ D(M), or Ψ ∈ J (Rn), and

AtΨ (x) =
∑
|k|�m

(−1)|k|Dk
(
ak(x)Ψ (x)

)
.

(4) Let F be a Fourier transform operator. If Ψ (x) ∈ J (Rn), then

Ψ̃ (p) = (FΨ )(p) = 1

(2π)n/2
<Ψ (x), e−ixp>

(5)= 1

(2π)n/2

∫
e−ixpΨ (x) dx,

where xp = x1p1 + · · · + xnpn. The operator F is a map from J (Rn) into itself.
It is not hard to prove that F t = F , i.e.,

<FΨ,Φ> = <Ψ,FΦ>,

where Ψ,Φ ∈ J (Rn). This equation allows us to define F as a map from J ∗(Rn)

into itself. The Fourier transform of a generalized function Ψ ∈ E∗(Rn) can be
defined by formula (5).

(5) It is easy to verify the equation

(6)F
(
DkΨ

)
(p) = pk(FΨ )(p)

for Ψ ∈ J (Rn). Equation (6) is also valid for Ψ ∈ J ∗(Rn). This formula means
that F maps an operator of differentiation Dk into an operator of multiplication
by pk .

2.4. Rigged Hilbert space

Hilbert and rigged Hilbert spaces

In quantum mechanics a Hilbert space H usually arises as the result of the com-
pletion with respect to the norm defined by the scalar product of some space B
of sufficiently well-behaved functions (test functions). For example, B = J (Rn)

or D(Rn). The space B is usually considered as a Banach space, i.e., as a normed
linear space that is complete with respect to the norm ‖ ‖B.

Let B ⊂ H be a space, which is complete with respect to convergence in B.
One can show that the space B cannot be complete with respect to convergence
in the norm ‖x‖H =

√
(x, x). We can find a sequence {xk} in B such that {xk} is

fundamental, but it does not converge to an element of B. However, B can always
be completed with respect to the new topology defined by the norm ‖x‖H =√

(x, x) to form a Hilbert space H, which is uniquely defined up to isomorphism.
By the fundamental Riesz–Fréchet theorem, the space H∗ of all linear functionals
on H is isomorphic to H itself. On the other hand, functionals in H∗ are also
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continuous linear functionals on B ⊂ H because of the continuity of the scalar
product in the topology of B. The space B∗ of all linear functionals on B is bigger.
It includes the Hilbert space H∗ = H. A system of three embedded spaces B ⊂
H = H∗ ⊂ B∗ with the described properties is called the rigged Hilbert space.

Often when one deals with a Hilbert space H one forgets about the space B
from which H was obtained by completion and hence also about the natural ex-
tension B∗ of H. Nevertheless, it is precisely the simultaneous consideration of
the triplet of spaces B, H = H∗, and B∗ gives a natural basis for the quantum
mechanics.

DEFINITION. A rigged Hilbert space is the ordered triplet

B ⊂ H = H∗ ⊂ B∗,
where H is a Hilbert space, B is a Banach space, and B∗ is dual of B.

The term “rigged Hilbert space” is also used to describe the dual pair (B, B∗)
generated from a Hilbert space H. The term “Gelfand triplet” is sometimes used
instead of the term “rigged Hilbert space”.

In general, the self-adjoint operators have discrete, and continuum spectrum
of eigenvalues. However, only eigenvectors of a discrete spectrum belong to a
Hilbert space H. If the rigged Hilbert space is used, then the eigenvectors of a con-
tinuum spectrum can be refer to the extension B∗ of the Hilbert space H = H∗.

Example of a rigged Hilbert space is the following triple of spaces:

J
(
Rn

) ⊂ L2(Rn
) ⊂ J ∗

(
Rn

)
.

This triplet consists of the Banach space J (Rn) of test functions, the Hilbert space
L2(Rn) of square integrable functions, and the Banach space J ∗(Rn) of the linear
functionals on J (Rn).

A rigged Hilbert space can be considered as a pair of spaces (B, B∗) that can
be generated from a separable Hilbert space H using a sequence of norms (or
semi-norms). The space B is characterized as a Banach (or Fréchet) space. In
distribution theory, the space B is characterized as a test-function space, where
a test-function is considered as a well-behaved function (being continuous, n-
times differentiable, having a bounded domain or at least decreasing exponentially
beyond some finite range, etc). B∗ is a space of generalized functions, and it is the
dual of B, meaning that it corresponds to the complete space of continuous linear
functionals on B. Because the elements of B are well-behaved, B∗ may contain
elements that are not so well-behaved functions (such as Dirac’s delta-function).

The space B can be considered as the anti-dual of B∗, meaning that it is the
complete set of continuous anti-linear functionals on B∗. It is anti-linear rather
than linear because multiplication by a scalar a ∈ C is defined in terms of the
scalar complex conjugation <x|y> = <y|x>∗, <ay|x> = a∗<y|x>.



2.4. Rigged Hilbert space 35

Note that B and B∗ are not Hilbert spaces. In these spaces lack a scalar product
that induces a metric with respect to which the spaces are complete. However
for each space there is a topology with respect to which the space is complete.
Nevertheless, each of them is closely related to the Hilbert space H from which
they are generated. B is densely embedded in H = H∗, which in turn is densely
embedded in B∗, i.e., B ⊂ H = H∗ ⊂ B∗.

The Hilbert space can be equipped by different approaches, which depend on
type of Banach subspace B of H. Usually, the space B should remains invariant
under action of the complete set of commutative observables.

Operators and rigged Hilbert space

The dual pair (B, B∗) allows to represent important operators of quantum mechan-
ics that are problematic in a separable Hilbert space. For example, the unbounded
operators that correspond to the position and momentum have no eigenvectors in
a separable Hilbert space. Moreover, they are only defined on a dense subset of
the elements of the space and this leads to domain problems. In a rigged Hilbert
space, the operators corresponding to position and momentum can have a com-
plete set of eigenfunctionals (i.e., generalized eigenfunctions). The key result is
known as the Gelfand–Maurin theorem.

THEOREM (Gelfand–Maurin). If A is a symmetric linear operator defined on the
space B and it admits a self-adjoint extension to the Hilbert space H, then A has
a complete system of eigenfunctionals belonging to the dual space B∗.

As a result, A can be extended by duality to B∗, its extension A∗ is continuous
on B∗. The operator A∗ satisfies a completeness relation, which meaning that it
can be decomposed in terms of its eigenfunctionals and their associated eigenval-
ues.

The duality formula for extending A to B∗ is

<A∗Y |Ψ > = <Y |AΨ >

for all Ψ ∈ B and for all Y ∈ B∗. The completeness relation says that for all
|Ψ1> ∈ B and <Y | ∈ B∗, we have

<Y |AΨ > =
∫

σ(A)

z<Y |z><z|Ψ >dμ(z) =
∫

σ(A)

zY (z)∗Ψ (z) dμ(z),

where σ(A) is the set of all generalized eigenvalues of A∗. Here, σ(A) is the set
of all scalars z for which there is < z| ∈ B∗ such that

<A∗z|Ψ > = z<z|Ψ >

for all |Ψ > ∈ B.
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Note that the rigging can result in different sets of generalized eigenvalues be-
ing associated with an operator. For example, the set of (generalized) eigenvalues
for the momentum operator (in one dimension) corresponds to the real line, if
the space of test functions is the space J (R) of rapidly-decreasing functions. Its
associated set of eigenvalues is the complex plane, if the space of test functions
is the space D(R) of infinitely differentiable functions with compact support. If
complex eigenvalues are not desired, then J (R) would be a more suitable choice
than D(R). Of course, it is impossible for a self-adjoint operator to have complex
eigenvalues in a Hilbert space H.

2.5. Linear operators on a rigged Hilbert space

Let A be a linear operator whose domain D(A) and range R(A) both lie in the
same Hilbert space H. The operator A is called bounded if the norm

‖Ax‖H =
√

<Ax|Ax>

is bounded for x ∈ D(A) and ‖x‖H = 1. The upper bound of ‖Ax‖H when x

in the intersection of the domain D(A) with the unit sphere {x: ‖x‖H = 1} is
called the norm of A and is denoted by ‖A‖. If this upper bound is infinite, A is
said to be unbounded. Any bounded operators A with domain D(A) ⊂ H can be
extended to the whole Hilbert space, remaining linearity and boundedness on all
of H with the same norm. For unbounded operators this is not possible.

In study of unbounded operators the graph of an operator plays an important
role. We denote by H × H the set of all ordered pairs {x, y}, where x, y ∈ H.
Then H × H will be called the direct product. Let us define the concept of the
graph of an operator A.

DEFINITION. Let A be a linear operator with domain D(A) ⊂ H. A graph of A

is a set of all pairs {x,Ax}, where x ∈ D(A).

The graph of A, denoted by G(A), is a subset of H×H. If H is a Hilbert space,
then it is not hard to prove that G(A) is a Hilbert space with the scalar product

<{x1, y1}|{x2, y2}> = <x1|x2>+<y1|y2>.

The operator is said to be closed if its graph is a closed subset of H×H. A closed
operator defined on the whole space H is bounded. We shall be dealing, as a rule,
with unbounded closed operators, or at least with operator which have closures.
These operators cannot be defined on the whole space H. We shall always assume
that the domain D(A) of a unbounded closed operator is dense in H.
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DEFINITION. The operator B is called extension of A if the graph of A is con-
tained in the graph of B, i.e., G(A) ⊂ G(B).

If D(A) ⊂ D(B) and A|x> = B|x> for all x ∈ D(A), then B is an extension
of A.

Hilbert space is a very important concept in quantum mechanics since the fun-
damental notion of self-adjoint operator is defined in terms of a scalar product.
It is only the framework of a Hilbert space that one can define a self-adjoint op-
erator, corresponding to a quantum observable. By the Riesz–Fréchet theorem,
each continuous functional Y on a Hilbert space can be presented in the form
Y(x) = <y|x> for some fixed y ∈ H and all x ∈ H.

In general, we can consider a functional Y on a Banach space B as a general-
ization of scalar product. We use for the functional Y(x) the symbol

<Y |x> = Y(x).

Consider a functional YA(x) = <y|Ax>, where x ∈ D(A) and y ∈ H. If
<y|Ax> is bounded for some y in H and for all x ∈ D(A), where C is a positive
number, then, according to the Riesz–Fréchet theorem, there exists yA ∈ H such
that the form of linear functional YA(x) = <y|Ax> on H is YA(x) = <yA|x>.
If the domain D(A) is dense in H, then the element yA is uniquely determined
by the element y. We define the operator A∗, called adjoint (or dual) of A, by
the equation A∗y = yA. If A is bounded (D(A) = H), then C = ‖A‖‖y‖H and
the dual operator A∗ is defined on all of H. An operator A is called symmetric if
D(A) ⊂ D(A∗), and <Ay|x> = <y|Ax> for all x, y ∈ H. If D(A∗) = D(A),
then A is called self-adjoint.

We illustrate these notions with the following example.

(a) Suppose H = L2([0, 1]) is the Hilbert space of square-integrable functions
on the interval [0, 1]. Let D be a set of all absolutely continuous functions
Ψ (q) on [0, 1] whose derivatives belong to H, such that Ψ (0) = Ψ (1). The
operator P = −ih̄∂q with domain D(P ) = D is a self-adjoint operator.

(b) Let D0 be a subset of D consisting of Ψ (q) ∈ D such that Ψ (0) = Ψ (1) = 0.
The operator P = −ih̄∂q with domain D0 is not a self-adjoint operator, but
A is symmetric. Since D0 ⊂ D, the self-adjoint operator P with the domain
D is a self-adjoint extension of the symmetric operator with the domain D0.

(c) The symmetric operator A = Q3P +PQ3 with D(A) = H = L2(R), where
Q = q and P = −ih̄∂q , does not admit any self-adjoint extension in H.

In general, self-adjoint operators have not just a discrete but also a contin-
uous spectrum of eigenvalues. Only the eigenvectors of the discrete spectrum
belong to the Hilbert space H. If we use a rigged Hilbert space, then it is pos-
sible to formulate the theory in physical terms, treating the eigenvectors of the
continuous spectrum as elements of the extension B∗ of the Hilbert space H.
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We can illustrate this situation by a simple example. Consider the rigged Hilbert
space J (R) ⊂ L2(R) ⊂ J ∗(R). The simplest self-adjoint differential operator
P = −ih̄∂q (the momentum operator), which is defined for absolutely contin-
uous functions in H = L2(R), whose derivatives are square-integrable, has no
eigenvector in L2(R). An eigenvector of the operator P = −ih̄∂q , correspond-
ing to the real eigenvalue p, is the function exp{(i/h̄)qp}. This function does not
belong to L2(R), since ‖ exp(i/h̄)qp‖2

H = 1 is not integrable over the whole R.
Thus statement on the existence and completeness of a set of eigenvectors of a
self-adjoint operator does not apply even to such simple observable as momen-
tum P . At the same time it is obvious that the functions exp{(i/h̄)qp} belong
to the space J ∗(R) of linear functionals, and it can be proved that they form a
complete set of functionals in that space. Note that every functional in J ∗(R)

and every function in H = L2(R) can be expanded in a Fourier integral over the
functions exp{(i/h̄)qp}. In the space H = L2(R) this expansion converges. As
a result, the momentum operator P has a complete set of eigenfunctions in the
rigged Hilbert space (J (R), L2(R),J ∗(R)). The operator P is not continuous
with respect to the scalar product in L2(R). At the same time, the operator P is
continuous in the topology of J (R) and it maps this space into itself. All these
properties are satisfied for a wide class of operators in the rigged Hilbert spaces.

The situation, which we have for the operator P = −ih̄∂q in the rigged Hilbert
space (J (R), L2(R),J ∗(R)), holds for any rigged Hilbert space.

DEFINITION. Let A be a linear operator which maps a Banach space B into itself.
A generalized eigenvector of A is a linear functional Y ∈ B∗ such that for all
x ∈ B the equation Y(Ax) = zY (x) holds.

DEFINITION. An operator A, which maps a Banach space B into itself, is called
a self-adjoint operator on the rigged Hilbert space (B,H,B∗), if the following
conditions are satisfied:

(1) <Ay|x> = <y|Ax> for all elements x, y ∈ D(A).
(2) From the equation <y|Ax> = <yA|x> holds for all x ∈ D(A) and fixed

y, yA ∈ H, it follows that y ∈ D(A) and hence Ay = yA.

Each self-adjoint operator A on the space (B,H,B∗) can be continued to the
whole space B∗ by the equation <Ay|x> = <y|Ax>, where x ∈ B and y ∈ B∗.
Let us give the basic theorem regarding the existence of a complete set of gener-
alized eigenvectors for every self-adjoint operator.

THEOREM. A self-adjoint operator on a rigged Hilbert space has a complete set
of generalized eigenvectors corresponding to real eigenvalues.
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For every continuous linear operator A on B one can define an adjoint operator
A∗ on B∗ by

<A∗Y |x> = <Y |Ax>,

i.e., A∗Y(x) = Y(Ax). One can prove that A∗ is a linear continuous operator on
B∗. This is the extension of an adjoint operator A∗ of A on the Hilbert space H
such that <A∗y|x> = <y|Ax> for all x ∈ H. In general, D(A∗) �= H. For a
symmetric operator A on B which has a unique self-adjoint extension AH = A∗H
to H, we have the following triplet of operators

A ⊂ AH = A∗H ⊂ A∗

on the triplet of spaces B ⊂ H = H∗ ⊂ B∗.
A functional Y on B is a generalized eigenvector of the operator A on B with

eigenvalue z, if

(7)<A∗Y |x> = <Y |Ax> = z<Y |x>

for all x ∈ B. Then A∗Y(x) = Y(Ax) = zY (x). The generalized eigenvector Y

is also denoted by |Y> = |z>. Equation (7) can be written in the form A∗|z> =
|z>z that is often presented as A|z> = |z>z.

Rigged Hilbert space and embedding operator

Let H be a Hilbert space. Suppose B ⊂ H is a Banach space with norm ‖ ‖B.
Denote by J the embedding operator J :B→ H. The operator J will be assumed
to be bounded. Then there exists a positive constant C, such that ‖x‖H � C‖x‖B
for all x ∈ B.

We introduce the space B∗ of continuous linear functionals on B. The value of
a functional Y on a vector x ∈ B will be also expressed as <Y |x>. If Y ∈ B∗,
then

<Y |ax1 + bx1> = a<Y |x1>+ b<Y |x2>

for all x1, x2 ∈ B and a, b ∈ C, and |<Y |x>| � C‖x‖B for some C > 0. We can
define addition and multiplication by a number in B∗ by setting

<aY1 + bY2|x> = a∗<Y1|x>+ b∗<Y2|x>

for all Y1, Y2 ∈ B∗ and x ∈ B.
There exists a natural linear map J ∗ :H = H∗ → B∗, which to each element

y ∈ H assigns a functional J ∗y ∈ B∗ defined by the formula

<J ∗y|x> = <y|Jx> = <y|x>

for all x ∈ B ⊂ H.
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We can define the norm in B∗ by the formula

‖Y‖B∗ = sup
{|<Y |x>|: ‖x‖B = 1, x ∈ B

}
.

It is not hard to prove that J ∗ is a continuous linear operator from H = H∗
into B∗.

As a result, we have the triple of spaces B ⊂ H ⊂ B∗, where H is a Hilbert
space, B is a Banach space densely embedded in H and B∗ is the space of con-
tinuous linear functionals on B. To each Y ∈ B∗ and x ∈ B, there exists the value
<Y |x> = Y(x) of Y at x. This value is an extension of the scalar product in H,
that is, if Y ∈ H∗ ⊂ B∗, then the scalar product <Y |x> in H equals to the value
of the functional Y at x.

We define

<x|Y> = <Y |x>∗ = (
Y(x)

)∗
.

Then <x|Y> is the complex conjugate of Y(x) = <Y |x>. This definition is a
generalization of the property <x|y> = <y|x>∗ of the scalar product in H.

THEOREM (Banach). Let B be a Banach space, and B∗ its dual space. A linear
functional X̃ on B∗ is of the form

X̃(Y ) = <Y |x>

with a certain x ∈ B and Y ∈ B∗, if and only if X̃ is continuous in the weak
topology of B∗.

One can now consider anti-linear continuous functional X̃ on B∗ and denote
the space of all X̃ by B∗∗. For a wide class of Banach spaces B (called reflexive)
there is a natural one-to-one correspondence between a x ∈ B and X̃ ∈ B∗∗ given
by

X̃(Y ) = (
Y(x)

)∗ = <Y |x>∗.
Then <Y |x>∗ is a generalization of <x|y> = <y|x>∗, and we can consider
the functional X̃ at the element Y ∈ B∗ as a generalization of the scalar product.
Therefore we use notation <x|Y> for Y(x)∗, i.e., <x|Y> = Y(x)∗.

2.6. Coordinate representation

Let Q be a coordinate operator, and let P be a momentum operator. If Ψ (q) ∈
L2(R) is a smooth function, then these operators can be represented by the equa-
tions

(8)QΨ (q) = qΨ (q), PΨ (q) = −ih̄
d

dq
Ψ (q).
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The operator P = −ih̄d/dq has no eigenfunctions in L2(R). The eigenfunctions

(9)<q|p> = (2πh̄)−1/2 exp
{
(i/h̄)qp

}
does not belong to the space L2(R), since ‖ exp{(i/h̄)qp}‖2

H = 1. At the same
time it is obvious that (9) belong to the space J ∗(R) of linear functionals, and it
can be proved that they form a complete set of functionals in that space. Every
functional in J ∗(R) and every function in H = L2(R), can be expanded in a
Fourier integral over the functions (9). In the space H = L2(R) this expansion
converges in norm.

If Ψ (q) ∈ J (R), then∫
dq

∣∣Qk
(
iP l

)
Ψ (q)

∣∣ <∞
for all k, l ∈ N, and then the operators Q and P are maps from J (R) into itself.

For Ψ1 and Ψ2 in J (R) ⊂ L2(R), we define the scalar product

<Ψ1|Ψ2> =
∫

dq Ψ ∗
1 (q)Ψ2(q).

As a result, we can consider J (R) ⊂ L2(R) ⊂ J ∗(R) as a rigged Hilbert space
that gives the coordinate representation.

Eigenvectors of operators Q and P

Let |q> and |p> be eigenvectors of the operators Q and P :

(10)Q|q> = |q>q, P |p> = |p>p.

These vectors are orthonormal

<q|q ′> = δ(q − q ′), <p|p′> = δ(p − p′),

and the following completeness condition are satisfied

(11)
∫
|q>dq<q| = I,

∫
|p>dp<p| = I.

Relations (11) are compact forms of the equations

<Ψ1|Ψ2> =
∫

<Ψ1|q>dq<q|Ψ2> =
∫

<Ψ1|p>dp<p|Ψ2>.

Here <q|Ψ > and <p|Ψ > are representations of |Ψ > ∈ H by the square-inte-
grable functions

<q|Ψ > = Ψ (q), <p|Ψ > = Ψ (p),
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where <Ψ |q> = Ψ ∗(q) and <Ψ |p> = Ψ ∗(p). The function Ψ (q) ∈ L2(R) is a
coordinate representation of |Ψ >, and Ψ (p) ∈ L2(R) is a momentum representa-
tion of |Ψ >, where L2(R) is a representation of the Hilbert space H. The Hilbert
space Hq = L2(R) of all Ψ (q) ∈ L2(R) is called the coordinate representation of
a Hilbert space H. The space Hp = L2(R) of all Ψ (p) ∈ L2(R) is a momentum
representation of H.

Let A be a linear operator on H. Then

(AΨ )(q) = <q|AΨ >, (AΨ )(p) = <p|AΨ >.

In particular, the operators Q and P give

(QΨ )(q) = <q|QΨ > = <q|Q|Ψ > = q<q|Ψ > = qΨ (q),

(PΨ )(p) = <p|PΨ > = <p|P |Ψ > = p<p|Ψ > = pΨ (p).

As a result, the operator Q is represented by the multiplication operator on Hq ,
and P is represented by the multiplication operator on Hp. Moreover, we have
equations (8). Then P is a differential operator on Hq .

Multiplication of (10) by <q ′| gives

q ′<q ′|q> = q<q ′|q>, −ih̄
d

dq ′
<q ′|p> = p<q ′|p>.

These equations have the solutions

<q ′|q> = δ(q ′ − q), <q ′|p> = 1

(2πh̄)1/2
e

i
h̄
q ′p

,

where δ(q ′ − q) is a Dirac delta-function. Then <q ′|q> is a generalized eigen-
function of the operator Q. The function <q ′|p> is an eigenfunction of P . These
eigenfunctions are not square-integrable.

Unitary equivalence of representations

There is a map that transforms the coordinate representation into momentum.
It can be realized by the Fourier integral operator F on L2(Rn). The Fourier
operator F is defined by the relation

Ψ (p) = F
[
Ψ (q)

] = 1

(2πh̄)n/2

∫
e
− i

h̄
qp

Ψ (q) dq.

The Fourier operator F is unitary since

<Ψ |Ψ > =
∫ ∣∣Ψ (q)

∣∣2 dq =
∫ ∣∣Ψ (p)

∣∣2 dp = <FΨ |FΨ >.
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This is the Parseval’s equality. The Fourier transform is a map of a test function
Ψ (q) ∈ J (Rn) into a test function Ψ (p) ∈ J (Rn). This transformation is real-
ized by the functions

<q|p> = 1

(2πh̄)n/2
exp

i

h̄
qp, <p|q> = 1

(2πh̄)n/2
exp− i

h̄
qp.

Note, that <q ′|q> = δ(q ′ − q) can be presented as

<q ′|q> =
∫

<q ′|p>dp<p|q> = 1

(2πh̄)n

∫
dp exp

i

h̄
(q ′ − q)p.

As a result, the coordinate and momentum representations are unitary equivalent
to each other. These representations are also called the kinematical Schrödinger
representations.

2.7. X-representation

If H is a separable Hilbert space, then there is a countable basis |k> = |ek> ∈ H,
where k ∈ N, such that

<k|l> = δkl,

∞∑
k=1

|k><k| = I.

In the general case, we can consider a complete basis |x> = |ex>, where x ∈ R

is a continuous index. The ket-vectors |x> = |ex> form a basis, if the following
conditions are satisfied:

<x|y> = δ(x − y),

∫
|x>dx<x| = I.

The second equation means that∫
<Ψ1|x><x|Ψ2> dx = <Ψ1|Ψ2>

for all |Ψ > ∈ H. The ket-vectors |x> does not belong to a Hilbert space. How-
ever, any linear combination of |x> of the form

(12)|Ψ > =
∫
|x>Ψ (x) dx,

where Ψ (x) ∈ L2(R) has a finite norm ‖Ψ ‖2
H = <Ψ |Ψ > < ∞, and |Ψ >

belongs to a Hilbert space H. A set of all linear combinations (12) forms a
subspace Hx of the Hilbert space H. The subspace Hx is generated by the ket-
vector |x>.

In quantum mechanics, we postulate that for the set M of observables there is a
set of commuting observables X1, . . . , Xn in M, which have a set of (generalized)
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eigenvectors |x> = |x1, . . . , xn>:

Xk|x1, . . . , xn> = |x1, . . . , xn>xk,

such that every element |Ψ > in H can be represented as

|Ψ > =
∫
|x1, . . . , xn><x1, . . . , xn|Ψ > dx1 . . . dxn,

where Ψ (x1, . . . , xn) = <x1, . . . , xn|Ψ > ∈ L2(Rn). As a result, the ket-
vectors |x1, . . . , xn> are considered as eigenvectors of operator X1, . . . , Xn. An
orthonormal and complete system of such ket-vectors |x1, . . . , xn> defines a
X-representation. For example, the coordinate (q) representation is a X-repre-
sentation.

Let A be a linear operator on a Hilbert space H = L2(M). Then A is called
a Hilbert–Schmidt operator if there exists a function a(x, y) = <x|A|y> ∈
L2(M ×M), such that A is expressed via a(x, y) in the form

(AΨ )(x) = <x|AΨ > =
∫

<x|A|y><y|Ψ > dy

(13)=
∫

a(x, y)Ψ (y) dy.

The function a(x, y) = <x|A|y> is called the kernel of the operator A. In gen-
eral, it is possible to express a broad class of operators A in the form (13), but
with the more general (distribution) kernels. As a result, the kernel a(x, y) =
<x|A|y> is a generalized function (distribution) on M × M . For example, the
operator Q has the kernel <q ′|Q|q> = <q ′|q>q = qδ(q ′ − q).

Suppose |x> = |ex> is a complete orthonormal system. Let P̂ (x, y) =
|x><y| be a ket-bra operator. The following properties are satisfied.

(1) Multiplication is defined by P̂ (x, y)P̂ (z, s) = <y|z>P̂ (x, s). If |x> is an
orthonormal system, then <y|z> = δ(y − z). Moreover, we have∫

dyP̂ (x, y)P̂ (y, z) = P̂ (x, z).

(2) The trace of P̂ (x, y) is Tr[P̂ (y, x)] = <x|y>.
(3) If [P̂ (x, y)]∗ is an adjoint operator of P̂ (x, y), then [P̂ (x, y)]∗ = P̂ (y, x).

The operator P(x) = P̂ (x, x) is self-adjoint.
(4) The operator P(x) = P̂ (x, x) is a projection, i.e., [P(x)]2 = P̂ (x), and

[P(x)]∗ = P(x).
(5) For each projection operator P(x), we can define the ket-bra operator P̂ (x, y)

by the polarization procedure.
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Then an operator A can be uniquely represented in the form

A =
∫

dx dy a(x, y)P̂ (x, y),

where a(x, y) = <x|A|y> is the kernel of the operator A. The kernel of A can
be presented as

a(x, y) = <x|A|y> = Tr
[
P̂ (y, x)A

]
.

Note that any bounded self-adjoint operator A on a Hilbert space H can be rep-
resented as a multiplication operator on L2(M) such that (AΨ )(x) = a(x)Ψ (x),
where a(x) is a bounded real-valued measurable function on M .
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Chapter 3

Mathematical Structures in Quantum Kinematics

3.1. Mathematical structures

Mathematics as a hierarchy of mathematical structures

A mathematical structure is obtained by taking a set of objects and equipping
this set with a structure by defining relations between these objects. The common
character of the different structures is that they can be applied to sets of objects
whose nature has not been specified.

To define a structure, one takes as given one or several relations, into which
these elements enter. Then one postulates that the given relation, or relations,
satisfy certain conditions, which are explicitly stated and which are the axioms of
the structure under consideration. The logical consequences are deduced without
any hypothesis about the nature of the elements.

Modern mathematics distinguishes three basic kinds of structures.

(a) Algebraic structures in which the relations are “laws of composition”, for
example, relations between three elements determining the third uniquely in
terms of the other two.

(b) Order structures, in which the relations are order relations, as, for example,
the real number structure, in which the order relation is �.

(c) Topological structures, which give an abstract mathematical formulation of
the intuitive concepts of neighbourhood, limit and continuity.

These mathematical structures are also called the mother-structures.
There are also multiple structures, which arise when two or more of basis king

of structures (mother-structures) are combined organically by one or more axioms
which set up a connection between them.

The great problem is the relation between the empirical world and mathemat-
ical world. That there is a connection between physical phenomena and math-
ematical structures, seems to be fully confirmed by the discoveries of quantum
physics.

47



48 Chapter 3. Mathematical Structures in Quantum Kinematics

The mother-structures

(1) The relations which form the starting point for the definition of a structure
can be of very different characters. The relation that used in the group structure is
called a “law of composition”, i.e., a relation between three elements which deter-
mines the third uniquely as a function of the first two. When the relations which
enters the definition of a structure are “laws of composition”, the corresponding
structure is called an algebraic structure. For example, a ring structure is defined
by two laws of composition with suitable axioms: the addition and multiplication
define a ring structure on the set of these numbers.

(2) Another important type is furnished by the structures defined by an order
relation. This is a relation between two elements x, y which is expressed most
frequently in the form “x is less than or equal to y”, and which is represented in
general by xRy. It is not at all supposed here that it determines one of the two
elements x, y uniquely as a function of the other. The axioms to which it is sub-
jected are following: (a) for every x we have xRx; (b) from the relations xRy

and yRx follows x = y; (c) the relations xRy and yRz have as a consequence
xRz. An obvious example of a set with a structure of this kind is the set of real
numbers, when the symbol R is replaced by the symbol �. Note that we have
not included among the axioms the following property: for every pair of elements
x and y either xRy or yRx. In other words, the case in which x and y are in-
comparable is not excluded. It is easy to give examples of very important order
structure, in which such a phenomenon appears. This is what happens when X

and Y denote parts of the same set and the relation XRY is interpreted to mean
“X is contained in Y ”. Also if f (x) and g(x) are real-valued functions defined on
an interval a � x � b, while f (x)Rg(x) is interpreted to mean f (x) � g(x) for
all x.

(3) We want to say a few words about a third large type of structures—
topological structures (or topologies). They define a mathematical formulation
of the intuitive concepts of neighborhood, limit and continuity. For example, a
continuous function is a function y = f (x) for which small changes in the input
x result in small changes in the output y. In calculus, a function f (x) in a single
variable x is said to be continuous at point x0 if limx→x0 f (x) = f (x0).

The multiple and particular structures

In mathematics, the organizing principle is the concept of a hierarchy of mathe-
matical structures, going from the simple to the complex, from the general to the
particular [29].

(1) At the center of the mathematics are founded the great types of structures
that are called the mother-structures. Mathematics distinguishes three basic kinds
of structures: algebraic, ordering, and topology. Each structure has its own set of
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general theorems. These are available once the underlying type of structures is
recognized in any situation.

(2) Beyond this center, appear the structures which can be called the multiple
structures. They involve two or more of great mother-structure combined organi-
cally by one or more axioms. Thus, one has topological algebra. This is a theory
of structures in which occur at the same time, one or more laws of composition
and a topology, connected by the condition that the algebraic operations be con-
tinuous (for the topology under consideration) functions of the elements on which
they operate. The combination of order structure and algebraic structure gives the
theory of integration and the spectral theory of operators.

(3) Beyond the multiple structures there are the particular theories. In these the-
ories the elements of the sets under consideration, which, in the general structures
have remained entirely indeterminate, obtain a more definitely characterized in-
dividuality. But they have no longer their former autonomy. They have become
crossroads, where several more general mathematical structures meet and react
upon one another.

(4) It should be noted the theory of categories and functors that deals with math-
ematical structures and relationships between them. Categories now appear in
most branches of mathematics and have been a unifying notion. Instead of focus-
ing merely on the individual objects (spaces, rings, algebras) possessing a given
structure, category theory emphasizes the morphisms (the structure-preserving
mappings) between these objects. By studying these morphisms, we are able
to learn more about the structure of the objects. The study of morphisms then
provides a tool for studying general properties of mathematical structures. The
notion of a category is an axiomatic formulation of this idea of relating mathe-
matical structures to the structure-preserving maps between them. Functors are
structure-preserving maps between categories. The theory of categories and func-
tors is not widely used in physics. As an example of the functor, we can point
out the quantization as a structure-preserving map between classical and quantum
theories [16,92].

3.2. Order structures

If M is a set, then its square M ×M is defined as the set of all pairs (x, y), where
x, y ∈ M . Let R be an arbitrary subset of M×M . In the following way R defines a
binary relation on M: If x, y ∈ M , then we say that the element x has the relation
to the element y, and we express this by xRy if and only if the pair belongs to the
subset R. In other words, the notations xRy and (x, y) ∈ R are equivalent.

An important type of binary relation is that of the equivalence relations, that
is, binary relations having the properties of reflexivity, transitivity and symmetry.
To denote equivalence relations, we shall use the symbol x ∼ y, and x ≡ y, or
x = y(mod R).
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DEFINITIONS. An equivalence relation on a set M is a binary relation R given
on M such that the following properties are satisfied:

(1) Reflexivity: xRx for all x ∈ M .
(2) Transitivity: If xRy and yRz, then xRz.
(3) Symmetry: If xRy, then yRx.

Another important type of binary relation is constituted by the relation of par-
tial order, that is, binary relations having the properties of reflexivity, transitivity
and antisymmetry. A set M on which a partial order is given is called partially
ordered. To denote partial order, we shall use the symbol �.

DEFINITIONS. A relation of partial order on a set M is a binary relation R given
on M such that the following conditions are satisfied:

(1) Reflexivity: xRx for all x ∈ M .
(2) Transitivity: If xRy and yRz, then xRz.
(3) Antisymmetry: If xRy and yRx, then x = y.

If x, y ∈ M and x � y, then depending on the circumstances, we say that x is
less than or equal to y, x is contained in y, x precedes y. If x � y and x �= y, we
write x < y. The binary relation <, of course, is not reflexive. We shall denote by
� the relation that is inverse to the relation �, i.e., x � y if and only if x � y.

Let M be a set on which a partial order is given. The elements x and y of this
set are called comparable if x � y or y � x. It is by no means true that any two
elements of M must necessarily be comparable—this is precisely the reason why
we speak of a “partial” order. A partially ordered set in which any two elements
are comparable is called an ordered set, or linearly ordered set, or chain.

On a set of observables, it is possible to consider a structure of partially ordered
set. Suppose (ρ|A) = Tr[ρA]. We say that A � B whenever (ρ|A) � (ρ|B) for
all ρ. In particular, we write A � 0 if and only if (ρ|A) � 0 for all ρ. The relation
� defined above is a partial ordering relation on the set of observables.

3.3. Topological structures

Topological structures are mathematical structures that give the formalization of
intuitive concepts such as neighborhood, continuity, compactness, connectedness.

A system T of subsets of a set M defines a topology on M if T contains the
following:

(1) the empty set and the set M itself,
(2) the union of every one of its subsystems,
(3) the intersection of every one of its finite subsystems.
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The sets in T are called the open sets of the topological space (M, T ). We shall
often omit T and refer to M as a topological space.

A topology can be defined in terms of set operations. A topological space is
a set M , together with a collection T of subsets of M satisfying the following
conditions:

(1) The empty set and M are in T .
(2) The intersection of any collection of sets in T is also in T .
(3) The union of any pair of sets in T is also in T .

Under this definition, the sets in the topology T are the closed sets, and their
complements in M are the open sets.

A neighbourhood of the element A of M is a set containing an open set which
contains A. An element A of M is a limit point of a subset M0 of M if every
neighbourhood of A contains at least one element B ∈ M0 different from A.
A set M0 of a topological space M is closed if it contains all its limit points. If
M0 ⊂ M , the intersection of all closed subsets of M which contain M0 is called
the closure of M0.

Suppose M is a topological space, and A,B are in M . We say that A and B

can be separated by neighbourhoods if there exists a neighbourhood UA of A and
a neighbourhood UB of B such that UA and UB are disjoint UA ∩ UB = ∅. M is
a separated space if any two distinct points of M can be separated by neighbor-
hoods.

A topological space (M, T ) is said to be T2 or separated space, if for every pair
of distinct points A,B ∈ M , there exist disjoint open sets UA,UB ∈ T such that
A ∈ UA and B ∈ UB . A separated space is also called the Hausdorff space.

Almost all spaces used in quantum theory are Hausdorff. For example, the real
numbers form a Hausdorff space. More generally, all metric spaces are Hausdorff.

There are many ways of defining a topology on R, the set of real numbers. The
standard topology on R is generated by the open intervals. The open intervals
form a base or basis for the topology, meaning that every open set is a union of
basic open sets.

For each metric we can give a metric topology, in which the basic open sets
are open balls defined by the metric. This is the standard topology on any normed
linear space. On a finite-dimensional linear space this topology is the same for all
norms. Many sets of operators are endowed with topologies that are defined by
specifying when a particular sequence of functions converges to the zero func-
tion. In fact, many topological spaces of quantum kinematics have the Hausdorff
condition explicitly stated in their definitions.

A set M is called the metric space if there is defined a real-valued function d

with domain M ×M such that

(a) d(A,B) � 0 for all A,B ∈ M .
(b) d(A,B) = 0 if and only if A = B.
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(c) d(A,B) = d(B,A) for all A,B ∈ M .
(d) d(A,B) � d(A,C)+ d(C,B) for all A,B,C ∈ M .

The function d is called the metric.
For each element A ∈ M of a metric space M and each positive number ε, we

associate the set

(1)Uε(A) = {
B: d(A,B) < ε

}
,

and call it the open sphere with center A and radius ε. The totality of such open
sets satisfies the axioms of open sets in the definition of the topological space.
Hence a metric space M is a topological space.

A set of all neighborhoods (1) forms a base B = {Uε(A): A ∈ M, ε ∈ R+}
for the topology. This topology is called the metric topology.

In normed space M with the norm ‖ · ‖, it is possible to define a topology.
The set of all neighborhoods Uε(A) = {B: ‖A − B‖ < ε} forms a base B =
{Uε(A): A ∈ M, ε ∈ R+} of the topology on set M . This topology is called the
norm topology.

A seminorm on a linear space H over R is a mapping p :H→ R, such that the
following conditions are satisfied:

(1) Triangle inequality (subadditivity): p(A+ B) � p(A)+ p(B).
(2) Positive scale property: p(aA) = |a|p(A) (a ∈ R).

A seminorm p(x) satisfies p(0) = 0, and p(A) � 0 for all A. A norm is a
seminorm with the additional property p(A) = 0 implies A = 0. In general, there
exists A �= 0 such that p(A) = 0.

The set of all neighborhoods Uε(A) = {B: p(A − B) < ε} forms the base
B = {Uε(A): A ∈ M, ε ∈ R+}. This is the seminorm topology.

If p is a seminorm that is not a norm, then there exists A �= 0 such that
p(A) = 0. All such elements A are in every neighborhood of 0. Hence these
points are not separated from 0 and the seminorm p does not define a Hausdorff
topology.

3.4. Algebraic structures

Maps

The general idea of assigning to each element of some set an element from the
same set or possibly from different set will arise so often in algebraic structures
that we give a separate definition for this concept.

DEFINITIONS. A mapping f from a set M into a set N is a rule that assigns to
each element A of M exactly one element B of N . We say that f maps A into B,
and that f maps M into N .
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The classic notation to denote that f maps A into B is f (A) = B. The element
B is the image of A under f . The fact that f maps M into N will be symbolically
expressed by f : M → N .

We remark that for f : M → N , the set M is the domain of f , the set N is the
codomain of f , and the set Im(f ) = f (M) = {f (A): A ∈ M} is the image of M

under f .

DEFINITIONS. A mapping from a set M into a set N is one-to-one if each element
of N has at most one element of M mapped into it.

A mapping from a set M into a set N is onto N if each element of N has at
least one element of M mapped into it.

To show that f is one to one, you show that f (A) = f (B) implies A = B. To
show that f is onto N , you show that for each B ∈ N , there exists A ∈ M such
that f (A) = B. In the Bourbaki’s terminology, a one-to-one map is an injection,
an onto map is a surjection, and a map that is both one to one and onto is a
bijection.

The following are examples of some mappings from R into R.

(1) x ⇐⇒ x3 is a bijection.
(2) x ⇐⇒ exp(x) is one-to-one, but not onto.
(3) x ⇐⇒ x3 + x2 is onto, but not one-to-one.
(4) x ⇐⇒ sin(x) is neither onto, nor one-to-one.

Algebraic structure

An algebraic structure consists of one or more sets closed under one or more
operations, satisfying some axioms. An algebraic structure can be considered as
the collection of all possible models of a given set of axioms. More concretely, an
algebraic structure is any particular model of some set of axioms. This definition
of an algebraic structure should not be taken as restrictive. Anything that satisfies
the axioms defining a structure is an example of this structure, regardless of how
many other axioms are used. For example, all groups are also semi-groups and
loops.

The Cartesian product of set M is the set of all ordered n-tuples {A1, A2, . . . ,

An}, where Ak ∈ M . The Cartesian product is denoted by Mn.

DEFINITION. A n-ary operation on set M is a mapping g : Mn → M that assigns
to each ordered system of n elements A1, A2, . . . , An of the set M exactly one
element g(A1, A2, . . . , An) ∈ M .

A n-ary operation is also called the interior composition law.
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DEFINITION. An exterior composition law for a set M is a mapping g from a set
N ×M into M . The set N is called the set of operators.

Algebraic structures are determined by given interior and exterior laws of com-
positions on a set.

DEFINITION. An algebraic structure on a set M is defined by the following con-
ditions.

(1) There are interior (n-ary) laws of compositions on the set M .
(2) There are exterior laws of compositions for M and the sets of operators.
(3) There are axioms for interior and exterior composition laws.

Algebraic operation

In its simplest meaning, an operation combines two values to produce a third. Ex-
amples include addition, subtraction, multiplication and division. Such operations
are often called binary operations. Other operations can involve a single value, for
example negation (changing the sign of a number), inversion (dividing one by the
number) and taking a square or square root. These are called unary operations.

Operations can involve mathematical objects other than numbers.

(1) The logical values true and false can be combined using logic operations,
such as and, or, not.

(2) Vectors can be added and subtracted.
(3) Operations on sets include the binary operations union and intersection, and

the unary operation of complementation.
(4) Operations on functions include pointwise multiplication, composition and

convolution.

Operations may not be defined for every possible value. For example, in the
real numbers one cannot divide by zero or take square roots of negative numbers.
The values for which an operation is defined form a set called its domain. The set,
which contains the produced values, is called the codomain, but the set of actual
values attained by the operation is its range. For example, in the real numbers, the
squaring operation only produces nonnegative numbers. The codomain is the set
of real numbers but the range is the nonnegative numbers.

Operations can involve dissimilar objects. For example, a vector can be mul-
tiplied by a scalar to form another vector, and the scalar product of two vectors
gives a scalar.

DEFINITION. An operation g is a map from M1 × · · · × Mn into N . The sets
Mk , where k = 1, . . . , n, are called the domains of the operation, the set N is
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called the codomain. The fixed nonnegative integer n (the number of arguments)
is called the arity of the operation.

Thus a unary operation has arity one, and a binary operation has arity two. An
operation of arity zero, called the nullary operation, is simply an element of the
codomain N . The operation of arity n is called the n-ary operation.

The case of a nullary operation, means that in M a certain element is fixed that
does not depend on the choice of any elements in M . Thus, in choosing the unit
element of a group, we are making use of a nullary operation.

A unary operation is an operation that assigns to every element A ∈ M a
uniquely determined element g(A) ∈ M , i.e., it is a single-valued mapping of
M into itself. For example, squaring is a unary operation on the real numbers.
Another unary operation is the factorial, n!. A unary operation g on the set M is a
function g : M → M .

A binary operation (composition law) on a set M is a map g from M ×M into
M that assigns to each ordered pair of elements A,B ∈ M some element g(A,B)

of the set. That g takes values in the same set M that provides its arguments is
the property of closure. The word ordered in this definition is very important. It
allows the possibility that the element assigned to the pair A,B may be different
from the element assigned to the pair B,A. Note, that we were careful not to say
that to each ordered pair of elements is assigned another or a third element, for
we wish to permit cases such as occur in addition of numbers 0 + A = A, and
multiplication of numbers 1 · A = A. Typical examples of binary operations are
the addition and multiplication of numbers and matrices as well as composition
of functions.

Commutativity and associativity

DEFINITION. A binary operation g on a set M is said to be commutative if
g(A,B) = g(B,A) for all A,B ∈ M . Otherwise, the operation is noncommuta-
tive.

The well-known examples of commutative binary operations are addition and
multiplication of real numbers. For example, multiplication of real numbers is
commutative since AB = BA for all A,B ∈ R. On the other hand, division of
real numbers is noncommutative, since A/B = B/A, if and only if A and B are
identical.

DEFINITION. A binary operation g(A,B) on a set M is said to be anticommuta-
tive if g(A,B) = −g(B,A) for all A,B ∈ M .

The most well-known example of anticommutative binary operation is subtrac-
tion of real numbers, i.e., g(A,B) = A− B = −(B − A) = −g(B,A).
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DEFINITION. A binary operation g on a set M is said to be noncommutative, if
there exists A and B in M such that [A,B] = g(A,B) − g(B,A) �= 0. The
element [A,B] of M is called the commutator of A and B with respect to the
binary operation g.

Examples of the noncommutative binary operations are subtraction g(A,B) =
A − B, division g(A,B) = A/B, exponentiation g(A,B) = AB . In general, we
have

A− B �= B − A, A/B �= B/A, AB �= BA,

where A and B are real numbers. Examples of the noncommutative operations are
also function composition and matrix multiplication.

The commutator can be considered as a new binary operation gc(A,B) =
[A,B] on the set M , which is anticommutative. As a result, the set M with
noncommutative binary operation g can be presented as a set with the anticom-
mutative operation [A,B].

DEFINITION. A binary operation g on a set M is said to be associative, if it sat-
isfies the associative law: g(g(A,B), C) = g(A, g(B,C)) for all A,B,C ∈ M .
For multiplicative operation, (AB)C = A(BC) for all A,B,C ∈ M .

The following are examples of some associative operations.

(1) Addition and multiplication of real numbers are associative.
(2) Addition and multiplication of complex numbers and quaternions are associa-

tive. Addition of octonions is also associative, but multiplication of octonions
is nonassociative.

(3) Matrix multiplication is associative. Because linear transformations can be
represented by matrices, one can conclude that linear transformations com-
pose associatively.

DEFINITION. A binary operation g on a set M is said to be nonassociative if
(A,B,C) = g(g(A,B), C)− g(A, g(B,C)) �= 0 for some A,B,C ∈ M .

Here, (A,B,C) is called the associator of elements A, B and C with respect to
binary operation g. The associator can be considered as a new ternary operation
on the set M .

Subtraction, division and exponentiation are well-known examples of nonasso-
ciative operations:

(1) Subtraction of real numbers A,B,C is nonassociative: (A− B)− B �= A−
(B − C).
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(2) Division of real numbers A,B,C is nonassociative: (A/B)/C �= A/(B/C),
where B �= 0 and C �= 0.

(3) Exponentiation of real numbers A,B,C is nonassociative g(g(A,B), C) �=
g(A, g(B,C)), where g(A,B) = AB .

3.5. Examples of algebraic structures

In its widest sense, a binary operation is a rule that assigns one element of M to
certain ordered pair of elements of a given set M . A binary algebraic operation
will be understood, as a rule, in a narrower sense: the operation must be defined
for every ordered pair of elements and must be unique. Every set in which an
algebraic operation of this type is given is called a groupoid. This is still rather too
wide a concept. The concept of a semi-group, which has application in quantum
dynamics, is somewhat narrower.

A.1. Groupoid. A groupoid is a set M , together with a binary internal opera-
tion g. Many books have another axiom for a groupoid, namely that M is closed
under the operation g, that is g(A,B) ∈ M for all A,B ∈ M . For us, this is a
consequence of our definition of a binary operation on M .

Note that a groupoid is not just a set M . Rather, a groupoid <M,g> is made
up of two objects, the set M and the binary operation g on M . There are two
ingredients involved. Denoting the groupoid by the single set symbol M is log-
ically incorrect. Nevertheless, as you get into the theory, the logical extensions
of the notation become hard to read. We emphasize that when you are speaking
of a specific algebraic structure on M , you must make it clear what the algebraic
operations on M are to be. A set could have a family of binary operations defined
on it, all giving different algebraic structures.

A.2. Semi-group. A semi-group is an associative groupoid. A semi-group is
a groupoid, in which the associative law holds: for arbitrary elements A, B, and
C, (AB)C = A(BC). A semi-group in which any two elements A, B satisfy the
commutative law AB = BA is called commutative, or abelian.

A.3. Unital groupoid. A groupoid with unity (or unital groupoid) is a set M ,
together with a binary internal operation g and a nullary operation e. The opera-
tion e assigns to each element of M the unity I such that g(I,A) = g(A, I) = A.

A.4. Monoid. A monoid is a unital semi-group. A monoid is a set M , together
with a binary operation g : M × M → M , such that the following axioms are
satisfied:

(1) The binary operation g is associative: g(g(A,B), C) = g(A, g(B,C)) for all
A,B,C in M .

(2) There exists an element I in M such that g(A, I) = g(I,A) = A for all A

in M . This element I is an identity element for g on M .
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An inverse element of A ∈ M is an element B ∈ M such that g(A,B) =
g(B,A) = I . It is clear, that A is inverse of B if and only if B is inverse of A.

A.5. Group. A group is a set M , together with three internal algebraic opera-
tions g, e, and g′ on M , such that the following axioms are satisfied:

(1) The binary operation g is associative, i.e., g(g(A,B), C) = g(A, g(B,C))

for all A,B,C ∈ M .
(2) The nullary operation e that assigns to each element A ∈ M an element

e(A) = I ∈ M , such that g(e(A),A) = g(A, e(A)) = A for all A ∈ M . The
element e(A) = I is an identity element for g on M .

(3) The unary operation g′ that assigns to each element A ∈ M exactly one
element g′(A) of M called the inverse of A with respect to g, such that
g(g′(A),A) = g(A, g′(A)) = I for all A ∈ M . The element g′(A) is an
inverse of A with respect to g.

Using the notation g(A,A) = AB, e(A) = I , g′(A) = A−1, we have the
conditions

(AB)C = A(BC), IA = AI = A, A−1A = AA−1 = I.

A group M is abelian if its binary operation g is commutative.
A.6. Quasigroup. A quasigroup is a groupoid in which the equations

AX = B, YA = B

are uniquely solvable for arbitrary elements A and B.
Let B\A be a solution of the equation AX = B, and let B/A be a solution of

the equation YA = B. Then we can consider two binary operations that are called
the left and right divisions. A quasigroup is a set M , together with three binary
internal operations: the multiplication AB, the right division B\A, and the left
division B/A, such that

A(B\A) = B, (AB)\A = B, (B/A)A = B, (BA)/A = B.

A.7. Loop. A loop is a quasigroup M with identity element I . A unital quasi-
group is called a loop. For each A in M , there exist elements I\A and I/A. In
general, these elements are not inverse of A.

A.8. Loop with reversibility. A loop with reversibility is a loop M such that
the elements I\A and I/A are inverse of A, i.e.,

(BA)(I\A) = B, (I/A)(AB) = B

for all A,B ∈ M .
Substitution of B = I\A into the equation (I/A)(AB) = B gives I\A = I/A

for all A of M . As a result, each element of a loop with reversibility has the inverse
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element

A−1 = I\A = I/A,

such that A−1A = AA−1 = I . Then a loop M is a loop with reversibility if and
only if there exists an element A−1 in M such that A−1(AB) = (BA)A−1 = I

for all A,B ∈ M . A group is a loop M with reversibility such that the binary
operation g is associative.

A.9. Valya loop. A Valya loop, is a loop with reversibility, such that its com-
mutant (a set of elements (AB)(BA)−1) is an associative subloop, i.e., the set
{(AB)(BA)−1: A,B ∈ M} is a group.

Algebraic structures with two binary operations

B.1. Ringoid. A ringoid is a set M , together with two binary operations, addi-
tion and multiplication, with multiplication distributing over addition.

B.2. Ring. A ring is a set M in which two binary algebraic operations are
given: addition and multiplication. Under the operation of addition, it must be a
commutative group, and multiplication must be connected with addition by the
distributive laws.

A ring (M,+, ·) is a set M , together with two internal binary operations +
and ·, such that the following conditions are satisfied:

(1) (M,+) is a commutative (abelian) group.
(2) (M, ·) is a groupoid.
(3) These operations are connected by the distributive laws:

(A+ B) · C = A · C + B · C, C · (A+ B) = C · A+ C · B
for all A,B,C ∈ M .

A ring is a commutative group with respect to the operation of addition, and it
is a groupoid with respect to the operation of multiplication. The multiplication
is, in general, not subjected to any restrictions. That is, under the operation of
multiplication the ring is only a groupoid—the multiplicative groupoid of M . If
the multiplication in the ring is associative, then we speak of an associative ring.
In general, the ring is nonassociative. If (M, ·) is a semi-group, then the ring is
associative.

As an example of an associative, but not commutative ring, we mention the ring
of square matrices of order n � 2 with real elements, under the usual operations
of addition and multiplication of matrices. Finally, we give one example of a
nonassociative ring. This is the ring of vectors of three-dimensional Euclidean
space under the usual operations of addition and of vector multiplication. It is
easy to verify that this multiplication is neither associative nor commutative.
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B.3. Field. A field is a ring (M,+, ·), such that the multiplicative groupoid
(M, ·) is a commutative group. A field is a commutative division ring. For exam-
ple, R and C are fields. We use only fields of real and complex numbers. Note
that quaternions form a division ring, which is not a field.

Algebraic structures with exterior compositions law

C.1. Module. Let M be an additively written commutative group and R an as-
sociative ring. M is called a left R-module, or a commutative group with operator
ring, if for arbitrary a, b ∈ R and A,B ∈ M the equations

(2)(a + b)A = aA+ bA, a(A+ B) = aA+ aB, (ab)A = a(bA)

hold.
Note that multiplication for a module is not a binary operation on one set. It is a

rule that associates an element aA of M with each ordered pair (a,A) consisting
of an element a of R and A of M . This can be viewed as an operation mapping
R ×M into M .

If the ring R has a unit element IR , then we shall consider only R-modules for
which IR is the identity operator. In other words, to the operator IR there corre-
sponds the identity map from M into itself, such that IRA = A for all A ∈ M .
Left R-modules with this property are called unitary.

A set M is a right S-module, if for arbitrary a, b ∈ S and A,B ∈ M the
equations

A(a + b) = Aa + Ab, (A+ B)a = Aa + Ba, A(ab) = (Aa)b

hold. If S is a ring with unity IS and AIS = A, then M is a unitary right S-module.
A left R-module consists of a commutative group M , together with an operation

of external multiplication of each element of M by each element of a ring R on
the left such that for all a, b ∈ R and A,B ∈ M , equations (2) are satisfied. The
external operation is also called the left multiplication by a.

A left R-module M can be considered as an algebra, such that the following
operations are defined:

(1) A binary operation of addition on a commutative group M .
(2) Infinite number of unary operations La of left multiplications by a ∈ R such

that La(A) = aA and

La(A+ B) = LaA+ LaB, La+bA = LaA+ LbA,

LabA = La(LbA)

for all a, b ∈ R and A,B ∈ M .
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If A is an element in an arbitrary ring R, then the mapping LA, such that
LAB = AB where B ∈ R, is called the left multiplication. The additive subgroup
of R can therefore be considered as an operator group with R itself as operator
domain. Then the ring R is a R-module. Right multiplications are defined simi-
larly.

A R-module M is cyclic if there exists A ∈ M such that M = {aA: a ∈ R}.
Thus a cyclic R-module is generated by a single element.

C.2. Bimodule. A bimodule is a commutative group M , such that the following
axioms are satisfied:

(a) M is a left R-module.
(b) M is a right S-module.
(c) (aA)c = a(Ac) for all a ∈ R, c ∈ S and A ∈ M .

C.3. Linear space. We shall consider R-modules in the case where the asso-
ciative ring R is a field. Every unitary module over an associative field R is called
a linear space (or vector space) over this field.

Let F be a field. A linear space over F consists of a commutative group M

under addition, together with an operation of multiplication of each element of M

by each element of F on the left, such that for all a, b ∈ F and A,B ∈ M the
following conditions are satisfied:

aA ∈ M, (a + b)A = aA+ bA, a(A+ B) = aA+ aB,

(ab)A = a(bA), IA = A.

The elements of M are vectors and the elements of F are scalars. We shall con-
sider the linear spaces over the fields R and C.

Note that a module is a generalization of a linear space notion. Instead of
numerical fields or fields of other nature of elements, the module allows us to
consider an arbitrary properties of multiplication.

A subset X consisting of elements Ek (k ranges over an index set) is a basis of
a linear space M over a field R if and only if every non-zero element A of M has
a unique expression

(3)A =
∑
ek∈X

akEk,

where Ek ∈ X, and ak are non-zero elements of R.
C.4. Linear algebra. A ring M that has a field R as ring of operators is called

a linear algebra over R. The additive group of every algebra M over a (commuta-
tive) field R is a linear space over this field as follows immediately from definition
of an algebra.

A linear algebra consists of a linear space M over a field F , together with a
binary operation of multiplication on the set M , such that for all a, b ∈ F and
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A,B,C ∈ M , the following conditions are satisfied:

(aA)B = a(AB) = A(aB), (a + b)A = aA+ bA,

A(B + C) = AB + AC.

To define a linear algebra, we use a linear space, where the commutative group
(M,+) is replaced by a ring (M,+, ·).

In the additive linear space of an algebra M over R let us choose a basis X,
consisting of elements Ek (k ranges over an index set). Every element A of M

has unique expression (3) where ak are non-zero elements of R. The addition
of elements of M and their multiplication by an element b of R reduce to the
addition of corresponding coefficients and the multiplication by b. If Ei,Ej ∈ X,
then the product EiEj , being an element of M , also has an expression in terms of
the basis X,

EiEj =
∑

k

ck
ijEk.

The system of elements ck
ij of the field R completely determines the multiplication

in the algebra M .
Clearly, the algebra defined by ck

ij will in general be neither associative nor

commutative, if the choice of the numbers ck
ij is not subjected to additional re-

strictions.

Important rings and algebras

Let us consider a linear algebra consists of a linear space M over a field F , to-
gether with a binary operation g of multiplication on the set M . We shall speaking
of an algebra M .

D.1. An associative algebra is a linear algebra M such that the multiplicative
bilinear operation g satisfies the condition

(A,B,C) = g
(
g(A,B), C

)− g
(
A, g(B,C)

) = 0

for all A,B,C of M . The operation (A,B,C) is called the associator.
D.2. A Lie algebra is a linear algebra M over some field F such that the multi-

plicative binary operation g satisfies the following axioms:

(1) The skew-symmetry condition g(A,B) = −g(B,A) for all A,B ∈ M .
(2) The Jacobi identity

J (A,B,C) = g
(
g(A,B), C

)+ g
(
g(B,C),A

)+ g
(
g(C,A), B

) = 0

for all A,B,C ∈ M .
(3) The bilinear condition g(aA + bB,C) = ag(A,C) + bg(B,C) for all

A,B,C ∈ M and a, b ∈ F .
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The operation J (A,B,C) is called the Jacobian.
There is the following fundamental relationship between the associative and

Lie algebras.

(a) The replacement of the operation of multiplication AB in an associative alge-
bra M by the operation of commutation [A,B] = AB − BA, makes it into a
Lie algebra M(−). If M is an algebra over a commutative field F , then M(−)

is also an algebra over the same field.
(b) For every Lie algebra L over an arbitrary commutative field F there exists an

associative M over the same field such that L can be isomorphically embed-
ded in the algebra M(−). This is the Poincaré–Birkhoff–Witt theorem.

D.3. A Jordan algebra is a linear algebra M over some field F such that the
multiplicative binary operation g satisfies the following axioms:

(1) The symmetry condition g(A,B) = g(B,A) for all A,B ∈ M .
(2) The Jordan identity

I (A,B) = g
(
g
(
g(A,A), B

)
, A

)− g
(
g(A,A), g(B,A)

) = 0

for all A,B,C ∈ M .
(3) The bilinear condition g(aA + bB,C) = ag(A,C) + bg(B,C) for all

A,B,C ∈ M and a, b ∈ F .

The operation I (A,B,C) is called the Jordanian.
There is the following relationship between the associative and Jordan algebras.

The replacement of the operation of multiplication AB in an associative algebra
M by the operation [A,B]+ = (1/2)(AB + BA), makes it into a Jordan algebra
M(+). If M is an algebra over a commutative field F , then M(+) is also an algebra
over the same field. The algebra M(+) is called the special algebra. The Jordan
algebras that are not special are called exceptional. In contrast to the theory of
Lie algebras, in which the Poincaré–Birkhoff–Witt theorem states that every Lie
algebra is isomorphic to a subalgebra of M(−) for some M , exceptional Jordan
algebras exist.

D.4. Alternative algebras are algebras in which all the subalgebras generated by
two elements are associative. An alternative algebra is a linear algebra M such
that the multiplicative bilinear operation g satisfies the following conditions

g
(
g(A,A), B

) = g
(
A, g(A,B)

)
, g

(
B, g(A,A)

) = g
(
g(B,A),A

)
for all A and B in the algebra.

The theory of exceptional Jordan algebras is based on the theory of alternative
algebras.

D.5. A Maltsev algebra (or Malcev algebra) is a linear algebra M over some
field F , such that the multiplicative binary operation g satisfies the following
axioms:
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(1) The skew-symmetry condition g(A,B) = −g(B,A) for all A,B ∈ M .
(2) The Maltsev identity J (A,B, g(A,C)) = g(J (A,B,C),A) for all A,B,

C ∈ M .
(3) The bilinear condition g(aA + bB,C) = ag(A,C) + bg(B,C) for all

A,B,C ∈ M and a, b ∈ F .

Each Lie algebra is a Maltsev algebra. On the other hand, any two elements of
Maltsev algebra generate a Lie subalgebra.

There is the following relationship between the alternative and Maltsev alge-
bras. The replacement of the operation of multiplication AB in an alternative
algebra M by the operation [A,B]+ = (1/2)(AB + BA), makes it into a spe-
cial Jordan algebra M(+). The replacement of the operation of multiplication AB

in an alternative algebra M by the operation [A,B] = AB − BA, makes it into
a Malcev algebra M(−). The algebra M(−) is not a Lie algebra, it is a Maltsev
algebra.

D.6. A commutant-associative algebra is a linear algebra M such that the mul-
tiplicative bilinear operation g satisfies the condition([A1, A2], [A3, A4], [A5, A6]

) = 0

for all Ak ∈ M , where k = 1, 2, . . . , 6. Here [A,B] = AB − BA.
We say that M is a commutant-associative algebra if the commutant of this

algebra is an associative subalgebra. A commutant of M is a subalgebra of M

generated by all commutators [A,B], where A,B ∈ M .
D.7. A Valya algebra (or Valentina algebra) is a linear algebra M over some

field F such that the multiplicative binary operation g satisfies the following ax-
ioms:

(1) The skew-symmetry condition g(A,B) = −g(B,A) for all A,B ∈ M .
(2) The Valya identity J (g(A1, A2), g(A3, A4), g(A5, A6)) = 0 for all Ak ∈ M ,

where k = 1, 2, . . . , 6.
(3) The bilinear condition g(aA + bB,C) = ag(A,C) + bg(B,C) for all

A,B,C ∈ M and a, b ∈ F .

We say that M is a Valya algebra if the commutant of this algebra is a Lie
subalgebra. Each Lie algebra is a Valya algebra.

There is the following relationship between the commutant-associative and
Valentina algebras. If M is a commutant-associative algebra, then M(−) is a Valya
algebra.

Multiple algebraic structures

Algebraic structures can also be defined on sets with added nonalgebraic structure,
such as a topology or an order structure. The added structure must be compatible,
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in some sense, with the algebraic structure. For example, a linear topological
space is a set M such that M is a linear space over F and at the same time a
topological space, where the two maps M×M → M: A,B → AB and F×M →
M: a,A → aA are both continuous.

Homomorphism of algebraic structure

A set M, together with a single binary operation on M, is called a groupoid. Let
us give more mathematically precise the idea that two groupoids M1 and M2, are
structurally the same or isomorphic. Clearly that M1 and M2 are isomorphic if
the groupoids are identical except for the names of the elements and operations.

(a) To each element A1 ∈M1 is assigned its counterpart A2 ∈M2.
(b) Two different elements A1 and B1 in M1 should have two different counter-

parts A2 = f (A1) and B2 = f (B1), that is, the map f must be one-to-one.
(c) Every element of M2 must be counterpart of some element of M1, that is, f

must be onto M2.
(d) If the groupoid are to be structurally the same and if we denote the groupoid

operation of M1 by g1 and that of M2 by g2, then the counterpart of g1(A,B)

should be g2(A2, B2), or f (g1(A1, B1)) should be g2(A2, B2):

(4)f
(
g1(A1, B1)

) = g2
(
f (A1), f (B1)

)
.

Usually we drop the notations g1 and g2 for the operations and use multiplica-
tive notations.

Requirement (b) express the mathematical statement that f is a monomor-
phism. A homomorphism f of M1 into M2 that is a one-to-one map is a
monomorphism. Requirement (c) is a statement that f is an epimorphism. A ho-
momorphism f of M1 into M2 is an epimorphism if it is onto M2.

Then an isomorphism of a groupoid M1 with a groupoid M2 is a one-to-one
function f mapping M1 onto M2 such that for all A1 and B1 in M1, equation (4)
holds. The groupoids M1 and M2 are then isomorphic. An isomorphism of a
groupoid onto itself is an automorphism of the groupoid.

An isomorphism of a groupoid M1 with a groupoid M2 was defined as a one-
to-one map f of M1 onto M2 such that we have (4) for all A and B in M1.
If we drop the condition that f be one-to-one and onto, just retaining (4), the
map f is then a homomorphism. This requirement is the only one that distin-
guishes a homomorphism from just any map of M1 into M2. It asserts that f is
a structure-relating map. The algebraic structure of M1 is completely determined
by the binary operation on M1, and that of M2 is completely determined by the
operation on M2. The homomorphism condition thus relates the structure of M1

to that of M2. A homomorphism of M into itself is an endomorphism of M.
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3.6. Mathematical structures in kinematics

Kinematical structures

The common property of the different mathematical structures is that they can
be applied to sets of elements whose physical nature has not been specified. In
physics, the great problem is a relation between the real physical objects and
mathematical structures.

A physical theory is a rule that assigns to each real physical object exactly one
abstract model that is called the physical system. Each abstract model consists
of a mathematical model, which is a collection of mathematical structures, and a
physical interpretation of these mathematical structures.

A physical system is not equivalent to a real object. The given object can be de-
scribed by different physical systems, and a physical system can describe various
objects.

Physical theories consist essentially of two elements, a kinematical structure
describing the initial states and observables of the system, and a dynamical struc-
ture describing the change of these states and observables with time.

POSTULATE (Physical system). To each physical system we associate the ordered
pair (K,D) consists of the following physical structures:

(1) The kinematical structure K on a kinematical set K .
(2) The dynamical structure D on a dynamical set D.

The ordered pair (K,D) is sometimes called the mathematical model of given
physical system.

A kinematical structure is determined by postulates that define mathematical
structures on sets of observables, states, and expectation values.

To each physical system we can associate the triple (M, S, B) formed by the
set M of all its observables, the set S of all its states, and the set B of all its
expectation values. There exists a mapping (M, S) → R which associates with
each pair (A, ρ) in (M, S) a real number (ρ|A) in B. The number is interpreted
as the expectation value of the observable A when the system is in the state ρ.

POSTULATE (Kinematical structure). A kinematical structure K consists of the
following sets and structures.

(1) A kinematical set K is a triple (M, S, B) of the following sets:
(1.1) A set M , whose elements are interpreted as the observables.
(1.2) A set S, whose elements are interpreted as the states.
(1.3) A set B, whose elements are interpreted as the results of measurements

(the expectation values). There exists a mapping (.|.) that associates
with each pair (ρ,A) of (S,M) an expectation value (ρ|A) in B.
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(2) Mathematical structures (M,S,B) on the kinematical set K = (M, S, B).

The elements ρ ∈ S can be considered as mappings (ρ|.) from M into B.
Therefore S can be presented as a set M∗ of maps on M .

A kinematical structure K is determined by definition of a kinematical set
(M, S, B) and mathematical structures. The following are examples of some basic
kinematical structures.

(1) M can be equipped with the following mathematical structures: M is a par-
tially ordered set, M is a linear space; M can be Lie, Jordan and Lie–Jordan
algebras; M is a universal enveloping (universal associative) algebra; M can
be metric, normalized, Banach, Hilbert, Liouville spaces; M can be B∗-alge-
bra, C∗-algebra or W ∗-algebra.

(2) S can be equipped with the following mathematical structures: S is a dual
Hilbert space; S is a convex set; S is a positive cone; S is a cone Banach
space.

(3) B can be equipped with the following mathematical structures: B is a Borel
space, i.e., B is a σ -algebra of subsets; B is a linear space; B is a probability
space; B is a field of real numbers.

Kinematical postulates

The observables of a quantum system are identified with the self-adjoint linear
operators on some Hilbert space. Suppose (ρ|A) = Tr[ρA].

(1) The set of observables M can be equipped with a structure of partially
ordered set. We say that A � B whenever (ρ|A) � (ρ|B) for all ρ in S. In
particular, we write A � 0 if and only if (ρ|A) � 0 for all ρ ∈ S. The relation �
defined above is a partial ordering relation on M , in particular A � B and A � B

imply A = B.

POSTULATE (Order structure). The inequality A � B between any two elements
A and B of M holds if and only if (ρ|A) � (ρ|B) for all states ρ ∈ S. In particular,
A � B and B � A implies A = B.

The fact that M can be equipped with a structure of partially ordered set play
an important role in quantum kinematics. This postulate has the following conse-
quence. The set of states S is such that (ρ|A) = (ρ|B), or <A> = <B>, for all
ρ ∈ S implies A = B. Hence the postulate assumes that there are enough states
in S so that we can distinguish between two observables by measuring their ex-
pectation values. In other words, we identify two observables whose expectation
values coincide on all states. For any pair of observables A and B in M , we have
A = B if and only if (ρ|A) = (ρ|B) for all ρ ∈ S.

(2) The set of observables M can be equipped with an algebraic structure.
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POSTULATE (Algebraic structure).

(1) For any pair of observables A and B in M there exists an element (A+B) in
M , such that (ρ|A+ B) = (ρ|A)+ (ρ|B) for all ρ ∈ S.

(2) For any observable A in M and any real number a ∈ R there exists an element
aA in M such that (ρ|aA) = a(ρ|A) for all ρ ∈ S.

(3) There exists in M two elements 0 and I such that (ρ|0) = 0, (ρ|I ) = 1 for
all ρ ∈ S.

By virtue of the postulate of order structure, we have that 0, I , aA, and (A+B)

are uniquely defined. For the same reason, we conclude that the sum is distribu-
tive with respect to the multiplication by real numbers and is both commutative
and associative. We then see that this postulate equipped M with the algebraic
structure of a real linear space.

(3) The set of observables M can be equipped with a natural topological struc-
ture. For this purpose, we define the nonnegative number

(5)‖A‖ρ = sup
ρ∈S

∣∣(ρ|A)
∣∣

for all A in M . It follows immediately from this definition that ‖A‖ρ is a norm
for M , and |(ρ|A)| � ‖A‖ρ for all (A, ρ) in (M, S).

In an intuitive physical meaning, the norm represents a greatest possible ab-
solute value for the observable. The norm allows us to define a topological struc-
ture on M , which is called the natural weak topology. Neighbourhoods of an
element A ∈ M in this topology are the sets Uε(A) = {B ∈ M: ‖B − A‖ρ < ε}.
The space M of observables can be considered as a complete space in the natural
weak topology. As a result, the set of observables has a Banach space structure
with respect to natural norm.

POSTULATE (Topological structure).

(1) The norm (5) for all A ∈ M is finite.
(2) M is a metric space with the metric d(A,B) = ‖A− B‖ρ .
(3) M is a Banach space.
(4) S is identified with the set of all positive bounded linear functionals ωρ =

(ρ| ) on M , such that ωρ(I) = (ρ|I ) = 1.

As a result, M is equipped with the structure of a real Banach space relative to
the natural norm ‖ ‖ρ , and S is the set of all positive bounded linear functionals
on M .

More information in the kinematical postulates and mathematical structures
see, for instance, the books [25,26,51].
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Spaces of Quantum Observables

4.1. Space of bounded operators

The quantum observables are identified with the self-adjoint linear operators act-
ing on some separable Hilbert space. Let us define some mathematical structures
on a set of observables.

If H is a linear space, the set of all operators on H is a linear space if we define
addition of operators and multiplication of operators by scalars in the natural way,
namely,

(A+ B)x = Ax + Bx, (aA)x = a(Ax)

for all x ∈ H, and a ∈ C. We shall denote the linear space of all linear operators
on H by L(H).

DEFINITION. Let L(H) be a set of all linear operators from a linear space H into
itself. A linear operator space consists of a set L(H), together with an addition
of operators and a multiplication of operators by scalars.

If H is a normed linear space, a linear operator A on H is bounded on H if

sup
{‖Ax‖H: x ∈ H, ‖x‖H = 1

}
<∞.

This means that A transforms norm bounded sets of H into the norm bounded
sets.

DEFINITION. The operator A is called bounded if ‖Ax‖H � c‖x‖H for some
constant c and all x ∈ H. The least value of c, equal to

(1)‖A‖ = sup
x �=0

‖Ax‖H
‖x‖H = sup

‖x‖H=1
‖Ax‖H

is called the norm of the operator A.

69
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For example, if A is a linear operator on C[0, 1] and

(AΨ )(x) =
x∫

0

dy Ψ (y),

then A is bounded. The inverse operator

(
A−1Ψ

)
(x) = d

dx
Ψ (x)

is defined on a set of all continuously differentiable functions such that Ψ (0) = 0.
The operator A−1 is not bounded.

The norm represents the greatest possible absolute value for the observable. We
shall denote the space of all bounded linear operators on H by B(H).

STATEMENT. If H is a normed linear space, then B(H) is a normed linear space.

Suppose that An and A in B(H) such that

lim
n→∞‖An − A‖ = 0.

This is equivalent to the statement that ‖Anx − Ax‖H → 0 uniformly for all x

such that ‖x‖H = 1. For this reason the topology for B(H) defined by the norm
(1) is called the uniform topology for B(H).

STATEMENT. If H is a Banach space, then B(H) is a Banach operator space.

As a result, the set of all bounded linear operators on a separable Hilbert space
H is a Banach operator space. Then bounded observables form a Banach space.

DEFINITION. Let A be a linear operator on a topological space H. Then A is
called continuous at x ∈ H if to every neighbourhood Uy of y = Ax there
corresponds a neighbourhood Vx of x such that {Az: z ∈ Vx} ⊂ Uy . The operator
A is said to be continuous if it is continuous at every element x of its domain
D(A) = H.

The use of the adjective “bounded” as an equivalent for “continuous” is ex-
plained by the following statement. A continuous linear operator on a normed
linear space H is a bounded operator on H, since, for such an operator A, the
norm ‖Ax‖H is bounded when x ranges over the unit sphere {x ∈ H: ‖x‖H � 1}
of H. As a result, B(H) is a space of continuous operators.
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4.2. Space of finite-rank operators

Let H be a separable Hilbert space. By the Riesz–Fréchet theorem, any element
x ∈ H can be considered not only as an element of H, but also as an element of
the dual space H∗ of the linear continuous functionals on H. We denote x, treated
as an element of H, by |x>, and treated as an element of H∗, by <x|. The main
convenience of this Dirac’s notation is the possibility of simple representation of
operators in terms of an outer product. We shall denote by |x><y| the operator
which maps element |z> of H into the element |x>a(y, z), where a(y, z) =
<y|z>. Operator of the form |x><y| is called the ket-bra operator.

DEFINITION. A ket-bra operator is an operator P̂ (x, y) = |x><y| that assigns
to each element |z> of H exactly one element |x>a(y, z), where a(y, z) =
<y|z>, i.e.,

P̂ (x, y)|z> = |x><y|z>.

This operator is a map from H onto the one-dimensional subspace Hx =
{a|x>, a ∈ C}. If A is a ket-bra operator whose domain D(A) and range R(A)

both lie in the same Hilbert space H, then D(A) = H, dim R(A) = 1.
If |x> is a unit vector of H, ‖x‖H = √<x|x> = 1, then the operator P(x) =

P̂ (x, x) is a projection onto the ket-vector |x>, i.e., P ∗(x) = P(x), P 2(x) =
P(x). Finite linear combinations of ket-bra operators describe operators of finite
rank.

DEFINITION. A finite-rank operator is a linear operator A that can be presented
as a finite sum of ket-bra operators:

A =
N∑

k=1

|xk><yk| =
N∑

k=1

P̂ (xk, yk),

where |xk>, |yk> ∈ H. The rank of A is N . A finite-rank operator is also called
finite-dimensional.

Let A be a linear operator whose domain D(A) and range R(A) both lie in H.
If A is a finite-rank operator, then D(A) is H and R(A) is a finite-dimensional
subspace of H. A finite-rank operator is a map from a Hilbert space H into a
finite-dimensional subspace of H.

THEOREM. If A is a linear operator whose domain D(A) and range R(A) both
lie in the same Hilbert space H, and dim R(A) < ∞, then A is a finite-rank
operator. The rank of A is dim R(A).
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We agree to call the sum of the eigenvalues of a linear operator A in n-dimen-
sional linear space the spectral trace and the sum of the diagonal elements of
the matrix of the operator A the matrix trace. Let us give the important theorem
regarding finite-rank operators.

THEOREM. If A is a finite-rank operator, then its matrix trace coincides with its
spectral trace:

∞∑
k=1

<ek|A|ek> =
n∑

k=1

zk,

where |ek> is an arbitrary orthonormal basis for H and zk are eigenvalues of the
operator A.

A finite-rank operator is bounded. A set of all finite-rank operators on H is a
normed linear space. We shall denote this space by K(H).

We shall proceed by completing the space of all finite-rank operators with re-
spect to corresponding norms:

(1) The completion of K(H) with respect to the operator norm ‖ ‖ is the space
Kcomp(H) of compact (completely continuous) operators.

(2) The completion of K(H) with respect to the norm ‖ ‖1 is the space K1(H) of
trace-class (nuclear) operators.

(3) The completion of K(H) with respect to ‖ ‖2 is the space K2(H) of Hilbert–
Schmidt operators.

4.3. Space of compact operators

Let H be a topological space. A system of sets Vk , k ∈ N, is called a covering
of H if H is contained as a subset of the union

⋃
k∈N

Vk . A subset H0 of H is
called compact if every system of open sets of H which covers H0 contains a
finite subsystem also covering H0. A subset of H is called relatively compact if
its closure is compact.

DEFINITION. Let A be a linear operator on a normed linear space H. We say that
A is a compact operator if, for each bounded subset Hs of H, the set {Ax: x ∈
Hs} is relatively compact in H. A compact operator is also called completely
continuous.

We shall denote the set of compact operators on H by Kcomp(H). Note that
a compact linear operator is continuous. For discontinuity of A would imply the
existence of a sequence {xk} such that ‖xk‖H � 1 and ‖Axk‖H → ∞. This
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cannot occur if A is compact. Since H is a normed space, A is compact if and
only if, for each bounded sequence {xk} in H, the sequence {Axk} contains a
subsequence converging to some limit in H.

We illustrate this notion with the following example. Let a(x, y) be a real-
valued continuous function defined for x, y ∈ [a, b]. Then the integral operator A

defined by

(AΨ )(x) =
b∫

a

dy a(x, y)Ψ (y)

is a compact operator on C[a, b]. Note that the identity operator on an infinite-
dimensional normed linear space is never compact. As a result, a compact operator
on an infinite-dimensional normed linear space cannot have a bounded inverse.

THEOREM (Hilbert). If H is a Hilbert space, every compact operator in B(H)

is the uniform limit of operators of finite-rank.

Hilbert was the first to call attention to an important class of operators that
can be approximated by finite-rank operators, namely the compact operators. In
1932, Banach conjectured that this theorem is true when H is any Banach space.
This remained an open question until 1973, when P. Enflo constructed a separable
reflexive Banach space H such that the some compact operators on H are not the
uniform limit of finite-rank operators.

THEOREM. Let K(H) be a normed linear space of finite-rank operators. The
completion of K(H) with respect to the operator norm ‖ ‖ (i.e., the uniform topol-
ogy) is the space Kcomp(H) of compact operators.

Let us give the basic statements regarding properties of compact (completely
continuous) operators.

(1) If A is a finite-rank operator, then A is compact.
(2) If A is a compact operator, then A is bounded.
(3) If A and B are compact operators and a, b ∈ C, then aA + bB is also a

compact operator.
(4) If A is a compact operator, and the operator B is bounded, then AB and BA

are compact operators.
(5) If A is a compact operator, then A∗ is also compact.
(6) If A is a bounded linear operator defined everywhere in H, and the operator

A∗A is compact, then the operator A is also compact.
(7) The sequence of eigenvalues of a compact self-adjoint operator tends to zero.
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(8) Any compact self-adjoint operator A has the representation

A =
∞∑

k=1

ak|ek><ek|,

where |ek> is the orthonormal basis of eigenvectors of A and ak are the
eigenvalues of A.

(9) The unit operator I is compact if and only if H is finite-dimensional. In
general, I is not a compact operator.

(10) If A a compact operator, and let A−1 be inverse of A, i.e., A−1A = AA−1 =
I , then A−1 is not bounded.

(11) If A is a limit (in the sense of norm convergence in the operator space) of a
sequence of compact operators, then A is compact.

Note that properties (3) and (4) express the statement that Kcomp(H) is a linear
operator algebra.

4.4. Space of trace-class operators

Let H be a separable Hilbert space. Consider bounded operators which have the
diagonal form in a fixed orthonormal basis |ek> of H,

(2)A =
∞∑

k=1

ak|ek><ek|,

where the series converges strongly. A sequence of operators

(3)An =
n∑

k=1

ak|ek><ek|

converges to A strongly if

lim
n→∞‖Anx − Ax‖H = 0

for all x ∈ H. For any orthonormal basis |ek> in H,

∞∑
k=1

|ek><ek| = I.

This is a compact notation for the relation

|x> =
∞∑

k=1

|ek><ek|x>

expressing the completeness of the system {|ek>}.
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Any property of the operator (2) corresponds to a property of the sequence of
eigenvalues {ak}. For example, A is self-adjoint if and only if ak are real. The
operator A is positive if ak > 0. Restricting to a finite number of k in (2), we get
the finite-rank operator. For example, the operator (3) is finite-rank. The operator
(2) is compact if {ak} is a null sequences, i.e., limk→∞ ak = 0. An operator that
is compact is said to be nuclear or trace-class if

∞∑
k=1

ak < ∞.

A trace-class operator on a Hilbert space has the important property that its
trace may be defined so that it is finite and is independent of the basis. Given any
orthonormal basis |ek> for the Hilbert space, one may define the trace as

Tr[A] =
∞∑

k=1

<ek|A|ek> =
∞∑

k=1

ak,

since the sum converges and is independent of the basis.
The space of all finite-rank operators is an operator analog of the space of all

infinite sequences with only a finite number of non-zero terms (sequences with
finite support). The space Kcomp(H) of all compact operators is an operator analog
of the space of null sequences {ak: limk→∞ ak = 0}. The l1 sequence space is
defined by

‖a‖1 =
∞∑

k=1

|ak| <∞.

Now we define the operator analog of the space l1.
We now consider a noncommutative analog of spaces l1 and L1(R). For any

bounded operator A ∈ B(H), we can define the norm ‖A‖1 = Tr |A|. Here |A| =√
A∗A is an operator analog of the formula |z| = √z∗z for z ∈ C.

DEFINITION. A trace-class operator is a linear bounded operator A, such that

(4)‖A‖1 = Tr |A| = Tr
√

A∗A <∞.

A trace-class operator is also called the nuclear operator or the operator with
finite trace.

We illustrate this notion with an example. Let a(x, y) be a real-valued function
defined for x, y ∈ [a, b] such that

b∫
a

b∫
a

dx dy
∣∣a(x, y)

∣∣ <∞.
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Then the integral operator A defined by

(5)(AΨ )(x) =
b∫

a

dy a(x, y)Ψ (y)

is a trace-class operator on L1[a, b]. If A is a trace-class operator and the function
a(x, x) is integrable, then

(6)Tr[A] =
b∫

a

dx a(x, x).

Let A be a trace-class operator and {|ek>} be an orthonormal basis for H. Then

∞∑
k=1

∣∣<ek|Aek>
∣∣ <∞, Tr[A] =

∞∑
k=1

<ek|Aek>,

where Tr[A] does not depend on the choice of {|ek>}.
The trace is a linear functional on a set of all trace-class operators, such that the

following properties are satisfied:

(a) Tr[A]>0 for A > 0.
(b) Tr[A] ∈ R for A∗ = A.
(c) Tr[A∗] = (Tr[A])∗.
(d) Tr[AB] = Tr[BA].
(e) Tr[ABC] = Tr[CAB] = Tr[BCA].

We now describe the relation between the trace and the eigenvalues for a trace-
class operator.

THEOREM (Lidsky). If A is a trace-class operator, then its matrix trace coincides
with its spectral trace

Tr[A] =
∞∑

k=1

<ek|A|ek> =
∞∑

k=1

zk,

where |ek> is an arbitrary orthonormal basis and zk are the eigenvalues of the
operator A.

The trace norm defines a Banach space structure on a set of all trace-class
operators.

THEOREM. The completion of the space K(H) of all finite-rank operators with
respect to the norm (4) is the Banach space K1(H) of trace-class operators.
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Any trace-class operators is compact. Note that ‖A‖ � ‖A‖1. Therefore the
completion of K(H) with respect to ‖ ‖1 is contained in the completion with
respect to ‖ ‖:

K(H) ⊂ K1(H) ⊂ Kcomp(H).

Any self-adjoint trace-class operator has the spectral representation

A =
∞∑

k=1

akPk,

where Pk = |ek><ek| are the projections P ∗k = Pk , P 2
k = Pk , and the sum

converges in the norm ‖ ‖1, since

‖Pk‖1 = 1,

∞∑
k=1

|ak| = Tr |A| <∞.

Any positive operator with finite trace is a trace-class operator such that ak � 0.
Let B(H) be a Banach space of all bounded operators with the operator norm

‖ ‖. The space of continuous linear functionals (the dual space) for K1(H) is the
space B(H).

THEOREM (Dual space of K1(H)). Let ρ be a trace-class operator. For any A ∈
B(H), the map ρ → ω(A) = Tr[ρA] defines a continuous linear functional ω on
K1(H) with the norm ‖ω‖ = ‖A‖. Conversely, any continuous linear functional
on K1(H) has this form.

This is the operator analog of the Riesz–Markov theorem.

STATEMENT. A Banach operator space B(H) is a dual space of K1(H):
(K1(H))∗ = B(H).

The quantum states are identified with the self-adjoint, positive, linear oper-
ators ρ of unit trace. Then ρ is a trace-class operator, such that |ρ| = ρ, and
‖ρ‖1 = Tr ρ = 1. The expectation value of a bounded observable A on a state ρ

is computed by the formula

<A> = ω(A) = Tr[ρA].
We may say that the Banach space K1(H) is the smallest linear space in which

the set of all states can be embedded.
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4.5. Space of Hilbert–Schmidt operators

We now consider a noncommutative analog of spaces l2 and L2(R). Let B(H)

be an operator space of all bounded operators. For A,B ∈ B(H), we define the
scalar product

(7)(A|B) = Tr[A∗B].
This scalar product determines the norm

(8)‖A‖2 =
√

(A|A),

which is called the Hilbert–Schmidt norm of A.

DEFINITION. A Hilbert–Schmidt operator is a linear bounded operator A ∈
B(H), such that the norm ‖A‖2 < ∞.

A linear bounded operator A is a Hilbert–Schmidt operator, if A∗A is a trace-
class operator.

THEOREM. The completion of K(H) with respect to Hilbert–Schmidt norm is the
Banach space K2(H) of all Hilbert–Schmidt operators.

The scalar product (7) in a Banach space K2(H) is representable in the form

(A|B) =
∞∑

k=1

<Aek|Bek>,

where |ek> is an orthonormal basis for H. This scalar product is independent on
the choice of the basis.

THEOREM. The completion of K(H) with respect to the scalar product (7) is the
Hilbert operator space K2(H).

The space K2(H) is a separable Hilbert space. By the Riesz–Fréchet theorem,
each linear continuous (with respect to the norm ‖ ‖2) functional on the Hilbert
space K2(H) has the form A → (ρ|A), where ρ is an element of K2(H) (and
vice versa).

THEOREM (Dual space of K2(H)). Let ρ be a Hilbert–Schmidt operator. For any
A ∈ K2(H), the map ρ → ω(A) = Tr[ρA] defines a continuous linear functional
on K2(H). Conversely any continuous linear functional on K2(H) has this form.



4.6. Properties of operators from K1(H) and K2(H) 79

We shall denote the space of all continuous linear functionals on K2(H) by
K2∗(H). The spaces K2∗(H) and K2(H) are identical except for the names of the
elements and operations, such that K2∗(H) and K2(H) are structurally the same.
Thus the spaces K2∗(H) and K2(H) are isomorphic.

Let us consider Hilbert–Schmidt operators on H = L2[a, b]. For Ψ (x) ∈
L2[a, b], the integral operator A defined by (5) is a Hilbert–Schmidt operator
on L2[a, b], if the kernel a(x, y) = <x|A|y> is a square-integrable function of
two variables x, y ∈ [a, b]. The scalar product is

(A|B) =
b∫

a

b∫
a

dx dy a∗(x, y)b(y, x).

If A is a trace-class operator and the function a(x, x) = <x|A|x> is integrable,
then we have equation (6). Note that it is possible to express a large class of
operators A (for example, any bounded operators) in the integral form but with
the more general (distribution) kernels.

4.6. Properties of operators from K1(H) and K2(H)

The following are properties of K1(H) and K2(H).

(1) If A and B are Hilbert–Schmidt operators, then AB and BA are trace-class
operators.

(2) If A is bounded and B is a Hilbert–Schmidt operator, then AB and BA are
Hilbert–Schmidt operators.

(3) If A is bounded and B is a trace-class operator, then AB and BA are trace-
class operators and Tr[AB] = Tr[BA].

(4) A trace-class operator is an operator A of the form

A =
n∑

k=1

BkCk,

where Bk and Ck are Hilbert–Schmidt operators, and n <∞.
(5) A trace-class operator is a Hilbert–Schmidt operator.
(6) The operator spaces are related by the following inclusions

K(H) ⊂ K1(H) ⊂ K2(H) ⊂ Kcomp(H) ⊂ B(H).

(7) If A is a trace-class operator, then ‖A‖2 � ‖A‖1.
(8) If A ∈ K1(H) and B ∈ B(H), then ‖AB‖1 = ‖BA‖1 � ‖B‖ ‖A‖1.
(9) If A,B ∈ K2(H), then ‖AB‖1 = ‖BA‖1 � ‖A‖2 ‖B‖2.

(10) If A ∈ K1(H), then |Tr A| � ‖A‖1.
(11) If A ∈ K1(H) and A∗ is adjoint of A, then ‖A∗‖1 = ‖A‖1.
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STATEMENT (Matrix representation). Each self-adjoint Hilbert–Schmidt opera-
tor A on a Hilbert space H is representable in the form

(9)A =
∞∑

k=1

ak|ek><ek| =
∞∑

k=1

akPk,

where |ek> is an orthonormal basis for H, and

∞∑
k=1

|ak| <∞.

Each self-adjoint trace-class operator A on a Hilbert space H is representable in
the form (9), where {ak} is a l2-sequence,

∞∑
k=1

|ak|2 <∞.

If H = L2(M), then there exists a coordinate representation of A ∈ K2(H).

STATEMENT (Coordinate representation). Let A be a bounded operator on a
Hilbert space H = L2(M). Then A is a Hilbert–Schmidt operator if and only
if there exists a function a(x, y), such that

(AΨ )(x) =
∫
M

dy a(x, y)Ψ (y),

and

‖A‖2
2 =

∫
M×M

dx dy
∣∣a(x, y)

∣∣2 <∞.

If A is a Hilbert–Schmidt operator on L2(M), then its kernel a(x, y) ∈ L2(M ×
M).

The kernel a(x, x′) = <x|A|x′> of a Hilbert–Schmidt operator A is a square-
integrable function, i.e.,

Tr
[
A2] = ∫

dx <x|A2|x> =
∫

dx dx′ |<x′|A|x>|2 < ∞.

If A is a trace-class operator, then the function a(x, x) = <x|A|x> is integrable,
i.e.,

Tr[A] =
∫

dx <x|A|x> =
∫

dx a(x, x) < ∞.
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4.7. Set of density operators

Convex set of density operators

The quantum states can be identified with the self-adjoint, nonnegative linear op-
erators ρ of unit trace.

DEFINITION. A density operator is a trace-class operator ρ, such that the follow-
ing requirements are satisfied:

(1) ρ is nonnegative, i.e., ρ � 0.
(2) ρ is self-adjoint, i.e., ρ = ρ∗.
(3) ρ is normalized, i.e., Tr[ρ] = 1.

STATEMENT. A density operator on a separable Hilbert space H is representable
in the form

(10)ρ =
∞∑

k=1

pk|ek><ek| =
∞∑

k=1

pkPk,

where |ek> is an orthonormal basis for H, and

(11)0 � pk � 1, p∗k = pk,

∞∑
k=1

pk = 1.

We shall denote the set of all density operators on H by S(H). The density op-
erators represent states in quantum mechanics. Then S(H) is a set of all possible
quantum states. Note that S(H) is not a linear operator space, since a set of all
positive operators is not a linear space.

DEFINITION. A set S is a convex set if ρ1, ρ2 ∈ S and 0 < a < 1 imply aρ1 +
(1− a)ρ2 ∈ S.

If ρk ∈ S(H), k = 1, . . . , n, and pk satisfy (11), then the operator
∑n

k=1 pkρk

is a density operator. Thus S(H) is a convex set. A set S(H) forms a convex subset
of K1(H).

DEFINITION. A convex hull of S is a set Sconvex of all convex combinations of
elements from S:

Sconvex =
{

n∑
k=1

rkρk: ρk ∈ S, r∗k = rk � 0,

n∑
k=1

rk = 1, n ∈ N

}
.

A set S(H) of all density operators on H is a convex hull.
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Pure and mixed states

If ρ = ρ2, then ρ is called the pure state, and the density operator ρ has the form
ρ = |ek><ek| = Pk in some orthonormal basis |ek>. Here

P ∗k = Pk, P 2
k = Pk,

∞∑
k=1

Pk = I.

Then the pure states of S(H) are the one-dimensional projections. In the general
case, any density operator can be expressed as a mixture of the pure states ρk:

ρ =
∞∑

k=1

pkρk: 0 � pk � 1, p∗k = pk,

∞∑
k=1

pk = 1.

The observables are identified with the self-adjoint linear operators acting on
some separable Hilbert space. Then each density operator ρ is an observable. The
expectation value of an observable A on a state ρ is computed by the formula

<A> = Tr[ρA].
We can consider the expectation value <ρ> = Tr[ρ2]. There exists a natural

requirement that must be satisfied by the density operator ρ. The expectation value
<ρ> must be finite: <ρ> < ∞. Then Tr[ρ2] < ∞, and ρ is a Hilbert–Schmidt
operator. Note that any trace-class operator is Hilbert–Schmidt. As a result, any
density operator ρ is a Hilbert–Schmidt operator.

If ρ is a pure state (ρ2 = ρ), then

<ρ> = Tr
[
ρ2] = Tr[ρ] = 1.

In general, ρ can be presented in the form (10). Using (10) and PkPl = δklPk , we
obtain

<ρ> = Tr
[
ρ2] = Tr

[( ∞∑
k=1

pkPk

)2]
= Tr

[ ∞∑
k=1

p2
kPk

]

=
∞∑

k=1

p2
k Tr[Pk] =

∞∑
k=1

p2
k .

As a result, we have 0 � <ρ> � 1. If ρ is a mixed state density operator, then
0 � <ρ> < 1. If ρ is a pure state density operator, then <ρ> = 1.

Positive cone of density operators

The notion of “positivity” of density operators is very important in quantum the-
ory. Let M be a set of quantum observables. Suppose there is a binary relation
defined for every pair A,B ∈M, expressed by A � B, with the properties:
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(a) A � A for all A ∈M.
(b) If A � B and B � A, then A = B, for A,B ∈M.
(c) If A � B, and B � C, then A � C for all A,B,C ∈M.

Then M is said to be partially ordered by the relation �.

DEFINITION. An ordered linear space is a real linear space M over R, together
with a binary relation �, such that the following properties are satisfied:

(1) M is partially ordered by the relation �.
(2) If A � B, then A+ C � B + C for all C ∈M.
(3) If A � B, a ∈ R, and a � 0, then aA � aB.

If M is an ordered linear space, then we can define the positive cone M+ =
{A ∈M: A � 0}.

DEFINITION. A positive cone is a set M+ such that the following requirements
are satisfied:

(1) M+ is a convex set.
(2) If A ∈M+, then aA ∈M+ for all a � 0.
(3) If A ∈M+ and (−A) ∈M+, then A = 0.

A positive operator is a linear operator A on M+ whose domain D(A) and
range R(A) both lie in the same positive cone M+.

If Br (H) is a real Banach space of all bounded self-adjoint operators on a
Hilbert space H, then the set Br+(H) = {A ∈ Br (H): A � 0} is a positive
cone. For example,

K1
r+(H) = {

A ∈ K1
r (H): A � 0

}
is a positive cone. Here K1

r (H) is a real Banach space of all self-adjoint trace-
class operators. As a result, S(H) can be considered as a positive cone K1

r+(H)

of K1
r (H): S(H) = {ρ ∈ K1

r (H): ρ � 0}.

4.8. Operator Hilbert space and Liouville space

Operator pre-Hilbert and Hilbert spaces

A set of quantum observables can be a Hilbert space.

DEFINITION. A pre-Hilbert operator space is a linear operator space M, to-
gether with a scalar product (A|B) for each pairs of A,B ∈M.
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A scalar operator product in a linear operator space M is a complex number
(A|B) satisfying the axioms:

(1) (A+ B|C) = (A|C)+ (B|C) for all A,B,C ∈M.
(2) (A|aB) = a(A|B) and (aA|B) = a∗(A|B) for all A,B ∈M and a ∈ C.
(3) (A|B) = (B|A)∗ for all A,B ∈M.
(4) (A|A) > 0 for A �= 0, and (A|A) = 0 if and only if A = 0.

DEFINITION. An operator Hilbert space is a complete pre-Hilbert operator
space.

We illustrate this notions with the following examples.
(1) The most familiar operator Hilbert space is the space K2(H) of all Hilbert–

Schmidt operators with the scalar product:

(12)(A|B) = Tr[A∗B].
The linear space K(H) of all finite-rank operators on H is an operator pre-Hilbert
space. The completion of K(H) with respect to the scalar product (12) is the
operator Hilbert space K2(H) of all Hilbert–Schmidt operators.

(2) Let M be an operator Banach space. Then M is an operator Hilbert space
if and only if the operator norm ‖ ‖ of M satisfies the parallelogram identity

(13)‖A+ B‖2 + ‖A− B‖2 = 2‖A‖2 + 2‖B‖2

for all A,B ∈ M. If the parallelogram identity is satisfied for all elements of a
Banach operator space M, then the associated scalar product, which makes M
into a Hilbert space, is given by the polarization identity:

(A|B) = 1

4

3∑
s=0

is
∥∥A+ isB

∥∥2
.

(3) We can consider a linear operator space M with the scalar product

(14)(A|B)ω = ω(A∗B),

where ω is a functional on M. This scalar product is used in the GNS-
construction, where the infinite-dimensional Hilbert space in which operators act
is defined by a state ω. The infinite-dimensional Hilbert space H is isomorphic to
the operator Hilbert space M.

A Liouville space is an operator Hilbert space with the scalar product (12).

DEFINITION. A Liouville space is a set M of linear operators, such that the fol-
lowing conditions are satisfied.

(1) M is a linear operator space.
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(2) The scalar product (A|B) = Tr[A∗B] is defined for all elements of M.
(3) M is a complete normed space with the norm ‖A‖2 = √(A|A).

For example, the space K2(H) is a Liouville space. In general, we can consider
an operator Hilbert space with another scalar product (see, for example, the scalar
product (14)).

DEFINITION. An associated Hilbert space is a Liouville space H̄, such that all
elements of H̄ are operators on a Hilbert space H.

For example, K2(H) is an associated Hilbert space. The associated Hilbert
space can be considered as a representation of a Liouville space in B(H).

If the Hilbert space H is n-dimensional (for example,H = Cn), the correspond-
ing associated Hilbert space is n2-dimensional, dim H̄ = (dimH)2. If H = C2,
then an arbitrary element |A) ∈ H̄ can be presented in the form

|A) = a0σ0 + a1σ1 + a2σ2 + a3σ3,

where σk are Pauli matrices

(15)σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
,

(16)σ3 =
(

1 0
0 −1

)
, σ0 = I =

(
1 0
0 1

)
.

Dirac’s notations for operator spaces

Suppose M is an operator Hilbert space. A dual operator space of M is a linear
space M∗ of all continuous linear functionals on M. Let us give the basic theorem
regarding operator Hilbert spaces.

RIESZ–FRÉCHET THEOREM. For each element ρ of an operator Hilbert space
M there exists a unique element ω of M∗, such that ω(A) = (ρ|A) for all
A ∈M. Conversely, for each element ω of M∗ there exists a unique element
ρ of M, such that ω(A) = (ρ|A) for all A ∈M.

This Riesz–Fréchet theorem establishes the general form of a continuous linear
functional on an operator Hilbert space M. Every bounded linear functional on
M has the form ω(A) = (ρ|A), where ρ is a fixed element of M. Conversely, if
ρ ∈M, then ω(A) = (ρ|A) is a bounded linear functional on M.

By the fundamental Riesz–Fréchet theorem, the operator A ∈ M can be con-
sidered not only as an element of M, but also as an element of the dual space
M∗ of continuous linear functionals on the space M. We shall denote A, treated
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as an element of M, by |A). This element is called the ket-vector of the operator
space M. Denote A, treated as an element of M∗, by (A|. The elements (A| are
called the bra-vector of M. Then the map |A) → (A| is a one-to-one map of
M onto M∗. The symbol for scalar product (A|B) is the graphic junction of the
symbols (A| and |B). Note, that the scalar product in an operator Hilbert space
satisfies the condition

(A|B)∗ = (B|A),

where |A), |B) ∈M. Here we can use |A)∗ = (A|, and (A|∗ = |A).
Note that a map of M into itself is called the superoperator. This Dirac’s nota-

tion for operator spaces leads to a simple representation of superoperators on M
in terms on an outer product. We shall denote by P̂(A,B) = |A)(B| the map that
assigns to an element |C) of M the element |A)(B|C):

P̂(A,B)|C) = |A)(B||C) = |A)(B|C).

The action of P̂(A,B) = |A)(B| on |C) is described by a graphic junction of the
symbols. Note that P̂(A,B) maps onto the subspace MA = {|A)z: z ∈ C} ⊂M.
The map P̂(A,B) = |A)(B| on M will be called the ket-bra superoperator. The
adjoint of P̂(A,B) is defined by

P̂(A,B)∗ = (|A><B|)∗ = |B)(A| = P̂(B,A).

Important superoperators in quantum mechanics are the projection superoper-
ators on M. We can define the projection superoperator

PA = |A)(A|
(A|A)

.

It projects an arbitrary element |C) of M onto the element |A), by PA|C) = |A)z

where z = (A|C)/(A|A). The superoperator PA is self-adjoint P∗A = PA, and
idempotent P2

A = PA.
The definition of the projection superoperator can be expanded upon by pro-

jecting not onto an element |A), but onto a subspace MN of M. If the subspace
MN is generated by operators Ek , then we can define the superoperator

PN =
N∑

k=1

|Ek)(Ek|,

such that PNA ∈MN for all A ∈MN .
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4.9. Correlation functions

Suppose M is a Liouville space and I is a unit operator. Then A|I ) = |A), and
the scalar product (A|B) = Tr[A∗B] in M can be written in the form (A|B) =
(I |A∗B).

Let M be an operator Hilbert space. The scalar product in this space can be
realized in different ways. A particular scalar product can be chosen depending
on the given physical problem. If P is a fixed element of M, then we can define
the scalar product

(A|B)P = (P |A∗B) = Tr[PA∗B].
If P = I , the M is the Liouville space. In quantum mechanics, there exists a
natural “fixed” operator P that can be given for a state. We can use a density
operator ρ. In this case, we have

(A|B)ρ = (ρ|A∗B) = <A∗B>.

Then the scalar product is an expectation value of A∗B.
The following are examples of some scalar products in an operator space.

(1) The natural correlation function (correlator) is

(A|B)ρ = <A∗B> = Tr[ρA∗B].
The natural correlator can be defined in the form

(A|B)′ρ = <A∗B>−<A∗><B>.

(2) The lambda-correlation function

(A|B)λ,ρ = Tr
[
ρλA∗ρ1−λB

]
.

(3) The symmetrized correlation function is

(A|B)s,ρ = (A|B)1/2,ρ = Tr
[
ρ1/2A∗ρ1/2B

]
.

(4) The canonical correlation function is

(A|B)can,ρ =
1∫

0

dλ Tr
[
ρλA∗ρ1−λB

]
.

If λ = 1, then λ-correlation function gives the natural correlation function
(A|B)ρ . The value λ = 1/2 gives the symmetrized correlation function (A|B)s,ρ .

The definition of the canonical correlation function may seem to be rather com-
plicated compared to other functions. However, it is adequate for quantum linear
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response problems. If ρ describes a canonical equilibrium state, i.e.,

ρ = Z−1 exp(−βH), Z = Tr
[
exp(−βH)

]
,

the canonical correlation function (A|B)can,ρ is called the Mori product. This
scalar product is temperature dependent due to β = 1/kT .

Using these correlation functions, the expectation value of an observable A can
be written as

<A> = (I |A)ρ = (I |A)s,ρ = (I |A)λ,ρ = (I |A)can,ρ .

These correlators define different operator Hilbert space.

4.10. Basis for Liouville space

Operator basis and ket-bra operator

Let {|x>} be an orthonormal basis such that

<x|x′> = δ(x − x′),
∫

dx |x><x| = I.

Then P̂ (x, y) = |x><y| is a ket-bra operator. This operator can be considered as
a ket-vector |xy) of an operator space M,

|xy) = ∣∣P̂ (x, y)
) = ∣∣|x><y|).

The orthonormal basis {|x>} generates an orthonormal basis {|xy)} of the oper-
ator space. We can define a scalar product of the ket-vectors |xy) = |P̂ (x, y))

by

(xy|x′y′) = (
P̂ (x, y)|P̂ (x′, y′)

) = Tr
[
P̂ ∗(x, y)P̂ (x′, y′)

]
= Tr

[
P̂ (y, x)P̂ (x′, y′)

] = <x|x′><y′|y> = δ(x − x′)δ(y′ − y).

This means that the basis {|xy)} is orthonormal. Using the completeness of {|x>},
it is not hard to prove that the operator basis {|xy)} satisfies the completeness
condition

(17)
∫

dx dy |xy)(xy| = I,

∫
dx dy P̂ (x, y)P̂ ∗(x, y) = I.

The operators P̂ (x, y) form a basis for M. As a result, each operator A ∈ M
takes of the form

(18)A =
∫

dx dy a(x, y)P̂ (x, y).
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Here a(x, y) is a kernel of A in the X-representation, such that

a(x, y) = <x|A|y> = Tr
[
P̂ (y, x)A

] = Tr
[
P̂ ∗(x, y)A

]
= (

P̂ (x, y)|A) = (xy|A).

Using the Dirac’s notations, equation (18) has the form

(19)|A) =
∫

dx dy |xy)(xy|A),

where (xy|A) = a(x, y). Equation (19) is a compact notation for the relation

(x′y′|A) =
∫

dx dy (x′y′|xy)(xy|A)

for the kernel a(x, y) = (xy|A). As a result, equations (19) can be interpreted as
a completeness condition for the operator basis {|xy)}.

The trace of A is presented in the form

Tr[A] = Tr[IA] =
∫

dx dy (xy|A|xy)

=
∫

dx Tr
[
P̂ (x, x)A

] = ∫
dx (xx|A) =

∫
dx<x|A|x>,

where

(xy|A|x′y′) = (
P̂ (x, y)|AP̂ (x′, y′)

) = a(x, x′)δ(y′ − y).

Suppose H = Cn and {|ek>: k = 1, . . . , n} is a basis for H. Then the elements

|kl) = ∣∣P(ek, el)
) = ∣∣|ek><el |

)
form a basis of the associated Hilbert space H̄. Each element |A) ∈ H̄ can be
presented in the form

|A) =
n2∑

k,l=1

|kl)(kl|A),

where (kl|A) = <ek|A|el> = Akl is a n × n matrix of the operator A on the
Hilbert space H = Cn.

Arbitrary orthonormal operator basis

Let |z) = |E(z)) be an arbitrary orthonormal operator basis for an operator Hilbert
space M, such that

(z|z′) = (
E(z)|E(z′)

) = δ(z− z′).
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This basis is connected with the basis {|xy) = P̂ (x, y)} by the transformation
function

(xy|z) = (
P̂ (x, y)|E(z)

) = Tr
[
P̂ ∗(x, y)E(z)

] = <x|E(z)|y>.

The completeness of |z) = |E(z)) gives∫
dz (xy|z)(z|x′y′) = (xy|x′y′),

where (xy|x′y′) = δ(x − x′)δ(y′ − y), i.e.,

(20)
∫

dz <x|E(z)|y><y′|E∗(z)|x′> = δ(x − x′)δ(y′ − y).

Multiplication of (20) by <y|A|y′>, and integration over y and y′, give∫
dz E(z)AE∗(z) = Tr[A].

If this equation is satisfied for each operator A ∈M, then its is equivalent to the
completeness condition of the operator basis {|E(z))}. For A = I , we have∫

dz<x|E(z)E∗(z)|x′> = δ(x, x′),
∫

dz E(z)E∗(z) = I.

As a result, each operator A ∈M can be represented by

|A) =
∫

dz |z)(z|A) =
∫

dz |z)a(z),

where a(z) = (z|A) = (E(z)|A) = Tr[E∗(z)A]. The scalar product in the opera-
tor Hilbert space M can be calculated by the formula

(A|B) =
∫

dz a∗(z)b(z).

If M is the Liouville space, then we can define multiplication and involution
[140–143] by the equations

∣∣E∗(a)
) = ∫

db
∣∣E(b)

)(
E(b)|E∗(a)

)
,

|a∗) =
∫

db |b)(b|a∗),
(b|a∗) = Tr

[
E∗(b)E∗(a)

] = Tr
[
E∗(a)E∗(b)

] = (a|b∗).∣∣E(a)E(b)
) = ∫

dc
∣∣E(c)

)(
E(c)|E(a)E(b)

)
,

|ab) =
∫

dc |c)(c|ab),
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(c|ab) = Tr
[
E∗(c)E(a)E(b)

]
.

It is not hard to prove the following statements. Let A be an element of a Liou-
ville space M. Then A satisfies the equation

(a|A)∗ =
∫

db (a∗|b)(b|A∗).

If A and B be elements of a Liouville space M, then AB satisfies the equation

(a|AB) =
∫

da db (c|ab)(a|A)(b|B).

4.11. Rigged Liouville space

Let M be a Liouville space. An operator Banach space B ⊂ M cannot be com-
plete with respect to convergence in the norm ‖A‖M = √(A|A). However, B can
always be completed with respect to the topology defined by this norm to form
an operator Hilbert space M, which is called the Liouville space. By the funda-
mental Riesz–Fréchet theorem, the space M∗ of all linear functionals on M is
isomorphic to M itself. On the other hand, functionals in M∗ are also bounded
linear functionals on B ⊂M. The space B∗ of all linear functionals on B is bigger
than M∗. The space B∗ includes the Liouville space M∗ = M. The embedded
spaces B, M =M∗, B∗ form a rigged Liouville space.

DEFINITION. A rigged Liouville space is the triplet B ⊂M =M∗ ⊂ B∗, where
M is a Liouville space, B is an operator Banach space, and B∗ is dual of B.

As a result, we have a rigged operator Hilbert space.
Let A be a bounded operator on the function Hilbert space H = L2(M). Then

A is an element of the Liouville space M = K2(H) if and only if there exists a
function a(x, y), such that

(AΨ )(x) =
∫
M

dy a(x, y)Ψ (y),

and

(A|B) =
∫
M

∫
M

dx dy (A|xy)(xy|B) =
∫
M

∫
M

dx dy a∗(x, y)b(x, y).

The kernel a(x, y) = (xy|A) = <x|A|y> of each element |A) of the Liouville
space M = K2(H) is a square-integrable function, i.e., (xy|A) ∈ L2(M ×M).
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Then

Tr
[
A2] = ∫

M

dx
(
xx|A2) = ∫

M

∫
M

dx dy |<y|A|x>|2 < ∞.

As a result, the Liouville space can be represented as the space L2(M ×M) of
square-integrable functions on M ×M .

Example of a rigged Liouville space is the following triple of spaces:

J (M ×M) ⊂ L2(M ×M) ⊂ J ∗(M ×M).

This triplet consists of the Banach space J (M × M) of test functions, the Li-
ouville space L2(M ×M) of square integrable functions, and the Banach space
J ∗(M ×M) of the linear functionals on J (M ×M).

As a result, a rigged operator Hilbert space (rigged Liouville space) can be
considered as a rigged function Hilbert space for operator kernels.

Let M be a Liouville space. Suppose B ⊂M is a Banach operator space with
norm ‖ ‖B. Denote by J the embedding operator J :B → M. The operator J

will be assumed to be bounded, such that ‖A‖M � C‖A‖B for all A ∈ B and
some positive constant C.

We introduce the space B∗ of continuous linear functionals on B. If ω ∈ B∗,
then

ω(aA+ bB) = aω(A)+ bω(B)

for all A,B ∈ B and a, b ∈ C, and |ω(A)| � C‖A‖B for some C > 0. The value
of a functional ω on an element A ∈ B will be also expressed as

(ω|A) = ω(A).

We can define addition and multiplication by a number in B∗ by setting

(aω1 + bω2|A) = a∗(ω1|A)+ b∗(ω2|A)

for all ω1, ω2 ∈ B∗ and A ∈ B.
There exists a natural linear map J ∗: M =M∗ → B∗, such that

J ∗ω(A) = ω(JA)

for all A ∈ B ⊂M. Then to each element B ∈M exits a functional J ∗B ∈ B∗
defined by the formula (J ∗B|A) = (B|JA) = (B|A) for all A ∈ B ⊂M.

We can define the norm in B∗ by the formula

‖ω‖B∗ = sup
{∣∣(ω|A)

∣∣: ‖A‖B = 1, A ∈ B
}
.

It is not hard to prove that J ∗ is a bounded linear map from M =M∗ into B∗.
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As a result, we have the triple of operator spaces B ⊂M =M∗ ⊂ B∗, where
M is a Liouville space, B is a Banach operator space densely embedded in M
and B∗ is the space of continuous linear functionals on B.

To each ω ∈ B∗ and A ∈ B, there exists the value (ω|A) = ω(A) of ω at A.
This value is an extension of the scalar product in the Liouville space M, that is,
if ω ∈ M∗ ⊂ B∗, then the scalar product (ω|A) in M equals to the value of the
functional ω at A.

We define

(A|ω) = (ω|A)∗ = (
ω(A)

)∗
.

Then (A|ω) is the complex conjugate of ω(A) = (ω|A). This definition is a gen-
eralization of the property (A|B) = (B|A)∗ of the scalar product in the Liouville
space M.
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Chapter 5

Algebras of Quantum Observables

5.1. Linear algebra

A linear space consists of a set M, together with two binary operations of addition
and multiplication by real (or complex) numbers. A linear algebra is a generaliza-
tion of this notion. The linear space M is a linear algebra if M is equipped with a
multiplication law which associates the product AB to each pair A,B ∈M. The
product is assumed to be distributive.

DEFINITION. A linear algebra is a linear space M over a field F , together with
a binary operation g of multiplication on M, such that the following conditions
are satisfied:

g(A, aB + bC) = ag(A,B)+ bg(A,C),

g(aA+ bB,C) = ag(A,C)+ bg(B,C),

for all A,B,C ∈M and a, b ∈ F .

We consider F = C or F = R.

DEFINITION. An algebra M is a unital algebra if there exists an element I ∈M
such that g(I,A) = g(A, I) = A for all A ∈ M. This element I is an identity
element (unity) for g on M.

An algebra M over a field F is a division algebra over F if M has a unity for
multiplication and contains a multiplicative inverse of each nonzero element.

DEFINITION. Let M be an algebra and let Ak ∈M for k = 1, . . . , n. The small-
est subalgebra of M containing {Ak: k = 1, . . . , n} is the subalgebra generated
by {Ak: k = 1, . . . , n}. If this subalgebra is all of M, then {Ak: k = 1, . . . , n}
generates M and the Ak are generators of M.

95
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A free algebra is an algebra generated by finite linear combinations and finite
powers of the elements {Ak: k = 1, . . . , n} and the identity I .

5.2. Associative algebra

If A,B,C are elements of a linear algebra M, then we define the associator of
these elements as

(A,B,C) = g
(
g(A,B), C

)− g
(
A, g(B,C)

)
.

DEFINITION. An associative algebra is a linear algebra M, such that the associ-
ator (A,B,C) = 0 for all A,B,C ∈M.

If A,B are elements of a linear algebra M, then we define the commutator of
these elements as

[A,B] = g(A,B)− g(B,A).

DEFINITION. A commutative algebra is a linear algebra M, such that the com-
mutator [A,B] = 0 for all A,B ∈M.

Let B(H) be a linear operator space of all bounded operators on H. For A,B ∈
B(H), we define the product g(A,B) as the linear bounded operator such that
g(A,B)x = A(Bx) for all x ∈ H. With this definition of multiplication, B(H)

becomes a linear operator algebra. This algebra is associative. In general, B(H)

is not a commutative algebra.

5.3. Lie algebra

If A,B,C are elements of a linear algebra M, then we define the Jacobian

J (A,B,C) = g
(
g(A,B), C

)+ g
(
g(B,C),A

)+ g
(
g(C,A), B

)
.

DEFINITION. A Lie algebra is a linear algebra M, such that its bilinear multi-
plicative operation g satisfies the following conditions:

(1) The operation g is anticommutative: g(A,B) = −g(B,A) for all A,B ∈M.
(2) The operation g satisfies the Jacobi identity J (A,B,C) = 0 for all A,B,C ∈

M.

The classic notation to denote the binary operation g(A,B) of a Lie algebra is
A · B. Using A · B = −B · A, the Jacobi identity can be presented in the form

(A · B) · C − A · (B · C) = −(C · A) · B,
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i.e., the associator is not equal to zero in general. Then Lie algebras are nonasso-
ciative.

Let M be a linear algebra over a field F . In the linear space of this algebra let
us choose a basis {Ek}. Every element A ∈ M has a unique expression of the
form

A =
∑

k

akEk,

where ak ∈ F . Then the addition of elements of M and their multiplication
reduce to the addition and the multiplication of the corresponding coefficients.
The multiplication g(Ek,El), being an element of M, also has an expression in
terms of the basis {Ek},

g(Ek,El) =
∑
m

cm
klEm.

The system of numbers cm
kl of the field F completely determines the multiplication

in the algebra M. The coefficients ck
ij are called the structure constants of the

algebra. If M is a Lie algebra, then the structure constants satisfy the conditions

(1)cm
kl = −cm

lk, ci
kj c

j
lm + ci

lj c
j
mk + ci

mj c
j
kl = 0.

Let us give the basic theorem regarding Lie algebras.

THEOREM. Let M = <M,g> be an associative algebra that consists of a linear
space M , together with a binary operation g of multiplication on the set M . Then
M(−) = <M,g−> is a Lie algebra with respect to the multiplication

g−(A,B) = g(A,B)− g(B,A).

Note that the Jacobian J (A,B,C) is a linear combination of associators of the
form

J (A,B,C) = [[A,B], C]+ [[B,C], A]+ [[C,A], B]
= (A,B,C)− (B,A,C)+ (B,C,A)− (C,B,A)

+ (C,A,B)− (A,C,B).

If (A,B,C) = 0 for all A,B,C ∈ M, then J (A,B,C) = 0 for all A,B,C ∈
M(−). The algebra M(−) is called the special Lie algebra. The theorem have the
following converse statement.

POINCARÉ–BIRKHOFF–WITT THEOREM. For each Lie algebra L, there exists
an associative algebra M, such that L is isomorphic to some subalgebra of the
Lie algebra M(−).
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This theorem states that each Lie algebra is isomorphic to some special Lie
algebra.

DEFINITION. An enveloping algebra of a Lie algebra L is an associative algebra
M, such that L is a subalgebra of M(−). Suppose L is a Lie algebra and {Ek} is
a basis of L such that

(2)Ek · El =
∑
m

cm
klEm.

A universal enveloping algebra of L is an associative unital algebra U(L) that is
generated by {Ek} such that (2) with Ek · El = EkEl − ElEk is satisfied.

If {Ek: k = 1, . . . , n} is a basis of a Lie algebra L, then the monomials
E

k1
1 . . . E

kn
n , where k1, . . . , kn ∈ N, form a basis of U(L). It is easy to see, that

the universal enveloping algebra U(L) is infinite-dimensional. The map from L

into U(L) assigns to the finite-dimensional nonassociative algebra L an infinite-
dimensional associative algebra U(L).

DEFINITION. Let M be a Lie algebra and let H be a Hilbert space. A represen-
tation of the Lie algebra M on the Hilbert space H is a homomorphism π of M
into the set of linear operators on H such that

(1) π(aA+ bB) = aπ(A)+ bπ(B) for all A,B ∈M and a, b ∈ C.
(2) π(A · B) = [π(A), π(B)] = π(A)π(B)− π(B)π(A) for all A,B ∈M.

If the space H is infinite dimensional, then we assume in addition that the
operators π(A) for all A ∈ M have a common linear invariant domain D which
is dense in H.

5.4. Jordan algebra

If A,B,C are elements of a linear algebra M, then we define the Jordanian

I (A,B) = g
(
g
(
g(A,A), B

)
, A

)− g
(
g(A,A), g(B,A)

)
.

DEFINITION. A Jordan algebra is a linear algebra M, such that its bilinear mul-
tiplicative operation g satisfies the following conditions:

(1) The operation g is commutative: g(A,B) = g(B,A) for all A,B ∈M.
(2) The operation g satisfies the Jordan identity I (A,B) = 0 for all A,B ∈M.
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The classic notation to denote the binary operation g(A,B) is A◦B. In general,
the Jordan algebra is not associative.

Let us give the basic theorem regarding Jordan algebras.

THEOREM. Let M = <M,g> be an associative algebra that consists of a linear
space M , together with a binary operation g of multiplication on the set M . Then
M(+) = <M,g+> is a Jordan algebra with respect to the multiplication

g+(A,B) = 1

2

(
g(A,B)+ g(B,A)

)
.

Any Jordan algebra of this type is called special.

DEFINITION. A Jordan algebra, which is isomorphic to a subalgebra of M(+)

for some associative algebra M, is called the special Jordan algebra. The Jordan
algebras that are not special are called the exceptional Jordan algebras.

In contrast to the theory of Lie algebras, in which the Poincaré–Birkhoff–Witt
theorem states that every Lie algebra is isomorphic to a subalgebra of M(−) for
some associative algebra M, exceptional Jordan algebras do exists.

The following are examples of some Jordan algebras.

(1) The set of self-adjoint real, complex, or quaternionic matrices with the multi-
plication (1/2)(AB + BA) form a special Jordan algebra.

(2) The set of 3×3 self-adjoint matrices over the octonions forms an exceptional
Jordan algebra H3(O).

Let us define a linear algebra with two multiplication operations.

DEFINITION. A Lie–Jordan algebra <M, ·, ◦, h̄> is a linear space M, together
with two bilinear multiplicative operations · and ◦, such that the following condi-
tions are satisfied:

(1) <M, ·> is a Lie algebra.
(2) <M, ◦> is a Jordan algebra.
(3) The operations <·, ◦> are connected by the Leibnitz rule,

A · (B ◦ C) = (A · B) ◦ C + B ◦ (A · C).

(4) The associators of the operations <·, ◦> are connected by the equation

(A ◦ B) ◦ C − A ◦ (B ◦ C) = h̄2

4

(
(A · B) · C − A · (B · C)

)
,

where h̄ is a positive real number.
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Requirement (4) expresses the statement that

(A,B,C)Jordan = h̄2

4
(A,B,C)Lie.

If h̄ = 0, then <M, ◦> is an associative Jordan algebra.

5.5. Involutive, normed and Banach algebras

Let M be a linear algebra. An involution is a map that assigns to each element
A of M exactly one element A∗ of M, such that the following conditions are
satisfied:

(A∗)∗ = A, (aA+ bB)∗ = a∗A∗ + b∗B∗, (AB)∗ = B∗A∗,

where a, b ∈ C, and a∗ is the complex conjugate of a. In general, the involution
is not a linear operation, since (aA+bB)∗ �= aA∗ +bB∗. The linear algebra with
an involution is called the involutive algebra, or ∗-algebra.

DEFINITION. An involutive algebra is a linear algebra M, together with a unary
operation g∗ on M, such that the following requirements are satisfied:

(1) g∗(g∗(A)) = A for all A ∈M.
(2) g∗(aA+ bB) = a∗g∗(A)+ b∗g∗(B) for all A,B ∈M, and a ∈ C.
(3) g∗(g(A,B)) = g(g∗(B), g∗(A)) for all A,B ∈M.

Let M be an involutive algebra and let M∗ = {A∗: A ∈ M}. Then M is a
self-adjoint algebra if M∗ = M. Suppose M is an involutive algebra and A is
in M. Then A is a self-adjoint element if A∗ = A.

Let M be a linear algebra over the field C. The algebra M is a normed algebra,
if to each element A there is associated a real number ‖A‖, called the norm of A,
satisfying the requirements:

(1) ‖A‖ � 0.
(2) ‖A‖ = 0 if and only if A = 0.
(3) ‖A+ B‖ � ‖A‖ + ‖B‖.
(4) ‖aA‖ = |a|‖A‖, where a ∈ C.
(5) ‖AB‖ � ‖A‖‖B‖.
The norm represents the greatest possible absolute value for the observable.

DEFINITION. A normed algebra is a set M, such that the following requirements
are satisfied:

(1) M is a normed space.
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(2) M is a linear algebra.
(3) ‖AB‖ � ‖A‖‖B‖ for all A,B ∈M.

Let M be a normed algebra. The norm defines a norm topology on M which
is referred to as the uniform topology. If M is complete with respect to the norm
(i.e., if M is a Banach space), then it is a Banach algebra. As a result, the set M
of quantum observables is a complete space with respect to the metric determined
by the norm. A Banach algebra is a Banach space M, together with a binary
operation such that ‖AB‖ � ‖A‖‖B‖ for all A,B ∈M.

DEFINITION. A Banach algebra is a set M, such that the following requirements
are satisfied:

(1) M is a Banach space.
(2) M is a linear algebra.
(3) ‖AB‖ � ‖A‖‖B‖ for all A,B ∈M.

All bounded operators on a Banach space H form the Banach algebra B(H).
A Banach algebra with involution, which has the property ‖A∗‖ = ‖A‖, is

an involutive Banach algebra. The involutive Banach algebra is a Banach algebra
with a norm preserving involution. It is also referred as the B∗-algebra.

DEFINITION. An involutive Banach algebra is a set M, such that the following
requirements are satisfied:

(1) M is a Banach algebra.
(2) M is an involutive algebra.
(3) ‖A∗‖ = ‖A‖ for all A ∈M.

If a Banach algebra M admits an involution with the property ‖A∗‖ = ‖A‖ for
all A ∈M, then M is an involutive Banach algebra.

We can assume that a Banach algebra has a unit I (i.e., a multiplicative iden-
tity), such that IA = AI = A for all A and such that ‖I‖ = 1.

DEFINITION. A unital Banach algebra is a Banach algebra M with unity I , such
that ‖I‖ = 1.

Concrete Banach algebras commonly consist either of complex-valued func-
tion or of linear operators. The operations of addition and scalar multiplication
are defined pointwise, but there are three different types of multiplication: point-
wise multiplication of functions, convolution of functions, and composition of
operators. The corresponding algebras are often referred to as function algebras,
group algebras, and operator algebras.
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The following are examples of some Banach algebras.
(1) The simplest Banach algebra is the complex field C with ‖z‖ = |z|.
(2) The most important example of a commutative associative Banach algebra

is the Banach space C(M) of all bounded continuous complex-valued functions
on a separable topological space M , with multiplication defined pointwise.

(3) If H is a Hilbert space, then B(H) is a Banach algebra with the operator
norm and operator multiplication. If H = Cn is finite dimensional, then B(Cn)

can be identified with the algebra Mn(C) of all n × n matrices with complex
entries. Under this identification, operator multiplication corresponds to matrix
multiplication.

Suppose M is a unital Banach algebra and A is in M. An element A of M is
invertible if there exists an element A−1 of M such that AA−1 = A−1A = I .
Note that the set Inv(M) = {A ∈M: A is invertible} is a group under multipli-
cation. The spectrum of A, denoted by σ(A), is the set of all complex numbers
z such that (zI − A) is not invertible in M. Note that the notion of the spec-
trum is purely algebraic. It only depends on the algebraic structure of the Banach
algebra M.

Recall that an algebra whose nonzero elements are invertible is called the divi-
sion algebra. If a Banach algebra M is a division algebra, then M is isomorphic
to the complex field C. This statement is usually called the Gelfand–Mazur theo-
rem.

THEOREM (Gelfand–Mazur). Let M be a unital Banach algebra. If every
nonzero elements in M is invertible, then M is isomorphic to the algebra C

of complex numbers.

PROOF. Suppose A is in M and let z ∈ σ(A). Since zI − A is not invertible,
it must be 0. Hence A = zI . We see that A is just the set of scalar multiples
of I . We define the map ϕ :M → C by ϕ(A) = zI . Then ϕ is a linear, one-to-
one, and onto map. Moreover, ϕ preserves multiplication and norm. Then ϕ is an
isomorphism. �

COROLLARY. If every nonzero elements in a unital Banach algebra M is invert-
ible, then M is commutative.

DEFINITION. Suppose M is a unital Banach algebra and A is in M. The number

r(A) = sup
{|z|: z ∈ σ(A)

}
is called the spectral radius of A.

THEOREM. Suppose M is a unital Banach algebra and A is in M. Then σ(A)

is compact in C and is contained in the closed disk {z ∈ C: ‖z‖ � ‖A‖}.
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If M is a Banach algebra, then the spectrum σ(A) of any element A ∈ M is
compact, and hence the spectral radius is always finite.

COROLLARY. Let M be a unital Banach algebra and let r(A) be a spectral ra-
dius of A ∈M. Then r(A) � ‖A‖.

Note that we always have r(AB) = r(BA).

5.6. C∗-algebra

Definitions and properties

C∗-algebras are a special class of Banach algebras. A C∗-algebra M is an invo-
lutive Banach algebra, such that ‖A∗A‖ = ‖A‖2 for all A ∈M.

DEFINITION. A C∗-algebra is a set M, such that the following requirements are
satisfied:

(1) M is a Banach algebra.
(2) M is an involutive algebra.
(3) ‖A∗A‖ = ‖A‖2 for all A ∈M.

The norm property that characterizes a C∗-algebra gives the following state-
ment.

STATEMENT. If A is an element of a C∗-algebra M, then ‖A∗‖ = ‖A‖ for all
A ∈M.

PROOF. Using

‖A‖2 = ‖A∗A‖ � ‖A∗‖‖A‖,
we obtain ‖A‖ � ‖A∗‖. Replacing A by A∗, we conclude that ‖A∗‖ � ‖A‖ and
hence ‖A∗‖ = ‖A‖. �

COROLLARY. If A is an element of a C∗-algebra M, then

‖A∗A‖ = ‖AA∗‖, ‖A∗A‖ = ‖A∗‖‖A‖
for all A ∈M.

Let A be an element of a C∗-algebra M. We say that A is normal if A∗A =
AA∗. We say that A is self-adjoint if A∗ = A. It is clear that a self-adjoint element
is normal.
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THEOREM. If A is a normal element of a unital C∗-algebra M, then r(A) =
‖A‖. If A is self-adjoint, then r(A) = ‖A‖.

As a consequence of this theorem is that the norm in a C∗-algebra is unique.

THEOREM. If A is a self-adjoint element of a C∗-algebra M, then σ(A) ⊂ R.

Let A be a normal element of a C∗-algebra M. Then A is self-adjoint if and
only if σ(A) ⊂ R.

Positive elements

Let A be an element of a C∗-algebra M. We say that A positive if A = B∗B for
some B ∈M. It is clear that positive elements are self-adjoint.

There are various equivalent characterizations of positivity but the most im-
portant definition appears to be in terms of the spectrum. We can assume that an
element A of a C∗-algebra M is positive when A∗ = A and its spectrum is pos-
itive, i.e., σ(A) ⊂ R+. The set of all positive elements of M is denoted by M+.
We write A ∈M+ where

M+ =
{
A ∈M: σ(A) ⊂ R+

} = {B∗B: B ∈M}.
This notion of positivity allows us to define the modulus of a self-adjoint el-

ement A of a C∗-algebra M as a unique positive element B of M such that
B2 = A∗A. The modulus is denoted by |A|.

We collect these statements in the following theorem.

THEOREM. For a self-adjoint element A of C∗-algebra M, the following three
conditions are equivalent:

(a) σ(A) ⊂ [0,+∞).
(b) A = B∗B for some B ∈M.
(c) A = B2 for some self-adjoint B ∈M.

If A is a self-adjoint element of a C∗-algebra M, then we can define the positive
operators

(3)A± = 1

2

(|A| ± A
)
.

Then |A| = A+ + A−, and A = A+ − A−. Every self-adjoint element A has a
decomposition A = A+ − A−, where A+A− ∈M+ and A+A− = A−A+ = 0.
This decomposition is often referred to as the orthogonal decomposition of A. As
a result, we have the following basis theorem regarding self-adjoint elements.
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THEOREM. Let A be a self-adjoint element of a C∗-algebra M. Then there exist
unique self-adjoint elements A+ and A− in M such that

(a) A = A+ − A−.
(b) A+A− = A−A+ = 0.
(c) A+ and A− are positive, and σ(A±) ⊂ R+.
(d) ‖A±‖ � ‖A‖.

Note that statements (a) and (b) can be proves by using (3) and the fact that A

commutes with |A|.

COROLLARY. Each bounded quantum observable can be uniquely expressed as
a linear combination of positive observables.

The notion of positivity allows us to introduce an order relation between el-
ements of a C∗-algebra. We can introduce an order relation A � B between
self-adjoint elements. The relation A � B is interpreted to mean that A−B � 0,
i.e., (A− B) ∈M+.

We say that A is projection if A∗ = A = A2. It is clear that projections are pos-
itive. Suppose A is a normal element of a C∗-algebra M. Then A is projection if
and only if σ(A) ⊂ {0; 1}. The self-adjoint projection operators can be associated
with physical question whose answer is either “yes” or “no”.

Gelfand and Gelfand–Naimark theorems

Let H be a Hilbert space and let B(H) be a set of all bounded operators on H.
Define sums and multiplications of elements of B(H) in the standard manner and
equip this set with the operator norm. The adjoint operation in H defines an invo-
lution on B(H). Then B(H) is a C∗-algebra with respect to these operations and
this operator norm. As a result, uniformly closed self-adjoint algebras of bounded
operators on a Hilbert space are C∗-algebras. The following theorem states [64]
that this particular case in fact describes the general situation.

GELFAND–NAIMARK THEOREM. Each C∗-algebra is isomorphic to a norm-
closed self-adjoint algebra of bounded operators on a Hilbert space.

Let B(H) be a C∗-algebra of all bounded linear operators on a separable Hilbert
space H. By the Gelfand–Naimark theorem, each C∗-algebra is isomorphic to
some subalgebra M0 of the C∗-algebra B(H) such that the following properties
are satisfied:

(1) M0 is closed with respect to operator norm topology.
(2) M0 is closed under the involution operation.
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Function algebras also provide examples of C∗-algebras. Let M be a locally
compact space. Suppose C0(M) is a set of all the continuous functions over M

which vanish at infinity. By this we mean that for each A(x) ∈ C0(M) and ε > 0
there is a compact subspace M0 ⊂ M such that |A(x)| < ε for all x ∈ M/M0, the
complement of M0 in M . Define the algebraic operations by

(A+ B)(x) = A(x)+ B(x), (aA)(x) = aA(x),

(AB)(x) = A(x)B(x),

and the involution (A∗)(x) = (A(x))∗. Introduce the norm ‖A‖ = sup{|A(x)|:
x ∈ M}. It follows that function algebra C0(M) is a commutative C∗-algebra.
The following theorem states [64] that this example describes the general situation
for commutative case.

GELFAND THEOREM. Let M be a commutative C∗-algebra. Then M is iso-
morphic to the algebra C0(M) of continuous functions over a locally compact
Hausdorff space M , which vanish at infinity.

The algebra Mn(C) of n × n matrices over C is a C∗-algebra if we consider
matrices as operators on the space Cn. The involution is given by the adjoint
transpose. More generally, one can consider finite direct sums of matrix algebras
Mn(C).

THEOREM. Every finite-dimensional C∗-algebra M is isomorphic to a finite di-
rect sum of the matrix algebras Mn(C).

Suppose B(H) is a C∗-algebra of all bounded linear operators on a Hilbert
space H. A set K(H) of all finite-rank operators is an involutive subalgebra
of B(H). The completion of K(H) with respect to the operator norm is a C∗-
algebra Kcomp(H) of all compact operators on H. The algebra Kcomp(H) is a
C∗-subalgebra of B(H). A set K2(H) of all Hilbert–Schmidt operators is a Ba-
nach algebra with respect to the norm ‖A‖2 = (Tr[A∗A])1/2.

5.7. W ∗-algebra

W ∗-algebra and weak operator topology

Every C∗-algebra can be represented by an algebra of bounded operators on a
separable Hilbert space. This algebra is closed in the uniform operator topology.
We can complete the operator algebra in some topology which is weaker than
the uniform topology. At least five useful operator topologies can be defined on
B(H). All are distinct when H is infinite-dimensional and coincide otherwise.
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(1) The uniform operator topology is the topology induced on B(H) by the
operator norm:

‖A‖ = sup
{‖Ax‖H: ‖x‖H � 1

}
.

It is also referred as the operator norm topology. Suppose that An and A are
in B(H) and that ‖An − A‖ → 0. This is equivalent to the statement that
‖Anx − Ax‖H → 0 uniformly for all x ∈ H such that ‖x‖H � 1. For this
reason the topology for B(H) defined by the operator norm is often called the
uniform topology.

(2) The strong operator topology is the topology induced on B(H) by the set
of all seminorms of the form:

‖A‖S,x = ‖Ax‖H,

where x ∈ H. It is also referred as the S-topology.
(3) The weak operator topology is the topology induced on B(H) by the set of

all seminorms of the form:

‖A‖W,x,y = |<x|Ay>|
for all x, y ∈ H. It is also referred as the W -topology.

(4) The ultraweak operator topology is the topology induced on B(H) by the
set of all seminorms of the form:

‖A‖σ =
∞∑

k=1

|<xk|Ayk>|,

where xk, yk ∈ H, and

∞∑
k=1

‖xk‖2
H <∞,

∞∑
k=1

‖yk‖2
H < ∞.

It is also called the σ -weak topology.
(5) The ultrastrong operator topology is the topology induced on B(H) by the

set of all seminorms of the form:

‖A‖σ =
( ∞∑

k=1

‖Axk‖2
H

)1/2

:
∞∑

k=1

‖xk‖2
H < ∞.

It is also called the σ -strong topology.
The uniform operator topology is stronger than the strong operator topology.

The strong operator topology is stronger than the weak operator topology. By the
Cauchy–Schwarz inequality, strong operator convergence implies weak operator
convergence. The weak operator topology is the weakest topology. The uniform
operator topology is strongest operator topology.
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For A ∈M, let LA, RA be the maps of M into itself given by

LAB = AB, RAB = BA

for all B ∈ M. We can think of LA (or RA) as meaning left (or right) multipli-
cation by A. We mention that the maps LA : A → AB and RA : A → BA with
fixed B are continuous for all five topologies. However, the maps A,B → AB

are not continuous except for uniform topology. Note that the map J : A→ A∗ is
continuous for the uniform, the weak, and the ultraweak operator topologies but
not for the strong nor ultrastrong topologies.

Note that an involutive subalgebra of B(H), which is closed with respect to the
uniform operator topology, is a C∗-algebra.

DEFINITION. A W ∗-algebra is an involutive subalgebra of B(H), which is closed
with respect to the weak operator topology (W -topology).

If M is a C∗-subalgebra of B(H), then the weak or strong operator closure of
M is a W ∗-algebra. Note that the weak operator closure of M coincides with the
strong operator closure of M in B(H).

In this definition the weak operator topology can be replaced by almost
any other operator topology other than the uniform topology, in particular by
the strong, ultrastrong or ultraweak topologies. Note that the involutive alge-
bras of bounded operators that are closed in the uniform operator topology are
C∗-algebras. In particular, any W ∗-algebra is a C∗-algebra.

There are two following basic examples of W ∗-algebras:
(1) The algebra B(H) of all bounded operators on a Hilbert space H is a

W ∗-algebra. This algebra is noncommutative if the Hilbert space H has dimen-
sion at least 2.

(2) Let H = L2(R) be the Hilbert space of all square integrable functions
on R. The algebra L∞(R) of bounded measurable functions on R (modulo null
functions) is a commutative W ∗-algebra, which acts by pointwise multiplication
on L2(R). For A(x) ∈ L∞(R), let LA(x) be the mapping of L2(R) into L2(R)

given by LA(x)B(x) = A(x)B(x) for B(x) ∈ L2(R). We can think of LA(x)

as meaning left multiplication by A(x). These operators form a commutative
W ∗-algebra.

The relationship between commutative W ∗-algebras and measure spaces is
analogous to that between commutative C∗-algebras and locally compact Haus-
dorff spaces. Every commutative W ∗-algebra is isomorphic to L∞(M) for some
measure space (M,μ). Conversely, for every σ -finite measure space M , the set
L∞(M) is a W ∗-algebra. As a result, the theory of W ∗-algebras can be considered
as a noncommutative measure theory.
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W ∗-algebra and predual Banach space

A W ∗-algebra as a Banach space is a dual of some Banach space [132]. This
property is characteristic and can serve as a definition of the algebra.

THEOREM (Sakai). A C∗-algebra M is isomorphic to a W ∗-algebra if and only
if the space of M is a dual space of some Banach space.

We can define W ∗-algebra as a set of operators on a Hilbert space. A W ∗-al-
gebra can also be defined abstractly as a C∗-algebra that have a predual space. In
other words the W ∗-algebra, considered as a Banach space, is the dual of some
other Banach space called the predual. The predual is unique up to isomorphism.

As a result, W ∗-algebras are a special class of C∗-algebras.

DEFINITION. A W ∗-algebra is a set M, such that the following requirements are
satisfied:

(1) M is a C∗-algebra.
(2) A Banach space of M is dual of some Banach space.

A W ∗-algebra is a set M, such that the following requirements are satisfied:

(a) M is a Banach space.
(b) M is dual of a Banach space.
(c) M is an involutive algebra.
(d) ‖A∗A‖ = ‖A‖2 for all A ∈M.

Some authors use “von Neumann algebra” for the operator algebras on a Hilbert
space, and “W ∗-algebra” for the abstract concept, so a von Neumann algebra is
a W ∗-algebra, together with a Hilbert space and a representation by operators on
this space. The concrete and abstract definitions of a W ∗-algebra are similar to the
concrete and abstract definitions of a C∗-algebra, which can be defined either as a
norm-closed involutive algebra of operators on a Hilbert space, or as an involutive
Banach algebra, such that ‖AA∗‖ = ‖A‖‖A∗‖.

W ∗-algebra and bicommutant

A W ∗-algebra can be considered as a subset of the bounded operators closed under
involution and equal to its double commutant, or equivalently as a commutant of
some subset closed under involution.

Let M be a subset of B(H). Suppose M′ is the set of all bounded operators on
H commuting with every operator in M. Then the set

M′ = {A ∈M: AB = BA for all B ∈M}
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is called the commutant of M. The double commutant (or bicommutant) of M,
denoted by M′′, is simply the commutant of M′.

THEOREM. If M is invariant under the involution, that is, if A ∈ M implies
A∗ ∈ M, then M′ is a C∗-algebra, which is closed with respect to the weak
operator topology.

For a subset M of B(H), we let M∗ = {A∗: A ∈ M}. We say that M is
self-adjoint if M∗ =M.

THEOREM. M′ is a W ∗-algebra if M is self-adjoint.

Suppose M is a unital self-adjoint subalgebra of B(H). Then M′′ is the weak
(or strong) operator closure of M. As a result, M is dense in M′′ with respect to
the weak (or strong) operator topology.

Let us give the basic theorem regarding commutants.

THE DOUBLE COMMUTANT THEOREM. Let M be a C∗-subalgebra of B(H).
Then M is a W ∗-algebra if and only if M =M′′.

As a result, a W ∗-algebra is an involutive subalgebra M of B(H) such that
M =M′′.

Functionals on W ∗-algebra

Suppose ω is a linear functional on B(H). Then the following conditions are
equivalent:

(a) ω is weakly continuous.
(b) ω is strongly continuous.
(c) There exists elements xk , yk , k = 1, . . . , n, in H such that ω(A) =∑n

k=1 <xk|Ayk> for A ∈ B(H).

We can introduce several topologies in B(H), based on the duality between the
Banach space B(H) and B(H)∗. Since B(H) is the dual space of the Banach space
B(H)∗, we can define the ultraweak and ultrastrong topologies in the following
form.

The ultraweak operator topology can be defined by the set of all seminorms of
the form:

‖A‖σ,ρ =
∣∣ω(A)

∣∣,
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where ω ∈ B(H)∗. If ω ∈ B(H)∗ is nonnegative functional on B(H)∗, i.e.,
ω(A∗A) � 0 for A ∈ B(H), then

‖A‖ω =
(
ω(A∗A)

)1/2

is a seminorm in B(H). The topology determined by the family of these semi-
norms is a ultrastrong operator topology in B(H).

In quantum mechanics, C∗-algebras and W ∗-algebras are considered as alge-
bras of quantum observables. A W ∗-algebra has the following important property:
If a state on a W ∗-algebra of observables is continuous with respect to the ultra-
weak topology, then a kinematical postulate becomes the theorem.

THEOREM. Let M be a unital W ∗-algebra, and let ω be a nonnegative linear
functional on M with ω(I) = 1. If ω is continuous with respect to the ultraweak
topology, then there exists a density operator ρ ∈M, such that

ω(A) = Tr[ρA].

This theorem is a generalization of the Riesz–Fréchet theorem from Liouville
spaces into W ∗-algebras.

5.8. JB-algebra

A Jordan algebra is defined by the identities:

A ◦ B = B ◦ A, (A ◦ B) ◦ B2 = (
A ◦ B2) ◦ B.

The algebra obtained from an associative algebra on replacing the product AB by
A◦B = (1/2)(AB+BA) is a Jordan algebra. Any subalgebra of a Jordan algebra
of this type is called special.

A JB-algebra is a real Jordan algebra M which is also a Banach space the norm
on which satisfies some conditions.

DEFINITION. A JB-algebra is a set M, such that the following requirements are
satisfied:

(1) M is a Jordan algebra over R.
(2) M is a Banach space over R.
(3) ‖A∗A‖ = ‖A‖2 for all A ∈M.
(4) ‖A2 − B2‖ � max{‖A2‖, ‖B2‖} for all A and B in M.

An example of a JB-algebra is the self-adjoint part of a C∗-algebra. The
bounded observables of a quantum system are identified with a real linear space of
bounded self-adjoint operators. We can assume that this space is a Jordan algebra
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of self-adjoint operators which is closed in the operator topology. A uniformly
closed Jordan algebra of self-adjoint operators on a Hilbert space is called the
JC-algebra. This algebra is an example of JB-algebra. The classical example of a
JB-algebra which lacks a Hilbert space representation is M8

3 the 3× 3 Hermitian
matrices over the octonions.

5.9. Hilbert algebra

Let us define an involutive operator algebra with some scalar product. An invo-
lutive algebra M over C is called the left Hilbert algebra, if M admits a scalar
product satisfying the following conditions:

(1) Each fixed A ∈M generates the bounded map LA: B ∈M→ AB ∈M by
multiplying from the left.

(2) (AB|C) = (B|A∗C) for all A,B,C ∈M.
(3) The subalgebra, denoted by M2, linearly generated (spanned) by all products

AB of A,B ∈M is dense in M.

A right Hilbert algebra is defined similarly. An involutive algebra M over C

is called the right Hilbert algebra, if M admits a scalar product satisfying the
following conditions:

(1) Each fixed A ∈M generates the bounded map RA : B ∈M→ BA ∈M by
multiplying from the right.

(2) (BA|C) = (B|CA∗) for all A,B,C ∈M.
(3) The subalgebra, denoted by M2, linearly generated by all products AB of

A,B ∈M is dense in M.

The involution is an isometry, if (A|B) = (B∗|A∗) for all A,B ∈ M. If the
involution of a left Hilbert algebra M is an isometry, then it is also a right Hilbert
algebra. In this case, we say that M is a (unimodular) Hilbert algebra.

DEFINITION. A Hilbert algebra is an involutive algebra M, such that the fol-
lowing conditions are satisfied.

(1) M is a pre-Hilbert space with respect to a scalar product (A|B).
(2) (A|B) = (B∗|A∗) for all A,B ∈M.
(3) (CA|B) = (A|C∗B) for all A,B,C ∈M.
(4) For each fixed A ∈M, the mapping LA : B → AB is continuous.
(5) The subalgebra, denoted by M2, linearly generated by all products AB of

A,B ∈M is dense in M.

Note that a scalar product of Hilbert algebra cannot be defined by the correla-
tion functions, since requirements (4)–(5) are not satisfied. If a set M of operators



5.9. Hilbert algebra 113

is a Liouville space and an involutive algebra, then M is a Hilbert algebra. As
an example of a Hilbert algebra, we can consider an involutive Banach alge-
bra K2(H) of Hilbert–Schmidt operators that equipped with the scalar product
(A|B) = Tr[A∗B].

The theory of Hilbert algebras is the noncommutative counter part of the alge-
bra of all bounded square integrable functions on a measure space.
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Chapter 6

Mathematical Structures on State Sets

6.1. State as functional on operator algebra

Let M be a set of observables, and let M∗ be a set of all functionals on M. A state
must be some sort of linear functional on the observables. If M is a set with unit
observable I , then there exists a rule that assigns to each bounded observable
A ∈M its expectation value in the state ω ∈M∗:

<A> = ω(A)/ω(I).

If ω is a normalized functional such that ω(I) = 1, then the expectation value
is <A> = ω(A).

DEFINITION. A functional ω is nonnegative if ω(A2) � 0 for all A ∈M.

A nonnegative linear functional ω does not necessarily take nonnegative values
all the time, but only for A � 0.

DEFINITION. A functional is positive if the following two conditions are satis-
fied:

(1) ω(A2) > 0 for all A �= 0.
(2) ω(A2) = 0 if and only if A = 0.

These conditions mean that ω is positive on positive elements of M. If ω is a
positive functional, then ω is nonnegative. In general, a nonnegative functional is
not positive.

As a result, a state can be considered as a nonnegative (or positive) normalized
linear functional on a set of observables.

DEFINITION. Let M be a set of all observables, and let M∗ be a set of all
functionals on M. A state is an element ω of M∗, such that the following re-
quirements are satisfied:

115
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(1) ω(aA+ bB) = aω(A)+ bω(B) for all A,B ∈M and a, b ∈ R.
(2) ω∗(A) = ω(A∗) for all A ∈M.
(3) ω(I) = 1.
(4) ω(0) = 0.
(5) ω(A2) > 0 for all A �= 0.

An example of a state is provided by the functional ω(A) = Tr[ρA], where ρ is
a positive self-adjoint operator with unit trace. Such states ω are described by the
operators ρ. These operators ρ are called the density operators. In general, a state
cannot be described by a density operator. We use a postulate that assigns to each
quantum state exactly one density operator.

POSTULATE. For each state ω ∈ M∗, there exists a density operator ρ ∈ M,
such that

(1)<A> = ω(A) = Tr[ρA].

From the Riesz–Fréchet theorem, each state ω on a Liouville space M can
be presented by (1). The given postulate generalizes the statement of the Riesz–
Fréchet theorem from an operator Hilbert space M with the scalar product
(A|B) = Tr[A∗B] into arbitrary operator algebras.

Let M be a set of quantum observables and let S be a set of quantum states.
Note that ω(A) is the expectation value of A in the state ω. We say that A � B

whenever ω(A) � ω(B) for all ω ∈ S. In particular, we write A � 0 if and only
if ω(A) � 0 for all ω ∈ S. The relation � defined above is a partial ordering
relation on M.

POSTULATE OF ORDER STRUCTURE. The inequality A � B between any two
elements A and B of M holds if and only if A and B satisfy the inequality ω(A) �
ω(B) for all states ω ∈ S. In particular, A � B and B � A implies A = B.

As a result, the set of states S is such that ω(A) = ω(B) for all ω ∈ S implies
A = B. Hence the postulate assumes that there are enough states in S so that we
can distinguish between two observables by measuring their expectation values.
The set of observables M can be equipped with the algebraic structure of a linear
space over R.

POSTULATE OF ALGEBRAIC STRUCTURE.

(1) For any pair of observables A and B in M and real numbers a, b ∈ R there
exists an element (aA+bB) in M , such that ω(aA+bB) = aω(A)+bω(B)

for all ω ∈ S.
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(2) There exists in M two elements 0 and I such that ω(0) = 0 and ω(I) = 1
for all ω ∈ S.

By virtue of the postulate of order structure, we have that 0, I , aA, and (A+B)

are uniquely defined. For the same reason, we conclude that the sum is distributive
with respect to the multiplication by real numbers and is both commutative and
associative.

6.2. State on C∗-algebra

State as a linear functional

States on a C∗-algebra are important component in the description of both classi-
cal and quantum systems. Let M be a C∗-algebra. We denote the dual of M by
M∗. Then M∗ is a space of continuous linear functionals on M. We can define
the norm of any functional ω on M by

‖ω‖ = sup
A∈M

{∣∣ω(A)
∣∣: ‖A‖M = 1

}
.

A linear functional ω on an involutive algebra M is nonnegative if ω(A∗A) � 0
for all A ∈M.

DEFINITION. A nonnegative linear functional ω on a C∗-algebra M with
‖ω‖ = 1 is called a state.

In case ω′ is only a nonnegative linear functional on M, we define ω =
‖ω′‖−1ω′, which is a state on M.

DEFINITION. A state on a C∗-algebra M is a functional ω on M, such that the
following conditions are satisfied:

(1) ω is a linear functional on M.
(2) ω is a nonnegative functional on M.
(3) ω is normalized: ‖ω‖ = 1.

A state on a unital C∗-algebra M is a linear nonnegative functional ω on M,
such that ω(I) = 1.

In these definitions, we have not required that the nonnegative functionals be
continuous, i.e., the statement that there exists c > 0 such that |ω(A)| < c‖A‖M
for all A ∈ M. For a C∗-algebra the continuity is a consequence of positivity.
Note also that every positive element of a C∗-algebra is of the form A∗A and
hence positivity of ω is equivalent to ω being positive on positive elements.

The following are examples of some states.



118 Chapter 6. Mathematical Structures on State Sets

(a) Positive measures on function algebras are positive linear functionals. Proba-
bility measures are states.

(b) The mapping A → Tr[ρA] of n × n matrices A if ρ is positive in the sense
that all of its eigenvalues are positive. If in addition Tr[ρ] = 1, then it is a
state.

The set of all states on M will be denoted by S(M).

STATEMENT. S(M) is a subset of M∗.

Suppose M is a C∗-algebra and ω is a linear functional on M. We say that ω

is a Hermitian functional if ω(A∗) = ω(A)∗ for all A ∈M.

STATEMENT. All positive functionals on a C∗-algebra are Hermitian.

A linear functional ω on a C∗-algebra M is Hermitian if and only if ω(A) is
real for each self-adjoint A ∈M.

Positive, continuous, bounded

A state ω on M defines a scalar product < ; > on M through the formula

<A;B> = ω(A∗B),

which implies the general Cauchy–Schwarz inequality. If ω is a nonnegative linear
functional on a C∗-algebra M, then

(2)
∣∣ω(A∗B)

∣∣2 � ω(A∗A)ω(B∗B),
(
ω(A∗B)

)∗ = ω(B∗A)

for all A,B ∈M.

STATEMENT. Let ω be a linear functional on a C∗-algebra M. Then the follow-
ing conditions are equivalent:

(1) ω is nonnegative.
(2) ω is continuous.

Then each state ω on a C∗-algebra M is continuous. It is well known that the
necessary and sufficient condition for the continuity of a linear functional is its
boundedness ‖ω‖ < ∞. From the inequality ‖ω(A)‖ � ‖A‖M, we see that ω is
bounded and hence continuous with ‖ω‖ � 1.

An algebra M is unital if there exists a unit I such that ‖I‖M = 1. A state on a
unital C∗-algebra M is a linear functional ω that is nonnegative, i.e., ω(A∗A) � 0
for all A ∈M, and normalized: ω(I) = 1.
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STATEMENT. Let ω be a linear functional on a unital C∗-algebra M. Then ω is
nonnegative if and only if ω is bounded and ‖ω‖ = ω(I).

A continuous linear functional ω on a unital C∗-algebra M is positive if and
only if ‖ω‖ = ω(I) <∞. If ω(I) = 1, then ‖ω‖ = 1. Then a linear functional ω

on a unital C∗-algebra M is a state if and only if ‖ω‖ = ω(I) = 1.

STATEMENT. Suppose M is a C∗-algebra and A is in M. For each z ∈ σ(A)

there exists a state ω on M such that ω(A) = z.

The set of all states on M will be denoted by S(M). The following result
shows that the set S(M) of a C∗-algebra is not only empty, it is also large enough
to reveal many properties of an element in the algebra.

STATEMENT. Suppose M is a C∗-algebra and A is in M.

(a) A = 0 if and only if ω(A) = 0 for all ω ∈ S(M).
(b) A = A∗ if and only if ω(A) ∈ R for all ω ∈ S(M).
(c) A � 0 if and only if ω(A) � 0 for all ω ∈ S(M).
(d) If A is normal (A∗A = AA∗), then there exists ω ∈ S(M) such that ‖A‖M =

|ω(A)|.

Convex set

Let ω1 and ω2 be nonnegative linear functionals on a C∗-algebra M. If ω1 and
ω2 are states, then ω = λω1 + (1− λ)ω2 is positive for 0 � λ � 1, and

‖ω‖ = λ‖ω1‖ + (1− λ)‖ω2‖ = λ+ (1− λ) = 1.

Then ω is a state. As a result, convex combinations of states are states. If ω1 and
ω2 are states on M and 0 < a < 1, then

(3)ω = aω1 + (1− a)ω2

is a state. The set S = {ω ∈ S(M): ‖ω‖ � c} is a convex set if ω1, ω2 ∈ S and
0 < a < 1 implies aω1 + (1− a)ω2 ∈ S.

STATEMENT. The states on M form a convex subset of the dual of M.

The property of nonnegativity introduces a natural ordering of functionals. If
ω1 and ω2 are nonnegative linear functionals, we write ω1 � ω2 whenever ω1−ω2

is nonnegative.
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DEFINITION. A convex hull of S is a set Sconvex of all convex combinations of
elements from S:

Sconvex =
{

n∑
k=1

akωk: ωk ∈ S, ak � 0,

n∑
k=1

ak = 1, n ∈ N

}
.

STATEMENT. A set S(M) of all states on M is a convex hull.

Note that a set S(M) is a convex hull if ωk ∈ S(M), ak � 0,
∑n

k=1 ak = 1
implies

∑n
k=1 akωk ∈ S(M).

Extreme elements and pure states

We call a state pure whenever it cannot be written as a convex combination of
other states. A state ω is a pure state if it cannot be decomposed into a non-trivial
convex combination, i.e., if for 0 � a � 1 and ω1, ω2 ∈ S(M), the relation (3)
implies that ω1 = ω2 = ω. The set of all pure states is denoted by P(M).

The following are examples of some pure states.

(a) Consider the commutative C∗-algebra of continuous functions on a compact
set. The state are probability measures, and the pure states are integrals with
Dirac delta-functions.

(b) The map A → Tr[ρA] on n × n matrices A, where all eigenvalues ρ are
positive and Tr[ρ] = 1, is a state. Then the trace map with one-dimensional
projections is pure state, i.e., the state A→ <n|A|n> is pure.

Let S be a subset of a real or complex linear space M. A subset S0 ⊂ S is
said to be an extremal subset of S, if a convex combination aω1 + (1 − a)ω2,
0 < a < 1, of two elements ω1 and ω2 of S lies in S0 only if both ω1 and ω2 are
in S0. An element ω of S is called extreme element of S0 if ω cannot be written as
ω = aω1 + (1− a)ω2, with a ∈ (0, 1) and ω1, ω2 being different elements of S0.

For example, in a three-dimensional Euclidean space, the surface of a solid ball
(sphere) is an extremal subset of the ball, and every point of the surface is an
extreme element. For the unit sphere S = {Ψ ∈ H: ‖Ψ ‖H � 1} in a Hilbert
space H the extreme elements of S are precisely those on the surface of S, i.e.,
those of norm 1.

THEOREM. Let M be a C∗-algebra, and let S0(M) be a set of positive linear
functionals on M with norm less than or equal to one. Then S0(M) is a convex
subset of the dual M∗ whose extreme elements are 0 and the pure states P(M).

As a result, each pure state on a C∗-algebra M is an extreme element of S(M),
and P(M) is an extremal subset of S(M).
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Weak-star topology on states

Let M be a Banach space and let M∗ be dual of M. The weak topology on M
induced by M∗ is the weakest (smallest) topology on M, which makes every map
in M∗ continuous. By the weak topology on M, we mean the topology induced
by the family of all bounded linear functionals on M. Thus a set {Ak} converges
to A in M weakly (i.e., in the weak topology) if and only if ω(Ak) converges to
ω(A) for every ω in M∗.

The weak-star topology (or W ∗-topology) on M∗ is simply the weak topology
on M∗ induced by the family {l∗A: A ∈ M}, where for each A in M the map
l∗A :M∗ → C is defined by l∗Aω = ω(A) for all ω ∈M∗. Thus a set {ωn} in M∗
converges to ω in M∗ in the weak-star topology if and only if ωn(A) converges
to ω(A) for every A in M. We say that a set of continuous functionals ωn on M
converges in the weak-star topology to ω ∈ M∗ if limn→∞ ωn(A) = ω(A) for
all A ∈M.

For every C∗-algebra M, we let S(M) denote the set of all states on M. The
state set S(M) is a subset of M∗ that is closed both with respect to the norm and
the weak-star topology. The set S(M), together with the weak-star topology will
be called the state (topological) space of M. The topological space P(M) of pure
states is the weak-star closure of a set of pure states on M.

Weak-star compact set

A linear topological space M over R is called a locally convex (linear topolog-
ical) space if any of its open subsets contains convex, balanced and absorbing
open sets:

(1) M is convex if A,B ∈ M and 0 < a < 1 imply aA+ (1− a)B ∈ M .
(2) M is balanced if A ∈ M and |a| � 1 imply aA ∈ M .
(3) M is absorbing if for any A ∈ M , there exists a > 0 such that a−1A ∈ M .

Let S be a compact convex subset of a locally convex linear topological
space M. Suppose E is a set of the extreme elements of S. Then S coincides
with the smallest closed set containing every convex combination

∑n
k=1 akωk ,

where ak � 0,
∑n

k=1 ak = 1 and ωk ∈ E, i.e., S is equal to the closure of the
convex hull of E.

THEOREM. A nonvoid compact convex subset S0 of a locally convex linear topo-
logical space S has at least one extreme element.

The Krein–Milman theorem say that a nonvoid convex compact subset S of a
locally convex linear topological space is equal to the closure of the convex hull of
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the extreme elements of S. The theorem assures the existence of extreme elements
for compact convex subset of a locally convex space.

Since the state space S(M) is convex and weak-star compact, it has extreme
points. By the Krein–Milman theorem, S(M) is the weak-star closed convex hull
of the set P(M) of its extreme points. Elements of P(M) are called pure states
of M. Thus every ω in S(M) can be approximated in the weak-star topology by
elements of the form

∑n
k=1 akωk , where each ωk is in P(M), each ak in [0, 1],

and
∑n

k=1 ak = 1.
Let us give the important theorem regarding pure states.

THEOREM. Suppose M is a C∗-algebra and A is in M.

(a) A = 0 if and only if ω(A) = 0 for all ω ∈ P(M).
(b) A = A∗ if and only if ω(A) ∈ R for all ω ∈ P(M).
(c) A � 0 if and only if ω(A) � 0 for all ω ∈ P(M).
(d) If A is normal, then there exists ω ∈ P(M) such that ‖A‖M = |ω(A)|.

This theorem shows that the set of pure states of a C∗-algebra is sufficiently
large enough to reveal many properties of an element in the algebra.

Closed unit ball

A closed unit ball in M∗ is a set of all bounded linear functionals on M whose
norms are less that or equal to 1.

A set S(M) is a subset of the unit ball B∗ = {ω ∈M∗: ‖ω‖ � 1} in M∗. A set
S(M) is a compact with respect to weak-star topology on M∗. This property is a
corollary of the following theorem.

THEOREM (Alaoglu). Let M be a Banach space, and let M∗ be a dual space
of M. If B∗ is a closed unit ball in M∗, then B∗ is compact in the weak-star
topology.

A set S(M) is a subset of the closed unit ball in the dual space of M. We can
collect the properties of S(M) in the following statement.

STATEMENT. Let S(M) be a set of all states on a C∗-algebra M. Then the fol-
lowing properties are satisfied:

(1) S(M) is a subset of M∗.
(2) S(M) is a convex set.
(3) S(M) is a convex hull of its extreme elements.
(4) S(M) is a unit ball in M∗.
(5) S(M) is compact subset of M∗.
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This statement describe the mathematical structures on the set S(M) of states.

6.3. Representations C∗-algebra and states

Let us introduce the basic definition of representation theory.

DEFINITION. A representation of a C∗-algebra M is a pair (H, π), where H is
a complex Hilbert spaces and π is a linear map from M into B(H) satisfying the
following conditions:

(1) π(AB) = π(A)π(B) for all A,B ∈M.
(2) π(A∗) = π(A)∗ for all A ∈M.
(3) if M is unital, then π(I) = I .

The kernel of a representation (H, π) of a C∗-algebra M is Ker(π) = {A ∈
M: π(A) = 0}. The representation (H, π) is said to be faithful if and only if
Ker(π) = 0. A representation is faithful if π(A) = 0 implies A = 0. In this case
π is a bijective map from M to π(M) = {π(A): A ∈M}. Hence we can define
a morphism π−1 from the range π(M) into M by π−1π(A) = A for all A ∈M.

Each representation (H, π) of a C∗-algebra M defines a faithful representa-
tion of the quotient algebra Mπ = M/ Ker(π). Let us give the basic theorem
presenting the following criteria for faithfulness.

THEOREM. Let (H, π) be a representation of a C∗-algebra M. This representa-
tion is faithful if and only if it satisfies one of the following equivalent conditions:

(a) Ker(π) = 0.
(b) ‖π(A)‖ = ‖A‖M for all A ∈M.
(c) π(A) > 0 for all A > 0.

Requirement (b) expresses the statement that π is a norm preserving map. Re-
quirement (c) is a statement of the fact that π is positive on positive elements.

A representation can be nontrivial (π �= 0), but nevertheless have the trivial
part: H0 = {Ψ ∈ H: π(A)Ψ = 0 for all A ∈ M}. A representation (H, π)

is said to be nondegenerate if H0 = 0. An important class of nondegenerate
representations is the class of cyclic representations.

DEFINITION. Let (H, π) be a representation of a C∗-algebra M. A cyclic vector
is an element Ψ of H, such that ‖Ψ ‖H = 1 and the set {π(A)Ψ : A ∈ M} is
dense in H.

A cyclic representation is a representation with a cyclic vector.
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DEFINITION. A cyclic representation of a C∗-algebra M is a triple (H, π, Ψ ),
where (H, π) is a representation of M and Ψ is a cyclic vector in H.

Here the set {π(A)Ψ : A ∈M} is dense in H with respect to the strong topol-
ogy on H, i.e., that induced by the norm. Cyclic representations play an important
role in the theory of representations. In particular, each representation is the direct
sum of cyclic representations.

THEOREM. Let (H, π) be a nondegenerate representation of a C∗-algebra M.
Then π is the direct sum of a set of cyclic representations.

If (H, π) is a nondegenerate representation of a C∗-algebra M, and Ψ is a
cyclic vector of H, then there exists the linear functional

(4)ωΨ (A) = <Ψ |π(A)Ψ >.

This is the vector functional. Note that ωΨ is a positive linear functional such that

ω�(I) = <Ψ |Ψ > = ‖Ψ ‖2
H = 1.

Every positive linear functional obtained in this way is said to be a vector state
associated to the representation (H, π).

STATEMENT. If (H, π, Ψ ) is a nondegenerate cyclic representation of a C∗-al-
gebra M, then the vector functional (4) is a state on M.

It is important to consider the converse statement: every state on a C∗-algebra
M is a vector state for some nondegenerate representation. Then starting from
a state ω we must construct a cyclic representation (Hω, πω, Ψω) such that ω

is a vector state ωΨω . This representations (Hω, πω, Ψω) is called the Gelfand–
Naimark–Segal construction.

6.4. Gelfand–Naimark–Segal construction

Let M be a C∗-algebra. The GNS-construction associates to every state ω on M
a cyclic representation (Hω, πω, Ψω) of M.

THEOREM (Gelfand–Naimark–Segal). Let ω be a state on a C∗-algebra M, then
there exists a cyclic representation (Hω, πω, Ψω) of M such that

ω(A) = (
Ψω, πω(A)Ψω

)
for all A ∈M.



6.4. Gelfand–Naimark–Segal construction 125

PROOF. The proof is constructive. This construction is usually called the GNS-
construction.

1. A scalar product. The idea of the proof is to turn M into a Hilbert operator
space by introducing the scalar product

(5)(A;B)ω = ω(A∗B).

This is the natural correlation function (correlator). The set M is an operator Ba-
nach space. It may be converted into a pre-Hilbert operator space by introducing
the positive semidefined scalar product (5).

2. A seminorm. Now define the seminorm

‖A‖ω = (A;A)1/2
ω = [

ω(A∗A)
]1/2

.

In general, the given seminorm is not a norm.
3. From a seminorm into a norm. The seminorm and scalar product (5) can be

degenerate. Therefore we divide M by its kernel

M0 =
{
A ∈M: ‖A‖ω = ω(A∗A) = 0

}
to obtain a set M/M0. Note that the set M0 is a left ideal of M, i.e., M0 is
invariant under left multiplication by element of M: LAC = AC ∈ M0 when-
ever A ∈M and C ∈M0. Because ω is norm-continuous, M0 is a norm-closed
subspace of M.

We say that two elements A1, A2 ∈ M are equivalent modulo M0 if (A1 −
A2) ∈ M0, and write this fact symbolically by A1 ∼ A2. We shall denote the
set of all elements of M equivalent modulo M0 to a fixed element A by [A].
Here [A] is called a class of equivalent elements. We can consider the classes as
elements in a new linear space, where we define the operations

z[A] = [zA], [A] + [B] = [A+ B].
The linear space obtained in this way is called the factor space of M modulo M0
and its denoted by M/M0. The elements of the set M/M0 are the subsets

[A] = {A+ C: C ∈M0}.
Suppose ω(A∗A) = 0 if and only if A = 0, i.e., M0 = 0. Then [A] = A.

Note that the scalar product (5) does not change its value when we replace A by
A+ C1 with C1 ∈M0, and, similarly, we replace B by B + C2 with C2 ∈M0:

ω
(
(A+ C1)

∗(B + C2)
) = ω(A∗B)+ ω(C∗1B)+ ω(A∗C2)+ ω(C∗1C2)

= ω(A∗B)+ (
ω(B∗C1)

)∗ + ω(A∗C2)+ ω(C∗1C2)

= ω(A∗B).

Here we use that BCk ∈M0, k = 1, 2, and ω(C) = 0 if C ∈M0.
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We define the scalar product

(6)
([A], [B]) = (A;B)ω = ω(A∗B),

and the norm

(7)
∥∥[A]∥∥

ω
= ([A], [A])1/2 = (

ω(A∗A)
)1/2

,

where [A] ∈ M/M0. As a result, M/M0 is a pre-Hilbert operator space with
respect to this scalar product.

4. A Hilbert space. A pre-Hilbert space may be completed, i.e., linearly embed-
ded as a dense subspace of a Hilbert space in a manner which preserves the scalar
product. Let Hω be a completion of M/M0 with respect to the norm (7). Then
Hω is a Hilbert operator space.

Let |A)ω be an element of Hω that corresponds to [A]. The scalar product (6)
on Hω has the form (|A)ω, |B)ω) = ω(A∗B). As a result, a linear map from a
C∗-algebra M into a dense linear subspace M/M0 is a Hilbert space Hω.

5. Representation πω of M. Let us consider the definition of the map πω from
M into an algebra B(Hω). If A ∈M, then there exists a linear operator πω(A) =
L[A] on Hω such that

(8)πω(A)|B)ω = |AB)ω,

for all |B)ω ∈ Hω, i.e., πω(A)[B] = [AB].
For |A)ω ∈ Hω, let πω(A) be the mapping of Hω into itself given by (8). We

can think of L[A] = πω(A) as meaning left multiplication by A. A map πω(A)

assigns to each class [B] of M/M0 exactly one class [AB] of M/M0. A map
LA assigns to each operator B of M exactly one operator LAB = AB of M.
It is known that a map from an operator space into itself is called superoperator.
Then L[A] = πω(A) is a superoperator on the factor space M/M0, and LA is
a superoperator on M. If M0 = 0, then Hω = M and πω(A) = LA. A set of
all superoperators πω(A) form a C∗-algebra B(Hω) of bounded superoperators
on an operator Hilbert space Hω. Then B(Hω) is the left regular representation
of M.

6. πω(A) is bounded. Using

ω(B∗AB) � ‖A‖Mω(B∗B),
(|B)ω, πω(A)|B)ω

) = ω(B∗AB),

we obtain∥∥πω(A)|B)ω
∥∥2 = (AB,AB)ω = ω(B∗A∗AB) � ‖A‖2

Mω(B∗B)

= ‖A‖2
M

∥∥[B]∥∥2
ω
.

Hence the norm of πω([A]) ∈ B(Hω) satisfies the inequality ‖πω([A])‖ � ‖A‖ω.
Then πω(A) has a bounded closure, which we also denote by πω(A).
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7. Cyclic vector Ψω. If M contains the unit I , then we define the cyclic vector

Ψω = |I )ω,

i.e., Ψω = [I ] and Ψω ∈ Hω. Then we obtain the vector state

ωΨω(A) = (
Ψω, πω(A)Ψω

) = ω(A).

This ends the proof. �

The GNS-construction associates to every state ω of a C∗-algebra M some
regular representation of M. An operator A ∈ M is represented by the left su-
peroperator, i.e., the left multiplication by A. The algebra M is considered as
an operator Hilbert space Hω. As a result, we realize a Hilbert space as an op-
erator Hilbert space and operators on this space as superoperators (operators on
an operator space). From the point of view of general theory difference between
infinite-dimensional Hilbert spaces is unessential, since these spaces are isomor-
phic and any statement about one of the spaces can be in principle translated into
the terms of another.

STATEMENT. Each C∗-algebra M is isomorphic to a norm-closed algebra of
self-adjoint bounded operators on a Hilbert space.

This GNS-representation is unique up to unitary equivalence.
Note that the Stinespring factorization theorem [148] characterizing completely

positive maps is an important generalization of the GNS-construction for quantum
non-Hamiltonian systems.

The notions of purity of a state and irreducibility of the representation as-
sociated with ω are related. Let (H, π) be a representation of C∗-algebra M.
A subset H0 of H is called the invariant (or stable) with respect to all π(A), if
π(A)Ψ ∈ H0 for all A ∈M and all Ψ ∈ H0.

DEFINITION. A representation (H, π) of C∗-algebra M is said to be irreducible
if the only subspaces of H invariant with respect to all π(A), A ∈ M, are the
trivial subspaces {0} and H.

A commutant M′ of M is a set of all elements of M which commute with all
A ∈M. Then A ∈M′ if and only if A ∈M and [A,B] = 0 for all B ∈M.

THEOREM. Let (H, π) be a representation of a C∗-algebra M. The following
conditions are equivalent:

(a) (H, π) is irreducible.
(b) The commutant π(M)′ of π(M) = {π(A): A ∈M} consists of multiples of

the identity operator I , i.e., π(M)′ = {zI : z ∈ C}.
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(c) Each nonzero element Ψ ∈ H is a cyclic vector of H.

Let us give the basic theorem which makes the connections between pure states
and irreducible representations.

THEOREM. Let ω be a state on a C∗-algebra M. A cyclic representation
(Hω, πω, Ψω) of M, is irreducible if and only if ω is a pure state.

Hence, each vector state associated with an irreducible representation of a C∗-
algebra M is a pure state.

6.5. State on W ∗-algebra

A W ∗-algebra is a C∗-algebra. Then all properties of states on a C∗-algebra are
valid for a W ∗-algebra. Note that there exists an important theorem for a W ∗-
algebra. This theorem says that if a state is continuous with respect to ultra-weak
topology, then the kinematical postulate (1) is a theorem.

For W ∗-algebras, we can formulate an analog of the Riesz–Fréchet theorem,
which gives an equivalence of a Hilbert space H and a dual space H∗.

THEOREM. Let ω ∈ M∗ be a state on a W ∗-algebra M. Then the following
conditions are equivalent:

(1) ω is continuous with respect to ultra-weak topology.
(2) There exists a positive self-adjoint operator ρ ∈M with unit trace, such that

ω(A) = Tr[ρA] for all A ∈M.

By this theorem, each state ω on a W ∗-algebra has the form ω(A) = (ρ|A) =
Tr[ρA] for all A ∈ M. Note that condition (2) is equivalent to the requirement:
ω is a normal state. A state ω is normal if ω(

∑n
k=1 Pk) = ∑n

k=1 ω(Pk) for all
sets {Pk} of orthogonal projection operators Pk ∈M. As a result, each state on a
W ∗-algebra is normal.



Chapter 7

Mathematical Structures in Classical Kinematics

7.1. Symplectic structure

The phase-space of the classical system can be the Euclidean space Rn. However,
this is not always the case. Some problems involve phase-spaces which are more
complicated manifolds. A manifold is a topological space that is locally Euclid-
ean. Every point x ∈M has a neighborhood that is topologically the same as an
open set in Rn. A manifold is a topological space in which every point has a neigh-
borhood which is similar to the Euclidean space, but in which the global structure
may be more complicated. The spherical Earth is described using flat maps or
charts, collected in an atlas. Similarly, a smooth manifold can be described using
coordinate charts collected in a mathematical atlas. It is not generally possible to
describe a manifold with just one chart, because the global structure of the man-
ifold is different from the simple structure of the charts. For example, no single
flat map that can represent the entire Earth.

We shall consider here an important class of manifolds [60].

DEFINITION. A symplectic manifold (M,ω) is a smooth manifold M endowed
with a closed nondegenerate differential 2-form ω.

In local coordinates, we have

ω = ωkl(x) dxk ∧ dxl,

where ∧ is the wedge product such that dxk∧dxl = −dxl∧dxk , dxk∧dxk = 0.
The nondegeneracy condition means that det[ωkl(x)] �= 0 at every point of M , so
that there exists an inverse antisymmetric matrix Ψ kl(x) = ωkl(x). It follows that
the dimension of M is even.

The condition for ω to be closed, dω = 0, is expressed in local coordinates as

∂kωlm + ∂lωmk + ∂mωkl = 0.

This is the Jacobi identity for ωkl .

129
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All symplectic manifolds have locally the same structure. A precise formulation
of this statement is given by the following theorem.

DARBOUX’S THEOREM. For any point x of a symplectic manifold (M,ω) there
exists a local coordinate system (q, p) = (q1, . . . , qn, p1, . . . , pn) in a neigh-
bourhood of x such that the symplectic form ω has the canonical expression
ω = dqk ∧ dpk .

By this theorem, any statement of local nature which is invariant under sym-
plectic transformations and has been proved for the canonical coordinates can be
extended to all symplectic manifolds.

Symplectic manifolds have some specific topological properties. We shall note
here only one of them. Suppose (M,ω) is a compact symplectic manifold of di-
mension 2n. Then the nth power ωn of the symplectic form ω is a volume form
on M . Moreover, it should be noted that all the powers of ω up to ωn must be
nonzero.

7.2. Poisson manifold and Lie–Jordan algebra

In the classical mechanics an observable is represented by a function. A mathe-
matical structure is obtained by taking a set of observables and equipping this set
with a structure by defining relations between these observables.

DEFINITION. Let M be a manifold. A classical observable is a real-valued func-
tion on M .

We shall denote the linear space of all classical observables on M by F(M).
Let us give the basic mathematical structures on F(M).

(1) F(M) is a linear space. Let F(M) be a linear space of all smooth square-
integrable functions on M . The scalar product

(A,B) =
∫

dq dp A(q, p)B(q, p)

is defined for all A,B ∈ F(M). Note that (A,A) � ∞, since A ∈ F(M) is
square-integrable. Then F(M) is a pre-Hilbert space. Every linear space with
scalar product is a normed space with the norm ‖A‖ = √(A,A). We can always
complete F(M) to a Hilbert space.

(2) F(M) is a commutative associative algebra. An algebra consists of a linear
space F(M) over a field R, together with a binary operation of pointwise mul-
tiplication on the set F(M) such that for all a ∈ R and A,B,C ∈ F(M), the
following conditions are satisfied:

(aA)B = A(aB) = a(AB), (A+ B)C = AC + BC,
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A(B + C) = AB + AC.

Also, F(M) is an associative commutative algebra if, in addition to the preceding
three conditions, we have AB − BA = 0, and (AB)C − A(BC) = 0.

(3) F(M) is a Jordan algebra. We can define the Jordan multiplication A ◦
B = A(x)B(x), where AB is the usual pointwise multiplication. Then F(M) is a
special Jordan associative algebra.

(4) F(M) is a Lie algebra. Let F(M) be a linear space of all smooth func-
tions on M . We say that M is endowed with a Poisson structure if we are given
an operation assigning to every pair of functions A,B ∈ F(M) a new function
{A,B} ∈ F(M), which is linear in A and B and satisfies the following condi-
tions:

(a) the skew-symmetry condition {A,B} = −{B,A},
(b) the Jacobi identity {{A,B}, C} + {{B,C}, A} + {{C,A}, B} = 0,
(c) the Leibnitz rule {A,BC} = {A,B}C + B{A,C}.

Requirements (a) and (b) are the axioms of a Lie algebra. In this way, the space
F(M), together with the Poisson bracket becomes a Lie algebra with the multi-
plication A · B = {A,B}.

Requirement (c) expresses that the Lie operation is connected with the Jordan
multiplication by

A · (B ◦ C) = (A · B) ◦ C + B ◦ (A · C).

Let us consider the Poisson bracket of the form

{A,B} = Ψ kl(x)∂kA(x)∂lB(x).

The skew-symmetry condition and the Jacobi identity give

(1)Ψ kl(x) = −Ψ lk(x), Ψ ki∂iΨ
lm + Ψ li∂iΨ

mk + Ψ mi∂iΨ
kl = 0.

This is Jacobi identity for Ψ kl(x). We note that Poisson bracket obeys the Leibnitz
rule and so is completely determined by the Poisson brackets of the coordinates
functions{

xk, xl
} = Ψ kl(x).

The following are examples of some Poisson brackets.

(a) In the simplest case, the tensor Ψ kl(x) does not depend on x, i.e., Ψ kl(x) =
Ψ kl . Let M = R2n and x = (q, p). Then the expression

{A,B} =
n∑

k=1

(
∂A

∂qk

∂B

∂pk
− ∂A

∂pk

∂B

∂qk

)
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determines the canonical Poisson structure on F(M). The conditions{
qk, ql

} = {
pk, pl

} = 0,
{
qk, pl

} = δkl

combined with the Leibnitz rule determine a Poisson structure.
(b) Let M be a linear space. The next simplest case is that of the linear coefficients

Ψ kl(x) = Ckl
m xm, where Ckl

m are constants. The Poisson bracket becomes

{A,B} = Ckl
m xm∂kA(x)∂lB(x).

This is the Lie–Poisson bracket. It is not hard to prove that (1) coincide re-
spectively with the skew-symmetry condition and the Jacobi identity for the
structure constants Ckl

m of a Lie algebra. Then Ckl
m form a set of structure

constants for some Lie algebra.
(5) F(M) is a Lie–Jordan algebra. We can define two bilinear multiplication on

F(M) denoted by symbols { , } and ◦, and satisfying the conditions:
(a) <F(M), { , }> is a Lie algebra:

{A,B} = −{B,A},{{A,B}, C}+ {{B,C}, A}+ {{C,A}, B} = 0;
(b) <F(M), ◦> is a special Jordan algebra:

A ◦ B = B ◦ A, ((A ◦ A) ◦ B) ◦ A = (A ◦ A) ◦ (B ◦ A);
(c) <F(M), ◦> is an associative Jordan algebra:

(A ◦ B) ◦ C − A ◦ (B ◦ C) = 0;
(d) { , } is a derivation on <F(M), ◦>:{

A, (B ◦ C)
} = {A,B} ◦ C + B ◦ {A,C}.

In this case, the Lie–Jordan algebra on F(M) is defined. We shall also assume
that there exists a unity I in F(M) such that A ◦ I = A and {A, I } = 0.

DEFINITION. A Poisson manifold is a manifold M equipped with two bilinear
operations { , } and ◦ from F(M) × F(M) into F(M) with the property that
<F(M), ◦, { , }> is a Lie–Jordan algebra.

If det[Ψ kl(x)] = 0 then the Poisson structure is called degenerate. Note that
each general Poisson manifold with a degenerate Poisson structure stratified into
symplectic submanifolds on which the tensor Ψ kl(x) is nondegenerate. For each
Poisson manifold there exists a family of symplectic manifolds. The fact that an
arbitrary Poisson manifold is stratified into symplectic submanifolds is somewhat
analogous to the decomposition of a finite-dimensional C∗-algebra as a direct sum
of matrix algebras.



7.3. Classical states 133

(6) F(M) is a commutative C∗-algebra. If M is a locally compact Hausdorff
space, then the set of all continuous complex valued functions on M vanishing
at infinity equipped with the supremum norm ‖f ‖ = sup{|f (x)|: x ∈ X} is
a commutative C∗-algebra. The Gelfand theorem states that each commutative
C∗-algebra is of this form C(M). The C∗-algebra is unital if and only if M is
compact.

The concepts of C∗-algebra and Lie–Jordan algebra allows us to formulate clas-
sical and quantum theories by the same mathematical structures.

7.3. Classical states

Classical states as functionals

Let F(M) be a linear space of smooth functions on a manifold M .

DEFINITION. A classical state is a linear nonnegative functional ωc on F(M),
such that

(a) ωc(A
∗) = (ωc(A))∗ for all A ∈ F(M),

(b) ωc(1) = 1.

If ωc is nonnegative, then ωc(A
2) � 0 for all A ∈ F(M). A linear functional

ωc is positive if the following conditions are satisfied:

(a) ωc(A
∗) = (ωc(A))∗ for all A ∈ F(M).

(b) ωc(A) = 0 if and only if A = 0.

Requirement (a) means that ωc(A) ∈ R for all real-valued functions A ∈ F(M).
If ωc is a classical states, then the following requirements are satisfied:

(1) ωc(aA+ bB) = aωc(A)+ bωc(B) for all A,B ∈ F(M) and a, b ∈ R.
(2) ωc(A

∗) = (ωc(A))∗ for all A ∈ F(M).
(3) ωc(1) = 1.
(4) ωc(0) = 0, and ωc(A

2) > 0 for all A �= 0.

Conditions (4) give that ωc(A) = 0 if and only if A = 0.

Classical states as Borel measures

Let M be a set. A pair (M,B) is called a sigma-ring of sets if B is a family of
subsets of M such that:

(1) M ⊂ B.
(2) B ⊂ B implies (M − B) ⊂ B.
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(3) Bk ∈ B (k = 1, 2, . . .) implies
⋃∞

k=1 Bk ∈ B.

DEFINITION. Let (M,B) be a sigma-ring of sets in M . Then a triple (M,B, μ)

is called a measure space if μ is a nonnegative, sigma-additive measure defined
on B:

(1) μ(B) � 0 for every B ∈ B.
(2) the sigma-additivity of μ: μ(

∑∞
k=1 Bk) = ∑∞

k=1 μ(Bk) for any disjoint se-
quence {Bk, k ∈ N} of sets in B.

(3) M is expressible as a countable union of sets Bk ∈ M such that μ(Bk) <∞.

The value μ(B) is called the measure of the set B.

Let M be a locally compact space, i.e., a closed subset of the n-dimensional
Euclidean space Rn. The Borel subsets of M are the elements of the smallest
sigma-ring of subsets of M , which contains every compact set of M .

A nonnegative Borel measure on M is a sigma-additive measure defined for
every Borel subset of M such that the measure of every compact set is finite.
The Borel measure μ is called regular if for each Borel set B, we have μ(B) =
inf{μ(U): B ⊂ U}, where the infimum is taken over all open sets E containing B.
If μ is a Borel measure, then μ(B) < ∞ for every compact subset B of M .

Note that classical states can be presented by measures on a manifold. A real-
valued function A defined on the locally compact space M is said to have compact
support if there exists a compact set B of M such that A = 0 on (M − B). We
denote by F0(M) the class of all continuous functions A from M into R with
compact support.

STATEMENT. For each Borel measure μ on a smooth real manifold M there exists
exactly one nonnegative linear functional ωc on F0(M), such that

(2)ωc(A) =
∫
M

A(x) dμ(x).

Hence, classical states can be described by Borel measures on M .

RIESZ–MARKOV THEOREM. To every positive linear functional ωc on F0(M)

corresponds a unique regular Borel measure μ such that (2) holds for all A in
F0(M) and conversely.

The Riesz–Markov theorem establishes the general form of a positive linear
functional on F0(M). This theorem is some analog of the fundamental Riesz–
Fréchet theorem. As a result, we have the correspondence between states and
measures.
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Classical states as distribution functions

Let M be an oriented 2n-dimensional smooth manifold M . A measure on M can
be defined by a differential 2n-form ω2n. This form is called the volume form. In
the local coordinates, this form can be presented by

ω2n = ω12...2n dx1 ∧ dx2 ∧ · · · ∧ dx2n.

Each volume form ω2n defines a measure μ(B) on a Borel set B by

μ(B) =
∫
B

ω2n.

The volume form ω2n on M generates the continuous linear functional

ωc(A) =
∫
M

A(x)ω2n.

Each symplectic manifold (M,ω) has a natural volume form. If M is a 2n-
dimensional manifold, then there exists the volume form ω2n = (ω)n, where (ω)n

is nth power of the symplectic form ω. For canonical coordinates (q, p),

ω2n = (ω)n = dq1 ∧ dp1 ∧ dq2 ∧ dp2 ∧ · · · ∧ dqn ∧ dpn.

This is the Liouville measure.
The smooth requirement gives that the volume form ω2n is defined by a non-

negative measurable density function ρ(x), such that

ω2n = ρ(x) dx1 ∧ dx2 ∧ · · · ∧ dx2n.

We use more compact notation ω2n = ρ(x) dx. Then there locally exists a non-
negative measurable function ρ(x), such that the measure is defined by

μ(B) =
∫
B

ρ(x) dx

for all measurable set B. As a result, a classical state can be defined by the density
function ρ(x), which is often called the distribution function. Then the classical
state is described by a distribution function ρ(q, p) on M , such that

ωc(A) =
∫
M

A(q, p)ρ(q, p) dq dp,

where dq dp = dq1 ∧ dp1 ∧ dq2 ∧ dp2 ∧ · · · ∧ dqn ∧ dpn. The normalization
requirement μ(M) = 1 gives

ωc(1) =
∫
M

ρ(q, p) dq dp = 1.
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A pure state of classical system is defined as a measure that is concentrated
at some point x0 of M . The distribution function of the pure state is then the
Dirac delta-function ρ0(x) = δ(x − x0). This pure state is defined by the point x0
of M . Then the phase space M can be considered as a space of all pure states. An
expectation value of an observable A(x) on a pure state x0 is equal to the value of
A(x) at this point:

ωc(A) =
∫
M

A(x)ρ0(x) dx =
∫
M

A(x)δ(x − x0) dx = A(x0).

For this pure state, the variance D(A) = ωc(A
2) − ω2

c (A) is equal to zero:
D(A) = 0.

7.4. Classical observables and C∗-algebra

Let M be a unital Banach algebra. A homomorphism from M into a set M′ is a
linear mapping Φ such that Φ(AB) = Φ(A)Φ(B) for A,B ∈ M. We illustrate
this notion with the following example. Let M be a Banach algebra, and for each
A ∈M, define a mapping LA by

LAB = AB

for B ∈M. Clearly LA is a linear map from M into itself. It is easily to see that
the correspondence A→ LA is a linear mapping that also preserves the operation
of multiplication. For example, we have

LABC = (AB)C = A(BC) = LA(BC) = LALBC

for A,B,C ∈ M. Hence LAB = LALB and then the left multiplication is a
homomorphism. The mapping A → LA is called the left regular representation
of M. We shall denote the linear space of all left multiplications on M by Al(M).
Then the left regular representation of M is an example of a homomorphism of
M into M′ = Al (M).

A homomorphism ω of M into the algebra M′ = C of complex numbers is
called a multiplicative linear functional with the added property that

(3)ω(AB) = ω(A)ω(B)

for all A,B ∈M. We can define the norm of any functional ω on M by

‖ω‖ = sup
A∈M

{∣∣ω(A)
∣∣: ‖A‖M = 1

}
.

THEOREM. If ω is a multiplicative linear functional on a Banach algebra M,
then ‖ω‖ = 1.
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A linear functional ω on a unital Banach algebra M is a multiplicative if and
only if ω(I) = 1 and ω(A) �= 0 whenever A is invertible in M.

Let M be a commutative C∗-algebra. A character ω of M is a nonzero linear
map ω : A ∈M→ ω(A) ∈ C such that condition (3) holds for all A,B ∈M. A
character is a multiplicative functional on C∗-algebra.

For example, the characters of the algebra of n × n diagonal matrices are the
maps A → Amm, where 1 � m � n. The spectrum σ(M) of M is defined to
be the set of all characters on M. The spectrum σ(M) of M is a subset of the
dual M∗ of M. The introduction of characters is quite conventional but, in fact,
characters are nothing other than pure states.

THEOREM. Let ω be a nonzero linear functional on a commutative C∗-algebra
M. Then the following conditions are equivalent:

(a) ω is a pure state.
(b) ω is a character.

DEFINITION. Let M be a commutative Banach algebra with a unit. The carrier
space of M is the set M∗

car of all nonzero multiplicative linear functionals (char-
acters) on M, endowed with the topology of pointwise convergence on M.

If M∗ is a set of all linear functionals on M, then M∗
car ⊂M∗.

DEFINITION. For all A ∈ M, the (left) Gelfand transform of A is the map L∗A
defined on M∗

car by

L∗Aω = ω(A)

for ω ∈M∗
car.

We shall denote the linear space of all (left) Gelfand transforms on M∗
car by

Al(M∗
car).

STATEMENT. Let M be a commutative Banach algebra with a unit. Then the
carrier space M∗

car is a compact Hausdorff space.

The correspondence A → L∗A is called the Gelfand representation of M. The
mapping is obviously linear. It is also multiplicative because, if A,B ∈ M and
ω ∈M∗

car, then

L∗ABω = ω(AB) = ω(A)ω(B) = (L∗Aω)(L∗Bω).
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Thus the Gelfand representation is a homomorphism of M onto a subalgebra M̂
of Al (M∗

car). Denoting the norm in Al(M∗
car) by ‖ ‖N , we have

‖L∗A‖N = sup{L∗Aω: ω ∈ N } = sup
{
ω(A): ω ∈ N

}
.

Using ‖L∗A‖N � ‖A‖M, we obtain that the Gelfand representation is norm-
decreasing and hence continuous.

THEOREM. Let M be a commutative Banach algebra with a unit I , and let M∗
car

be its carrier space. The Gelfand representation A → L∗A is a norm-decreasing

homomorphism of M onto an algebra M̂ of continuous functions on the compact
Hausdorff space M∗

car such that L∗Iω = ω(I) = 1.

THEOREM. Let M be a commutative Banach algebra with a unit. Then M̂ is
isometrically isomorphic to M if and only if ‖A‖2

M = ‖A2‖M for all A ∈M.

A uniform algebra is a closed subalgebra of C(M) that contains the constant
functions and separates the points of M, where M is a compact Hausdorff space.

THEOREM. Let M be a (commutative or noncommutative) unital Banach al-
gebra. Then M is isometrically isomorphic to a uniform algebra if and only if
‖A‖2

M = ‖A2‖M for all A ∈M.

Note that the Gelfand representation replace abstract algebra by certain alge-
bras of functions.

GELFAND’S THEOREM. Let M be a commutative B∗-algebra, with carrier
space M∗

car. Then the mapping A → L∗A is an isometric ∗-isomorphism of M
onto C(M∗

car).

An immediate consequence of the above theorem is that the self-adjoint ele-
ments in a commutative B∗-algebra are precisely those whose Gelfand transforms
are real-valued.

Let M be a commutative C∗-algebra and M∗
car the set of characters of M

equipped with the weak topology. It follows that M∗
car is a locally compact Haus-

dorff space which is compact if and only if M contains the identity. Moreover, M
is isomorphic to the algebra C0(M∗

car) of continuous functions over M∗
car which

vanish at infinity.
The Gelfand’s theorem was proved in [64]. In the same paper the authors also

proved that an arbitrary (and possibly noncommutative) B∗-algebra M is isomet-
rically ∗-isomorphic to a C∗-algebra of operators on some Hilbert space. This is
the Gelfand–Naimark theorem.



Chapter 8

Quantization in Kinematics

8.1. Quantization and its properties

Semi-quantization and prequantization

Setting quantization means establishing a general rule assigning a quantum sys-
tem to each classical system. Quantum and classical systems consist essentially
of two elements, a kinematical structure describing the instantaneous observables
and states, and a dynamical structure describing the change of these observables
and states with time. There exist natural requirements that must be satisfied by the
quantization:

(1) A quantization of the kinematical structure of the system is a rule that assigns
a quantum observable (or state) to each classical observable (or state).

(2) A quantization of the dynamical structure of the system is a rule that assigns
a quantum equation of motion to each classical equation of motion.

(3) An interconsistency of these quantizations must be exists.

In quantum kinematics, there exist many quantization schemes. A common ba-
sis of all these methods is an assumption that classical and quantum kinematical
structures are different representations of the same totality of mathematical struc-
tures. This is the Dirac’s correspondence principle [45].

A quantization in kinematics is a general rule assigns a quantum observable
A(Q,P ) to each classical observable A(q, p) which is a function on the phase
space. Here a quantum observable can be an operator on a Hilbert space H. The
function A(q, p) itself is called in this case the symbol of the operator A(Q,P ).

DEFINITION. A quantization is a mapping π from a set of classical observables
into a set of quantum observables that to each classical observable A(q, p) there
corresponds a linear self-adjoint operator A(Q,P ) = π(A(q, p)) on a Hilbert
space.

There exist a requirement that must be satisfied by the quantization π : A(q, p)

→ A(Q,P ). First of all, this procedure should satisfy the Dirac’s correspondence

139
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principle. For a more accurate formulation of this principle, we note the following
conditions:

(1) Let g
(2)
c be a binary operation on a set of classical observables. For a given

quantization, there is a binary operation g
(2)
q on the set of quantum observ-

ables corresponding to the operation g
(2)
c , i.e.,

g(2)
c

(
A(q, p), B(q, p)

)→ g(2)
q

(
A(Q,P ), B(Q,P )

)
.

(2) If g
(1)
c is a unary operation on a set of classical observables, then there exists

a unary operation g
(1)
q on the set of quantum observables corresponding to the

operation g
(1)
c , i.e.,

g(1)
c

(
A(q, p)

)→ g(1)
q

(
A(Q,P )

)
.

(3) If g
(0)
c is a nullary operation on a set of classical observables, then there exists

a nullary operation g
(0)
q on the set of quantum observables corresponding to

g
(0)
c , i.e., g

(0)
c → g

(0)
q .

DEFINITION. Let Mc be a set of all classical observables, and let Mq be a set of
all quantum observables. A semi-quantization is a mapping π from a set Mc into
a set Mq , such that the following properties are satisfied:

(1) π(aA+ bB) = aπ(A)+ bπ(B) for all A,B ∈Mc, and a, b ∈ R.
(2) π(A∗) = [π(A)]∗ for all A ∈Mc.
(3) π(1) = I .
(4) π(0) = 0.

Requirement (1) express the mathematical statement that π is a linear map.
Then π is a map from a linear space Mc into a linear space Mq . In this way, there

exists a binary operation g
(2)
q (π(A), π(B)) = π(A)+π(B) on Mq corresponding

to the binary operation g
(2)
c (A,B) = A+ B on Mc.

Requirement (2) expresses the statement that π is a map from a set of real-
valued functions into a set of self-adjoint operators. Then there exists a unary
operation g

(1)
q (π(A)) = [π(A)]∗ on Mq corresponding to the unary operation

g
(1)
c (A) = A∗ on Mc.
Requirements (3) and (4) are obvious. They are a statement of the fact that there

are the nullary operations I and 0 on Mq corresponding to the operation 1 and 0
on Mc.

DEFINITION. A prequantization (or Dirac quantization) is a semi-quantization
π from a set Mc into a set Mq , such that

π
({A,B}) = (1/ih̄)

[
π(A), π(B)

]
,
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where {A,B} is a Poisson brackets of A,B ∈Mc.

This requirement is a statement that there exists a Lie operation g
(2)
q on Mq

corresponding to a Lie operation g
(2)
c on Mc. These operations are defined by the

equations

g(2)
q

(
π(A), π(B)

) = π(A) · π(B) = 1

ih̄

[
π(A), π(B)

]
,

g(2)
c (A,B) = A · B = {A,B}

for A,B ∈Mc.

DEFINITION. A Jordan quantization is a semi-quantization π from a set Mc into
a set Mq , such that for any function f : R → R for which π(f (A)) and f (π(A))

are well defined, we have

π
(
f (A)

) = f
(
π(A)

)
.

In the special case, the Jordan quantization is defined by the monomials
f (A) = An, where n ∈ N. Then we have the requirement π(An) = (π(A))n

for all A ∈Mc and n ∈ N.

Properties of semi-quantization

The following properties are satisfied for the semi-quantization procedure.
(1) Each finite linear combination of observables is an observable, i.e.,

π(
∑n

k=1 aiAi) =∑n
k=1 aiπ(Ai), where ai are real numbers.

(2) If A and B are two arbitrary elements of Mc, then π(A)π(B) is not a
quantum observable. In general, π(A)π(B) does not belong to Mq since it is
not a self-adjoint operator: (π(A)π(B))∗ = π(B)π(A). In the general case, a
multiplication of two self-adjoint operators is not a self-adjoint operator.

(3) A semi-quantization cannot be defined as a map that assigns to a pointwise
multiplication of A,B ∈ Mc exactly one multiplication of π(A), π(B) ∈ Mq .
In general,

π(AB) �= π(A)π(B).

(4) If π(A) is a self-adjoint operator, then π(A)2 is self-adjoint. A semi-
quantization can be defined as a map that assigns to each function f of A ∈Mc

exactly one function f (π(A)) of π(A) ∈Mq :

π
(
f (A)

) = f
(
π(A)

)
.

For example, π(A2) = [π(A)]2. This requirement is a statement that there exists
a binary operation g(2)(π(A), π(A)) = π(A)π(A) on Mq corresponding to the
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binary operation g(2)(A,A) = AA on Mc. In this case, the semi-quantization is
called Jordan quantization. Note that this requirement is not valid for so-called
Weyl quantization. In general,

π(AA) �= π(A)π(A), π(An) �= [
π(A)

]n
.

(5) The symmetrized multiplication (anticommutator)

(1)π(A) ◦ π(B) = 1

2

(
π(A)π(B)+ π(B)π(A)

)
is a self-adjoint operator. If the condition π(A2) = [π(A)]2 is valid, then the
Jordan multiplication (1) of self-adjoint operators can be defined. The definition
of π(A) ◦ π(B) does not require, as we did in (1), the knowledge of the ordi-
nary product of two observables. The Jordan multiplication can be defined by the
equality

π(A) ◦ π(B) = 1

4

((
π(A)+ π(B)

)2 − (
π(A)− π(B)

)2)
.

The right hand side of this expression contains only those operation that we have
already defined in the Jordan quantization. If π(A2) = π(A)2 for all A ∈ Mc,
then π(A ◦ B) = π(A) ◦ π(B) for all A,B ∈Mc. Note that A ◦ B = AB.

(6) For the Jordan quantization, we have the requirement

(2)π(An) = (
π(A)

)n
,

where A ∈ Mc and n ∈ N. Unfortunately, the axioms of Jordan quantization
are not quite consistent. Using these axioms it is possible to express π(A) for
A(q, p) = q2p2 = (qp)2 in two ways with two different results. Namely, by the
rule (2) for the squaring function, we obtain

π(qp) = 1

2
π
(
(q + p)2 − q2 − p2) = 1

2

(
(Q+ P)2 −Q2 − P 2)

= 1

2
(QP + PQ).

Similarly,

π
(
q2p2) = 1

2
π
((

q2 + p2)2 − q4 − p4) = 1

2

((
Q2 + P 2)2 −Q4 − P 4)

= 1

2

(
Q2P 2 + P 2Q2).

However, it is not hard to prove by using the canonical commutation relations that(
1

2
(QP + PQ)

)2

�= 1

2

(
Q2P 2 + P 2Q2).
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Then, π(A2) �= (π(A))2 for A = qp, and

π(A ◦ A) �= π(A) ◦ π(A).

As a result, we see that the Jordan quantization does not work in general.
(7) An algebra of classical observables is a Lie algebra with respect to Poisson

brackets. An algebra Mq is a Lie algebra with respect to the self-adjoint commu-
tator:

A · B = 1

ih̄
[A,B] = 1

ih̄
(AB − BA),

where A,B ∈Mq . If A and B are self-adjoint operators, then A·B is self-adjoint:

(A · B)∗ =
(

1

ih̄
(AB − BA)

)∗
= − 1

ih̄

(
(AB)∗ − (BA)∗

)
= − 1

ih̄
(B∗A∗ − A∗B∗) = − 1

ih̄
(BA− AB) = 1

ih̄
(AB − BA)

= A · B.

This Lie operation on a set of quantum observables maps this set into itself.
A prequantization is a semi-quantization from Mc into a set of self-adjoint

operators acting on some Hilbert space, such that

(3)π(A · B) = π(A) · π(B)

for all A,B ∈ Mc. If π is a one-to-one mapping Mc onto Mq , then equation

(3) means that prequantization is an isomorphism of a Lie algebra M(−)
c with

a Lie algebra M(−)
q . However, requirement (3) will caused the difficulty. If two

Lie algebras M(−)
c and M(−)

q are isomorphic then so are their derivation algebras

Der(M(−)
c ) and Der(M(−)

q ). A derivation algebra is a Lie algebra Der(M(−)) of
all linear maps L on M(−) which satisfies L(A · B) = (LA) · B + A · (LB). A
derivation L is said to be inner if there exists H ∈M(−) such that LA = H · A,
otherwise L is said to be outer. If one Lie algebra has outer derivations and the
other not, then they cannot be isomorphic. In general, prequantization π cannot
form an isomorphism of the Lie algebra M(−)

c and the Lie algebra M(−)
q since

one algebra admits outer derivations while the other does not.
We illustrate this problem with an example. Using {q3, p2} = 6q2p, we obtain

(4)π
(
q2p

) = 1

6
π
({

q3, p2}) = 1

6ih̄

[
Q3, P 2] = 1

2

(
Q2P + PQ2).

Similarly,

(5)π
(
qp2) = 1

2

(
QP 2 + P 2Q

)
.
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Finally, we have on the one hand {q3, p3} = 9q2p2, gives

π
(
q2p2) = 1

9
π
({

q3, p3}) = 1

9ih̄

[
Q3, P 3]

(6)= Q2P 2 − 2ih̄QP − 2h̄2

3
.

On the other hand, for the equation {q2p, qp2} = 3q2p2, we have

π
(
q2p2) = 1

3
π
({

q2p, qp2}) = 1

3ih̄

[
π
(
q2p

)
, π

(
qp2)].

Substitution of (4) and (5) into this relation gives

π
(
q2p2) = 1

12ih̄

[
Q2P + PQ2,QP 2 + P 2Q

] = Q2P 2 − 2ih̄QP − h̄2

3
.

This equation contradicts (6). As a result, we see that the Dirac quantization does
not work in general.

(8) Let the set of observables form a linear space M0 over R. If M0 is Mc,
then M0 is a set of classical observables. If M0 is Mq , then we have a set of
quantum observables. We can define two bilinear multiplication operations on the
set M0 denoted by symbols · and ◦, and satisfying the conditions:

(a) <M0, ·> is a Lie algebra:

A · B = −B · A, (A · B) · C + (B · C) · A+ (C · A) · B = 0;
(b) <M0, ◦> is a special Jordan algebra:

A ◦ B = B ◦ A,
(
(A ◦ A) ◦ B

) ◦ A = (A ◦ A) ◦ (B ◦ A);
(c) the Leibnitz rule

A · (B ◦ C) = (A · B) ◦ C + B ◦ (A · C);
(d) the equation for associators

(7)(A ◦ B) ◦ C − A ◦ (B ◦ C) = h̄2

4

(
(A · B) · C − A · (B · C)

)
.

In this case, the Lie–Jordan algebra is said to be defined. We shall also assume
that there exists a unity I in M0 such that A ◦ I = A and A · I = 0. We denote
as M a free Lie–Jordan algebra over R with unity I and generators Qk and Pk ,
where k = 1, . . . , n and

Qk · Pl = δklI, Qk ·QL = 0, Pk · Pl = 0.

The smallest subalgebra of M containing G = {Qk, Pk: k = 1, . . . , n} is the
subalgebra generated by G. If this subalgebra is all of M, then G generates M and
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the Qk , Pk are generators of M. A free algebra is an algebra generated by finite
linear combinations and finite powers of the elements Qk, Pk (k = 1, . . . , n) and
the identity I .

For the classical observables A(q, p) and B(q, p), the operations · and ◦ can
be defined in terms of the Poisson bracket in R2n and the usual pointwise multi-
plication

A(q, p) · B(q, p) = {
A(q, p), B(q, p)

}
,

A(q, p) ◦ B(q, p) = A(q, p)B(q, p).

For the quantum observables A = A(Q,P ) and B = B(Q,P ), the Lie and
Jordan multiplication are defined by

A · B = 1

ih̄
(AB − BA), A ◦ B = 1

2
(AB + BA).

As a result, Mc and Mq can be considered as Lie–Jordan algebras over R.
The Lie–Jordan algebra is an algebraic structure that gives a uniform descrip-

tion of classical and quantum systems. The case h̄ = 0 corresponds to transition
from a nonassociative Jordan algebra into associative. Common algebraic proper-
ties of classical and quantum systems are not depend on relation (7).

(9) Let M(±) be a Lie–Jordan algebra. Then there exists an associative algebra
such that the multiplication is defined by

ga(A,B) = A ◦ B + ih̄

2
A · B.

In the classical mechanics (h̄ = 0), the second term is equal to zero, i.e.,
ga(A,B) = A ◦ B.

(10) Let M be a Hausdorff space, which is locally compact (in that each point
has a compact neighbourhood). The space C0(M) consists of all continuous func-
tions on M which vanish at infinity in the sense that for each ε > 0 there is a
compact subset Mε ⊂ M such that |A(x)| < ε for all x outside Mε. The space
C0(M) can be considered as an associative C∗-algebra of classical observables.

The semi-quantization can be considered as the map π : C0(M) → B(H),
where B(H) is a C∗-algebra of bounded operators on a Hilbert space H.

(11) In the general case, it is desirable (though not strictly necessary) that the
semi-quantization π preserves positivity:

π(A) � 0

for all A � 0.
Then quantization can be considered as the positive map π : C0(M) → B(H),

where C0(M) and B(H) are regarded as associative C∗-algebras. An element A

of a C∗-algebra is called positive (nonnegative) when A∗ = A and its spectrum
is positive, i.e., σ(A) ⊂ R+. We write A � 0. A positive map π between two
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C∗-algebras is a linear map such that A � 0 implies π(A) � 0. Every self-adjoint
element A has a decomposition

(8)A = A+ − A−,

where A± � 0 and A+A− = 0. It follows from (8) that a positive map au-
tomatically preserves self-adjointness. Let us give the basic statement regarding
properties of positivity.

STATEMENT. If π is a positive map between two C∗-algebras C0(M) and B(H),
then A∗ = A implies π(A)∗ = π(A) for all A ∈ C0(M).

This theorem means that A(x) ∈ C0(M) is mapped into a self-adjoint operator
π(A) ∈ B(H).

(12) By properties (6) and (7), the Dirac and Jordan quantizations do not work
in general. To solve this problem, we define the Weyl quantization as a consistent
quantization.

DEFINITION. A Weyl quantization is a semi-quantization π from a set Mc into a
set Mq , such that

π(A ∗ B) = π(A) ∗ π(B).

If A = A(q, p) and B = B(q, p), then

A(q, p) ∗ B(q, p) = A
(
L+q , L+p

)
B(q, p) = A

(
L+q , L+p

)
B
(
L+q , L+p

)
1,

where L+q , L+p are Jordan left multiplications by q and p.
It can be proved that

π
(
A
(
L+q , L+p

)) = A
(
L+Q,L+P

)
for all A ∈ Mc. Here L+Q, L+P are Jordan left multiplications by Q and P . In
general,

L+Qk
L+Ql

− L+Ql
L+Qk

= 0, L+Pk
L+Pl

− L+Pl
L+Pk

= 0,

L+Qk
L+Pl

− L+Pl
L+Qk

= 0,

if [Qk,Ql] = [Pk, Pl] = 0 and [Qk, Pl] = ih̄δklI . Note that the operators

A(Q,P ) = A
(
L+Q,L+P

)
I

are Weyl ordered. The multiplication π(A) ∗ π(B) is defined by

π(A) ∗ π(B) = A(Q,P ) ∗ B(Q,P ) = A
(
L+Q,L+P

)
B(Q,P )

= A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
I,

and will be called the Weyl multiplication.
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For the theory of Weyl quantization see, for instance, [15–19,49].

8.2. Heisenberg algebra

If algebraic operations for quantum observables are defined, then an algebra of
observables are determined by generators. Each element of this algebra can be
derived by application of algebraic operations to generators. Let {Q1, . . . ,Qn,
P1, . . . , Pn, I } be a basis for (2n+ 1)-dimensional linear operator space H . Con-
sider now a Lie algebra Hn = <H, ·> generated by finite linear combinations of
Q, P , and its multiplications, where Qk · Pl = δklI , and other products of the
basis elements are equal to zero. The algebra Hn is called the Heisenberg algebra.

DEFINITION. A Heisenberg algebra is a Lie algebra Hn generated by {Qk, Pk, I :
k = 1, . . . , n}, such that

(9)[Qk, Pl] = ih̄δklI, [Qk,Ql] = [Pk, Pl] = [I,Qk] = [I, Pk] = 0,

where k, l = 1, 2, . . . , n.

Equations (9) are called the canonical commutation relations (CCR). An ele-
ment of algebra Hn can be presented by

A = aQ+ bP + cI,

where aQ = ∑n
k=1 akQk , bP = ∑n

k=1 bkPk , and ak, bk ∈ R. If A,A′ ∈ Hn,
then

A · A′ = (aQ+ bP + cI) · (a′Q+ b′P + c′I )

= (ac′ + ca′)Q+ (bc′ + cb′)P + (cc′ + ab′ − a′b)I.

The universal enveloping algebra Un of the Lie algebra Hn is an associa-
tive algebra of polynomials in Qk , Pk , k = 1, . . . , n. A set of all elements
Q

i1
1 P

j1
1 . . .Q

in
n P

jn
n generates a linear operator space Un. The set of these elements

forms a basis for this space.

STATEMENT. Let Un be a universal enveloping algebra of Heisenberg algebra
Hn. Then the operators

Eij = QiP j =
n∏

k=1

(Qk)
ik

n∏
l=1

(Pl)
jl , Q0

k = I, P 0
k = I,

where i = (i1, . . . , in) and j = (j1, . . . , jn) form a basis for Un.
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For each polynomial

A(q, p) =
∑

|i|,|j |<m

aij q
ipj ,

there exists the operator

A(Q,P ) =
∑

|i|,|j |<m

aijQ
iP j ,

where qi = q
i1
1 · · · qin

n , pj = p
j1
1 · · ·pjn

n , and Qi = Q
i1
1 · · ·Qin

n , P j =
P

j1
1 · · ·P jn

n .

DEFINITION. We say that a pair (Qk, Pk) of self-adjoint operators acting on a
separable Hilbert space H form a Heisenberg kinematical representation of the
CCR, if there exists a dense set D in H, such that D ⊂ D(Q) ∩ D(P ) and the
CCR are realized on D.

A Heisenberg kinematical representation, as formulated in the definition, con-
centrates its requirement essentially on the local aspects of the CCR, neglecting
the physics contained in the boundary conditions. Consequently, if we want any
uniqueness theorem, we need to impose some conditions that are more stronger
than those required in the definition of Heisenberg kinematical representation.
One way to achieve this is to impose conditions on the domains and properties of
the self-adjoint operators Q and P . For example, it is necessary and sufficient that
there exists a dense set D in a Hilbert space H, such that the following conditions
are satisfied

(1) D ⊂ D(QP − PQ),
(2) (Q± iI )A ∈ D(Q) ∩D(P ) for all A ∈ D,
(3) (P ± iI )A ∈ D(Q) ∩D(P ) for all A ∈ D.

Note that at least one of the operators Q or P must be unbounded. The operators
Q and P cannot both be bounded.

THEOREM. There is no representation of the canonical commutation relations by
bounded operators.

This theorem means that it is impossible to realize the Heisenberg kinematical
representation by bounded operators. Elements of Un are unbounded operators
A(Q,P ).

Consider now the question of what should be the bounded observables associ-
ated with Q and P . In general, there exists an operator algebra that is generated
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by basic operators, and regard the self-adjoint elements of this algebra as observ-
ables. This operator algebra consists of all bounded operator functions of the basic
operators.

The algebra of operators generated by Q and P may be defined as the set of all
limits in the weak operator topology of the algebra of all linear combinations of
the operators

W(a, b) = exp

{
i

h̄
(aQ+ bP )

}
.

If Ã(a, b) is an integrable function of the real variables a and b, then

(10)A(Q,P ) =
∫

da db Ã(a, b) exp

{
i

h̄
(aQ+ bP )

}

will be well-defined bounded operator. The operator A(Q,P ) is called the Weyl
ordered operator function. It is clear that A(Q,P ) is constructed from Q and P

in a relatively explicit manner and so may be defined as an operator function of
Q and P . The collection of all such A(Q,P ), together with their uniform limits
form an operator algebra MW of Weyl ordered operators. The operators W(a, b)

are generators of this algebra.

8.3. Weyl system and Weyl algebra

Weyl system

Observables are usually considered as bounded self-adjoint operators on a sep-
arable Hilbert space. Consider now the question of what should be the bounded
observables associated with Qk and Pk . In general, there exists an operator alge-
bra that is generated by the basic operators, and regard the self-adjoint elements
of this algebra as observables. This operator algebra consists of all bounded oper-
ator functions of Qk and Pk . We consider the following bounded functions of Qk

and Pk:

(11)Uk(a) = e
i
h̄
aQk , Vk(b) = e

i
h̄
bPk .

We can define a representation of the CCR as follows: for each k and l there
are two continuous, one-parameter groups {Uk(a), Vl(b)| a, b ∈ R} of unitary
operators acting on some separable Hilbert space H, such that[

Uk(a), Ul(b)
] = [

Vk(a), Vl(b)
] = 0,

Uk(a)Vl(b) = Vl(b)Uk(a) exp
i

h̄
abδkl .
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We now define the following unitary bounded operators

U(a) = e
i
h̄
aQ

, V (b) = e
i
h̄
bP

,

where aQ ≡∑n
k=1 akQk , bP ≡∑n

k=1 bkPk . Commutation relations (9) give

(12)U(a)V (b) = V (b)U(a)e
− i

h̄
ab

,

(13)U(a)U(a′) = U(a + a′), V (b)V (b′) = V (b + b′).
Here we use the Baker–Campbell–Hausdorff formula

eAeB = eA+Be
1
2 [A,B],

for A and B such that [[A,B], A] = [[A,B], B] = 0. The representation of CCR
in the exponential form (12) and (13) is called the Weyl system.

A Weyl system may be defined as a pair of unitary representations U(a) and
V (b) of two n-parameter commutative groups, which are weakly continuous and
satisfy the Weyl relations (12). For any such Weyl system there exists by Stone’s
theorem self-adjoint operators Qk and Pk such that equations (11) are valid. These
operators can be called the canonical variables of the system. The existence of a
Weyl system is clear from the existence of the following representation.

Since Q is self-adjoint, it generates a weakly continuous, one-parameter group
{U(a)|a ∈ R} of the unitary operators U(a) defined on L2(R) by(

U(a)Ψ
)
(q) = e

i
h̄
aq

Ψ (q).

We also consider the weakly continuous one-parameter group {V (b): b ∈ R} of
the unitary operators V (b) defined on L2(R) by(

V (b)Ψ
)
(q) = qΨ (q + b).

This is the Weyl’s form of the Schrödinger representation of the CCR.

DEFINITION. A Schrödinger kinematical representation of CCR on L2(Rn) is a
representation of operators U(a) and V (b) on the Hilbert space H = L2(Rn),
such that

(14)U(a)Ψ (q) = e
i
h̄
aq

Ψ (q), V (b)Ψ (q) = Ψ (q + b)

for all functions Ψ (q) = <q|Ψ > ∈ L2(Rn).

Using the Dirac’s notations, equations (14) give

(15)U(a)|q> = |q>e
i
h̄
aq

, V (b)|q> = |q − b>,

and

(16)<q|U(a) = e
− i

h̄
aq

<q|, <q|V (b) = <q + b|.
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The uniqueness problem can be reduced to the uniqueness of the representa-
tion of the CCR in Weyl’s form. This question is answered by the following von
Neumann theorem.

THEOREM (von Neumann). Let H be a separable Hilbert space, and {U(a)| a ∈
Rn} and {V (b): b ∈ Rn} be two weakly continuous n-parameter groups of unitary
operators acting on H, such that equations (12) and (13) hold for all a, b ∈ Rn.
Then a set {U(a), V (b)| a, b ∈ Rn} is unitary equivalent to a direct sum of the
Schrödinger kinematical representations.

This theorem states that each irreducible Weyl system for a quantum system
with n degrees of freedom is unitary equivalent to the Schrödinger kinematical
representation on L2(Rn). Any two irreducible representations of the Weyl sys-
tem are unitary equivalent.

For each Weyl system {U(a), V (b)| a, b ∈ Rn} there exists by Stone’s theorem,
the self-adjoint operators Qk and Pk , k = 1, . . . , n, such that

U(a) = exp
i

h̄
aQ, V (b) = exp

i

h̄
bP .

If U(a) and V (b) are weakly continuous with respect to ak and bk , then

Qk = −ih̄
∂U(a)

∂ak

, Pk = −ih̄
∂V (b)

∂bk

.

STONE’S THEOREM. Any strongly (or weakly) continuous unitary group {U(a):
a ∈ R} has the form U(a) = exp(iaQ), where Q is a uniquely defined self-adjoint
operator.

Let H be a Hilbert space. The strong continuity of {U(a): a ∈ R} means that

lim
a→0

∥∥U(a)x − x
∥∥
H = 0

for all x ∈ H. Note that U(a) is a unitary operator if <U(a)x|U(a)y> = <x|y>

for all x, y ∈ H.

Weyl algebra

The operators

W(a, b) = exp
i

h̄
(aQ+ bP )

are called the Weyl operators. For each Weyl system {U(a), V (b): a, b ∈ Rn},
W(a, b) = U(a)V (b)e

− i
2h̄

ab = V (b)U(a)e
i

2h̄
ab

.
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The Weyl operators satisfy the composition law

(17)W(a1, b1)W(a2, b2) = W(a1 + a2, b1 + b2)e
− i

2h̄
[a1b2−a2b1].

We refer to this law as the Weyl’s form of CCR. Using W(a, 0) = U(a),
W(0, b) = V (b), we obtain that equations (17) gives (13) and (12). Then equation
(17) summarizes relations (13) and (12) of the Weyl system.

We notice that as a consequence of the Weyl’s form of CCR the complex linear
space Wn of all finite linear combinations

(18)
m∑

i=1

ciW(ai, bi)

is stable under the product of any two its elements. Then it is an algebra, which
we refer to as the Weyl algebra. Using

(19)W ∗(a, b) = W(−a,−b), W ∗(a, b)W(a, b) = I,

it is not hard to prove that this algebra is stable with respect to the involution.
The ordinary operator norm provides the norm on Wn, which that becomes an
involutive normed algebra.

DEFINITION. A Weyl algebra Wn is a normed involutive algebra that is deter-
mined by relations (17) and (19).

Let B(H) be a C∗-algebra of all bounded operators on a Hilbert space H. Note
that Wn is a subalgebra of B(H). It is possible to construct a C∗-algebra, which
is generated by the Weyl’s form of CCR. An algebra M of observables is usually
defined as a smallest C∗-subalgebra of B(H), that contains {W(a, b): a, b ∈ Rn}.
The algebra M may also be defined as the set of all limits in the weak operator
topology of the algebra of all finite linear combinations (18). Then M is a closure
of Wn in the weak operator topology. Note that each state ω on this Weyl C∗-al-
gebra M is completely defined by the functions ωab = ω(W(a, b)). These are
the characteristic functions.

8.4. Weyl and Wigner operator bases

Weyl operator basis

The Weyl operators

(20)W(a, b) = e
i
h̄
(aQ+bP )
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can be considered as a basis for an operator space with the scalar product (A|B) =
Tr(A∗B). These operators are similar to the functions

(21)w(a, b) = exp i(aq + bp),

which form a generalized basis for the function space J (R2n) ⊂ L2(R2n) ⊂
J ∗(R2n) with the scalar product

(Ψ1, Ψ2) =
∫

dq dp Ψ ∗
1 (q, p)Ψ2(q, p).

It is not hard to prove that(
w(a, b),w(a′, b′)

) = (2π)2nδ(a − a′)δ(b − b′).

If A(q, p) ∈ L2(R2n), then there is

Ã(a, b) = 1

(2πh̄)n

∫
da db A(q, p)w(−a,−b),

such that

(22)A(q, p) = 1

(2πh̄)n

∫
da db Ã(a, b)w(a, b).

The Weyl operators W(a, b) can be considered as a Weyl quantization of w(a, b),
such that

π
(
w(a, b)

) = W(h̄a, h̄b).

From the definition of W(a, b), it immediately follows that

Tr
[
W(a, b)

] = (2πh̄)nδ(a)δ(b).

Taking the trace of the composition law

(23)W(a, b)W(a′, b′) = W(a + a′, b + b′) exp
i

2h̄
(ab′ − ba′),

we find

(24)Tr
[
W(−a,−b)W(a′, b′)

] = (2πh̄)nδ(a′ − a)δ(b′ − b).

Let us define the normalized Weyl operators by

W(a, b) = 1

(2πh̄)n/2
W(a, b).

STATEMENT. A set of all normalized Weyl operators forms an orthonormal op-
erator basis, such that(

W(a, b)|W(a′, b′)
) = δ(a′ − a)δ(b′ − b).
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This statement is proved by equation (24).

STATEMENT. Each orthonormal operator basis {W(a, b): a, b ∈ Rn} for a Li-
ouville space is a complete basis. A requirement of completeness of the basis gives
the relation

(
W(a, b)|A|W(a, b)

) = 1

(2πh̄)n
Tr[A].

PROOF.(
W(a, b)|A|W(a, b)

) = Tr
[
W ∗(a, b)AW(a, b)

]
= Tr

[
W(−a,−b)AW(a, b)

]
= Tr

[
AW(a, b)W(−a,−b)

]
= 1

(2πh̄)n/2
Tr
[
AW(0, 0)

] = 1

(2πh̄)n
Tr[A]. �

The requirement of completeness for the basis {W(a, b): a, b ∈ Rn} is similar
to the requirement for an operator basis {E(a): a ∈ R}, and it is of the form:

(
W(a, b)|A|W(a, b)

) = ∫
da db W(a, b)AW(a, b)

=
∫

da db

(2πh̄)n
W(a, b)AW(a, b) = Tr[A].

STATEMENT. If W(a, b) is a Weyl operator, then[
P k,W(a, b)

] = akW(a, b),
[
Qk,W(a, b)

] = bkW(a, b).

Let W(a, b) be a Weyl operator, and let M be an operator space. Then a wide
class of the bounded operator A ∈M can be uniquely expressed in the form

A = 1

(2πh̄)n

∫
da db Ã(a, b)W(a, b),

where Ã(a, b) is an integrable function of the real variables a, b ∈ Rn. This
is operator analog of the Fourier representation (22) of the function A(q, p) ∈
J (R2n).

The composition law expresses the product of two Weyl operators as a single
Weyl operator. This can be used to obtain the composition law for the function
C̃(a, b) associated with the operator C = AB in the terms of the functions
Ã(a, b), B̃(a, b) associated with the operators A, B. Express A, B, and C in terms
of W(a, b), and derive the expansion coefficients using the composition law (23).
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As a result, we obtain

(25)

C̃(a, b) = 1

h̄2n

∫
da′ db′ Ã(a′, b′)B(a − a′, b − b′) exp

−i

2h̄
(ab′ − ba′).

Using the variables s = a/h̄, t = b/h̄, we find

C̃(s, t) =
∫

ds′ dt ′ Ã(s′, t ′)B(s − s′, t − t ′) exp
−ih̄

2
(st ′ − ts′).

We notice that if h̄ = 0, we obtain the usual convolution expression as expected
for the Fourier coefficients.

Wigner operator basis

The Wigner basis is defined as

W(q, p) = 1

(2πh̄)n

∫
da db W(a, b) exp

−i

h̄
(aq + bp)

= 1

(2πh̄)n

∫
da db exp

i

h̄

(
a(Q− qI)+ b(P − pI)

)
.

This is the Wigner operator. In this basis the operator A(Q,P ) can be written

A(Q,P ) = 1

(2πh̄)n

∫
dq dpW(q, p)A(q, p).

We now establish the dual basis, and then specify the composition law. Using
the definition of W(q, p) in terms of W(a, b) and the expression for the trace of
W(a, b), we obtain

Tr
[
W(q, p)

] = 1,

Tr
[
W(q, p)W(q ′, p′)

] = (2πh̄)nδ(q − q ′)δ(p − p′).

Consequently W(q, p)/(2πh̄)n is a dual basis of W(q, p). The normalized
Wigner basis

W(q, p) = 1

(2πh̄)n/2
W(q, p)

is dual of itself, and(
W(q, p)|W(q ′, p′)

) = δ(q − q ′)δ(p − p′).

We can express the product of W(q, p) operators using the composition law (23):

W(q, p)W(q ′, p′) = 2n

(πh̄)n

∫
dq ′′ dp′′W(q ′′, p′′)J (q, p, q ′, p′, q ′′, p′′),
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where

J (q, p, q ′, p′, q ′′, p′′) = exp
−2i

h̄

(
p(q ′ − q ′′)− q(p′ − p′′)

+ (p′q ′′ − q ′p′′)
)
.

Note that the product of the Weyl operators is proportional to a single operator.
The product of two Wigner operators is a linear combination of an infinite number
of the Wigner operators.

This formula can be used to obtain the composition law for a function associ-
ated with the product of two operators, in terms of the functions associated with
the operators in the product. This way one finds that if C = AB, then

C(q, p) = 1

(πh̄)2n

∫
dq ′ dq ′′ dp′ dp′′A(q, p)B(q, p)

× J (q ′, p′, q ′′, p′′, q, p),

where we use

A(q, p) = (
W(q, p)|A(Q,P )

) = Tr
[
W(q, p)A(Q,P )

]
,

B(q, p) = (
W(q, p)|B(Q,P )

) = Tr
[
W(q, p)B(Q,P )

]
.

Let us find the operator W(q, p) in the q-representation. This is easily found
from the q-representation of the Weyl operator:

<q ′|W(a, b)|q ′′> = δ(b + q ′ − q ′′) exp

(
i

h̄
a
(q ′ + q ′′)

2

)
.

As a result, we obtain

<q ′|W(q, p)|q ′′> = δ

(
q − q ′ + q ′′

2

)
exp

i

h̄
p(q ′ − q ′′),

and A(q, p) can be written

A(q, p) =
∫

dq ′ dq ′′<q ′|W(q, p)|q ′′><q ′′|A|q ′>

=
∫

dx <q − 1

2
x|A|q + 1

2
x>e

i
h̄
xp

.

We note that A(q, p) will be real-valued function if A(Q,P ) is a self-adjoint
operator. In the special case, when A(Q,P ) is the density operator, we have the
usual definition of Wigner’s function

ρW(q, p) = 1

(2πh̄)n

∫
dx <q − 1

2
x|ρ|q + 1

2
x>e

i
h̄
xp

.



8.5. Differential operators and symbols 157

8.5. Differential operators and symbols

Let A be a linear operator on M ⊂ Rn.

DEFINITION. A linear differential operator is an operator A that is defined on
M ⊂ Rn and has the form

(26)A =
∑
|k|�m

ak(q)Dk, Dk = D
k1
1 D

k2
2 . . . Dkn

n , Dj = −i∂/∂qj ,

where k is a multi-index, i.e., k = (k1, . . . , kn), kj are integer numbers, |k| =
k1 + · · · + kn, and ak(q) are functions on M .

DEFINITION. A symbol of the linear differential operator (26) is the function

A(q, p) =
∑
|k|�m

ak(q)pk.

It is not hard to prove the following statement.

STATEMENT. The function A(q, p) defined by the equation

A(q, p) = e−iqpAeiqp

is the symbol of the operator A.

For Ψ (q) ∈ J (Rn), we define its Fourier transform Ψ̃ (p) by

(27)Ψ̃ (p) = 1

(2π)n/2

∫
e−iqpΨ (q) dq.

We also define the inverse Fourier transform

(28)Ψ (q) = 1

(2π)n/2

∫
eiqpΨ̃ (p) dp.

Differentiation of (28) with respect to qj gives

−i
∂

∂qj

Ψ (q) = 1

(2π)n/2

∫
eiqppj Ψ̃ (p) dp.

The application of the differential operator (26) to equation (28) gives

(29)AΨ (q) = 1

(2π)n/2

∫
eiqpA(q, p)Ψ̃ (p) dp,

where A(q, p) is the symbol of A. It is easy to see, that A(q, p) ∈ C∞(M ×Rn)

and A(q, p) is a polynomial in p. Substituting of (27) into (29), we obtain

(30)AΨ (q) = 1

(2π)n

∫∫
ei(q−y)pA(q, p)Ψ (y) dy dp.
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Equations (29) and (30) can be considered as a definition of the differential op-
erator, if A(q, p) is a polynomial in p. These equation make it possible to define
the operator A for a broad class of functions A(q, p). As a result, we obtain a
generalization of differential operator that is usually called the pseudodifferential
operator.

For example, if a symbol A(q, p) is such that A(q, p) ∈ C∞(M × Rn) and

(31)
∣∣∂k

p∂l
qA(q, p)

∣∣ � Ckl(1+ |p|)m−|k|
for certain fixed m and for all k and l, then equations (29) and (30) makes it
possible to define the pseudodifferential operator A.

We shall denote the space of all symbols A(q, p) ∈ C∞(M × Rn), which
satisfy inequality (31), by Sm. If A(q, p) is the polynomial of degree m, then (31)
is valid, and A(q, p) ∈ Sm. Another example of A(q, p) ∈ Sm is defined by the
Fourier transform of a smooth kernel. If a(x, y) ∈ C∞(M×M), then the integral
operator

(32)AΨ (q) =
∫

a(q, y)Ψ (y) dy,

can be presented in the form (29) or (30) with A(q, p) ∈ Sm. It is not hard to
prove this statement by the following transformations

AΨ (q) =
∫

a(q, y)Ψ (y) dy =
∫

a(q, y)

(
1

(2π)n/2

∫
eiypΨ̃ (p) dp

)
dy

= 1

(2π)n/2

∫
eiqp

(∫
ei(y−q)pa(q, y) dy

)
Ψ̃ (p) dp.

Using (29), we obtain

A(q, p) =
∫

ei(y−q)pa(q, y) dy.

Then A(q, p) for all fixed q is a Fourier transform of a(q, y) ∈ C∞(M ×M) up
to exp(−iqp).

DEFINITION. A canonical pseudodifferential operator of the order m on M is a
linear operator A, such that (29) holds for all A(q, p) ∈ Sm and Ψ (q) ∈ D(M).
This operator A is the linear mapping form a space D(M) into C∞(M).

If A(q, p) ∈ Sm and m < −n, then equation (30) gives (32) with

a(q, y) = 1

(2π)n

∫
ei(q−y)pA(q, p) dp.

The function a(q, y) is called the kernel of operator A.



8.6. Weyl quantization mapping 159

If the linear operator (32) is a mapping from D(M) into D∗(M), then its kernel
is a generalized function, KA(x, y) = a(x, y) ∈ D∗(M × M), such that the
equation

(33)<AΨ,Φ> = <KA,Φ ⊗ Ψ >

is valid for all Ψ ∈ D(M) and Φ ∈ D(M). Here D(M) is a space of all smooth
functions with compact support, and D∗(M) is a dual space of D(M).

SCHWARZ KERNEL THEOREM. For each continuous linear operator A :D(M)

→ D∗(M) there exists exactly one generalized function a(x, y) = KA(x, y) ∈
D∗(M ×M), such that A can be represented by equation (32) for all Ψ ∈ D(M).

Note that equation (33) is a rule that assigns to each kernel a(x, y) ∈ D∗(M ×
M) exactly one operator A from D(M) into D∗(M). The kernel a(x, y) is
uniquely defined by the operator A. Hence, we obtain the one-to-one correspon-
dence between the linear continuous operators A :D(M) → D∗(M) and the
generalized functions a(x, y) ∈ D∗(M × M). For example, if I is an identity
operator, then a(x, y) = δ(x − y) is the Dirac delta-function. The differential
operator (26) on M ⊂ Rn has the kernel

a(q, y) =
∑
|k|�m

ak(q)Dkδ(q − y).

8.6. Weyl quantization mapping

A quantization is a map that assigns to each classical observable A(q, p), which
is a real-valued function, exactly one quantum observable A(Q,P ), which is a
self-adjoint operator. Let us introduce Weyl quantization for classical observables
A(q, p). To do this, we consider the function A(q, p) given by the Fourier trans-
form according to the equation

A(q, p) = 1

(2π)n

∫
ds dt Ãc(s, t)e

i(sq+tp),

and

Ãc(s, t) = 1

(2π)n

∫
dq dp A(q, p)e−i(sq+tp).

Introducing, instead of s and t , the new integration variables a = h̄s, b = h̄t , and
Ã(a, b) = Ãc(a/h̄, b/h̄)/h̄n, we obtain

A(q, p) = 1

(2πh̄)n

∫
da db Ã(a, b)e

i
h̄
(aq+bp)

,
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and

(34)Ã(a, b) = 1

(2πh̄)n

∫
dq dp A(q, p)e

− i
h̄
(aq+bp)

.

Then A(Q,P ) = π(A(q, p)) can be defined by the formula

(35)A(Q,P ) = 1

(2πh̄)n

∫
da db Ã(a, b)e

i
h̄
(aQ+bP )

.

Using the Weyl operator (20), this equation can be presented in the form

A(Q,P ) = 1

(2πh̄)n

∫
da db Ã(a, b)W(a, b).

The operator A(Q,P ) called the Weyl (symmetric) ordered operator.
Substitution of (34) into (35) gives

A(Q,P ) = 1

(2πh̄)2n

∫
da db dq dp A(q, p)

(36)× exp
i

h̄

(
a(Q− qI)+ b(P − pI)

)
.

Note that this equation can be rewritten in the form

A(Q,P ) = 1

(2π)2n

∫
ds dt dq dp A(q, p) exp i

(
s(Q− qI)+ t (P − pI)

)
.

As a result, we obtain the one-to-one correspondence between the operators
A(Q,P ) and the functions A(q, p).

DEFINITION. A Weyl quantization is a mapping that assigns to each function
A(q, p) exactly one operator A(Q,P ), which is defined by equation (36).

We illustrate this notion in the following examples.

(1) If A(q, p) = qp, then A(Q,P ) = 1
2 (QP + PQ).

(2) If A(q, p) = q2p, then A(Q,P ) = (1/3)(Q2P +QPQ+ PQ2).
(3) If A(q, p) = q2p2, then A(Q,P ) = (1/4)(Q2P 2 + 2QP 2Q+ P 2Q2).

Note that QP 2Q = PQ2P .
There exist QP and PQ ordered maps:

AQP (Q,P ) = 1

(2πh̄)2n

∫
da db dq dp A(q, p)e

i
h̄
a(Q−qI)

e
i
h̄
b(P−pI)

,

APQ(Q,P ) = 1

(2πh̄)2n

∫
da db dq dp A(q, p)e

i
h̄
a(P−pI)

e
i
h̄
a(Q−qI)

.

For these maps, π(qp) gives QP and PQ. These operators are not self-adjoint
and cannot be considered as observables. Therefore QP and PQ ordered maps
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from a set of functions into a set of operators cannot be considered as a quantiza-
tion of observables. There exists natural requirement that must be satisfied by the
quantization: if A∗ = A, then [π(A)]∗ = π(A).

8.7. Kernel and symbol of Weyl ordered operator

Let a(q ′, q ′′) = <q ′|A|q ′′> be a kernel of A(Q,P ) in the coordinate represen-
tation, and let A(q, p) be a symbol of A(Q,P ). There exists a correspondence
between A(q, p) and a(q ′, q ′′). The kernel of A(Q,P ) is defined by the equation

a(q ′, q ′′) = <q ′|A|q ′′> =
∫

dp <q ′|A|p><p|q ′′>

(37)= 1

(2πh̄)n/2

∫
dp <q ′|A|p>e

− i
h̄
q ′′p

.

For QP -ordered operator A(Q,P ), we can use the relation

(38)<q ′|A(Q,P )|p> = A(q ′, p)<q ′|p> = A(q ′, p)
1

(2πh̄)n/2
e

i
h̄
q ′p

.

Substitution of this relation into (37), we obtain

a(q ′, q ′′) = 1

(2πh̄)n

∫
dp A(q ′, p)e

− i
h̄
(q ′′−q ′)p

.

It is not hard to prove that a(q ′, q ′′) is a Fourier transform of (38) with respect to
p and (q ′′ − q ′). Then

A(q, p) =
∫

dq ′′ a(q, q ′′)e
i
h̄
(q ′′−q)p

.

As a result, we obtain the correspondence between the kernel a(q ′, q ′′) =
<q ′|A|q ′′> and the symbol A(q, p) of the QP -ordered operator A.

To describe this correspondence for Weyl ordered operators, we use the Baker–
Campbell–Hausdorff formula

W(a, b) = e
i
h̄
(aQ+bP ) = e

i
h̄
aQ

e
i
h̄
bP

e
i

2h̄
ab

.

This is the QP -ordered form of W(a, b). Then the kernel of the Weyl operator
W(a, b) can be written in the form

<q ′|W(a, b)|q ′′> = <q ′|e i
h̄
(aQ+bP )|q ′′> = <q ′|e i

h̄
aQ

e
i
h̄
bP

e
i

2h̄
ab|q ′′>

= e
i
h̄
aq ′

<q ′|e i
h̄
bP |q ′′>e

i
2h̄

ab

= e
i
h̄
a(q ′+ 1

2 b)
δ(b + q ′ − q ′′)

= e
i
h̄
a 1

2 (q ′+q ′′)
δ(b + q ′ − q ′′).
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As a result, we obtain

a(q ′, q ′′) = 1

(2πh̄)n

∫
dp A

(
q ′ + q ′′

2
, p

)
e

i
h̄
(q ′−q ′′)p

.

Using the variables q = (q ′ + q ′′)/2, x = −(q ′ − q ′′), we rewrite this equation
in the form

a

(
q − 1

2
x, q + 1

2
x

)
= 1

(2πh̄)n

∫
dp A(q, p)e

− i
h̄
xp

.

Then

A(q, p) =
∫

dx a

(
q − 1

2
x, q + 1

2
x

)
e

i
h̄
xp

.

It can be easily verified that in this way, we obtain the one-to-one correspondence
between the kernel a(q ′, q ′′) and the symbol A(q, p) of the Weyl ordered operator
A(Q,P ).

8.8. Weyl symbols and Wigner representation

A Weyl quantization is a rule that assigns a self-adjoint operator A(Q,P ) to each
classical observable A(q, p) by the formula

A(Q,P ) = 1

(2πh̄)2n

∫
da db dq dp A(q, p)W(a, b)e

− i
h̄
(aq+bp)

.

If ρ is a density operator, then

<A(Q,P )> = Tr
[
ρA(Q,P )

]
=
∫

da db dq dp

(2πh̄)2n
A(q, p)e

− i
h̄
(aq+bp) Tr

[
ρW(a, b)

]
.

If ρ and A are Weyl ordered operators, then the trace of ρA has the form

Tr[ρA] = 1

(2πh̄)n

∫
dq dp ρ(q, p)A(q, p),

where ρ(q, p) and A(q, p) are the Weyl symbols of ρ and A. As a result, we
obtain

ρ(q, p) = 1

(2πh̄)n

∫
da db e

− i
h̄
(aq+bp) Tr

[
ρW(a, b)

]
.

DEFINITION. A characteristic function is an expectation value of the Weyl oper-
ator W(a, b), i.e.,

ω
(
W(a, b)

) = <W(a, b)> = (
ρ|W(a, b)

) = Tr
[
ρW(a, b)

]
.
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STATEMENT. The Weyl operator W(a, b) can be presented in the form

(39)W(a, b) =
∫
|q ′ − 1

2
b>dq ′ e

i
h̄
aq ′

<q ′ + 1

2
b|.

PROOF. Using (15) and (16), it is not hard to prove this statement:

W(a, b) = e
ı
h̄
(aQ+bP ) = e

ı
h̄
aQ

e
ı
h̄
bP

e
ı

2h̄
ab

=
∫

dq dp |q><q|e ı
h̄
aQ

e
ı
h̄
bP |p><p|e ı

2h̄
ab

= e
ı

2h̄
ab

∫
dq dp |q>e

ı
h̄
aq

<q|p>e
ı
h̄
bp

<p|

= e
ı

2h̄
ab

∫
dq dp dq ′ |q>e

ı
h̄
(aq+bp)

<q|p><p|q ′><q ′|

= e
ı

2h̄
ab 1

(2πh̄)n

∫
dq dp dq ′ |q>e

ı
h̄
(aq+bp+qp−pq ′)

<q ′|

= e
ı

2h̄
ab

∫
dq dq ′ |q>e

ı
h̄
aq

<q ′| 1

(2πh̄)n

∫
dp e

ı
h̄
(b+q−q ′)p

= e
ı

2h̄
ab

∫
dq dq ′ |q>e

ı
h̄
aq

<q ′|δ(b + q − q ′)

= e
ı

2h̄
ab

∫
dq |q>e

ı
h̄
aq

<b + q|.

Using q = q ′ − (1/2)b, we obtain (39). �

Let A = A(Q,P ) be a self-adjoint operator. A Weyl symbol of A is the function

(40)A(q, p) =
∫

dx <q − 1

2
x|A|q + 1

2
x>e

i
h̄
xp

.

Equation (40) describes a map from a set of operators into a set of symbols
A(q, p) = symb(A(Q,P )). It is not hard to prove the following relations

<q|A(Q,P )|q> = 1

(2πh̄)n

∫
dp A(q, p),

<p|A(Q,P )|p> = 1

(2πh̄)n

∫
dq A(q, p),

Tr[A] =
∫

dq<q|A|q> = 1

(2πh̄)n

∫
dq dp A(q, p).
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DEFINITION. Let ρ be a density operator. A Wigner distribution function is a
Weyl symbol of ρ/(2πh̄)n, which is defined by Fourier transformation of nondi-
agonal elements of the kernel <x|ρ|y>:

(41)ρW(q, p) = 1

(2πh̄)n

∫
dy <q − 1

2
y|ρ|q + 1

2
y>e

i
h̄
yp

.

Equation (41) is a special case of (40) for A = ρ/(2πh̄)n. As a result, ρW(p, q)

is a symbol of the operator ρ/(2πh̄)n.
The Wigner distribution function satisfies to the following properties:

(1) ρW(p, q) is a real-valued function.
(2) If we integrate the Wigner function over p, or q, we obtain the probability

density for the coordinate q, or the momentum p:∫
dp ρW(p, q) = <q|ρ|q>,

∫
dq ρW (p, q) = <p|ρ|p>.

(3) Integration of the Wigner function over q and p gives a unit:∫∫
dq dp ρW(p, q) = Tr[ρ] = 1.

(4) The Wigner function is not a positive defined function.
(5) The estimate |ρW(q, p)| � 1/(πh̄)n is valid for the Wigner function.

Using the Wigner distribution function (41), the expectation value <A> =
Tr[ρA] can be written in the form

(42)<A> =
∫

dp dq A(p, q)ρW (p, q),

where A(p, q) is a symbol of the Weyl ordered operator A. It allows us to for-
mulate quantum mechanics in the form, which is similar to classical mechanics.
We may be interested in the expectation values of certain powers of A. For ex-
ample, the mean square of an observable A is the expectation <A2>. In general,
the operator A2 is not in the Weyl ordered form, so that equation (42) cannot be
directly applied to it. If, however, we bring it into Weyl ordered form by means of
the commutation relations to find its Weyl symbol, then symb(A2) �= (symb A)2.
Therefore,

<A2> �=
∫

dp dq
(
A(p, q)

)2
ρW(p, q).

Let A and B be Weyl ordered operators, and let C = AB. Then

(43)CW(p, q) = AW(p, q)

(
exp− ih̄P

2

)
BW(p, q),
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where

P = ←−
∂p
−→
∂q −←−

∂q
−→
∂p, AW(p, q)

←−
∂p
−→
∂qBW(p, q) = ∂pAW∂qBW ,

and AWPBW = −{AW,BW }. Equation (43) gives

symb(AB) �= symb(A)symb(B).

Using (43), we obtain the following Weyl symbols for the Lie and Jordan multi-
plications

(A · B)W (p, q) = −2

h̄
AW (p, q)

(
sin

h̄P
2

)
BW(p, q),

(A ◦ B)W (p, q) = AW(p, q)

(
cos

h̄P
2

)
BW(p, q).

Then

symb(A · B) �= symb(A) · symb(B),

symb(A ◦ B) �= symb(A) ◦ symb(B).

Note that these inequalities are connected with the following properties of the
Weyl quantization

π(A · B) �= π(A) · π(B), π(A ◦ B) �= π(A) ◦ π(B)

for some A = A(q, p) and B = B(q, p).

8.9. Inverse of quantization map

Let A be a self-adjoint operator. The equation

(44)A(q, p) = symb(A)(q, p) =
∫

dx <q − 1

2
x|A|q + 1

2
x>e

i
h̄
xp

describes a map symb from a set of operators into a set of functions (of symbols).
This map is inverse of π : symb = π−1. Using the operator

P(q, p) =
∫

dy |p − 1

2
y>e

i
h̄
yq

<p + 1

2
y|

equation (44) can be rewritten in the form

A(q, p) = Tr
[
P(q, p)A

]
.

The Weyl symbol of P(q, p) is(
P(q, p)

)
W

(q ′, p′) = (2πh̄)nδ(q − q ′)δ(p − p′).
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As a result, symb assigns to the operator P(q, p) a Dirac delta-function.
We introduce new, more compact notations. Let z = q, p be a point of phase

space, and dz = (2πh̄)−n dq dp be an elementary volume element. The following
properties of P(z) are satisfied.

(1)
∫

dzP (z) = I , or (I |P(z)) = Tr[P(z)] = 1.
(2) P ∗(z) = P(z).
(3) (P (z)|P(z′)) = δ(z− z′), or (P (z))W (z′) = δ(z− z′).
(4) AW(z) = (P (z)|A).

Here a Weyl symbol of A is a scalar product of A and P(q, p), i.e., AW(z) =
(P (z)|A).

There is the Dirac’s notation |z) for P(z) that can be used. Then the following
properties of the ket-vectors |z) = |P(z)) are satisfied:

(1)
∫ |z)dz(z| = I .

(2) (I |z) = 1.
(3) (z|z′) = δ(z− z′).
(4) AW(z) = (z|A).

The scalar product (A|B) = Tr[A∗B] can be presented by

(A|B) =
∫

dz A∗W(z)BW (z).

As a result, the operators P(q, p) form an operator basis.

8.10. Symbols of operators and Weyl quantization

Quantization and symbols

Setting quantization in kinematics means establishing a general rule assigning a
quantum observable A(Q,P ) to each classical observable A(q, p) which is a real-
valued function on the phase space. Here a quantum observable is a self-adjoint
operator on a Hilbert space H. The function A(q, p) itself is called in this case
the symbol of the operator A(Q,P ).

Consider a system with n degrees of freedom, such that the phase space is
the space R2n. We can set H = L2(Rn) and make correspond to the function
qk , the operator Qk of multiplication by qk and to the function pk , the operator
Pk = −ih̄∂qk

:

π(qk) = Qk, π(pk) = Pk.

In general, quantization is not uniquely defined by this correspondence. For exam-
ple, the product q2

k p2
k can be associated with the self-adjoint operators PkQ

2
kPk ,
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or (1/2)(Q2
kP

2
k + P 2

k Q2
k) or also (1/4)(Q2

kP
2
k + 2PkQ

2
kPk + P 2

k Q2
k). These cor-

respond to different quantizations and different ordering rules. Note that

1

2

(
Q2

kP
2
k + P 2

k Q2
k

) = PkQ
2
kPk − h̄2I.

1

4

(
Q2

kP
2
k + 2PkQ

2
kPk + P 2

k Q2
k

) = PkQ
2
kPk − h̄2

2
I.

The simplest operators in L2(Rn) are differential operators with polynomial
coefficients

(45)A(Q,P ) =
∑

|a|,|b|�m

cabQ
aP b =

∑
|a|,|b|�m

cabq
a(−ih̄∂q)b,

where cab are constants, a and b are multi-indices (a = (a1, . . . , an), |a| =
a1 + · · · + an), and Qa = Q

a1
1 · · ·Qan

n , P b = P
b1
1 · · ·P bn

n . The operators
A(Q,P ) of the form (45) are, in a sense, dense in the set of all the operators
on L2(Rn). Therefore, the symbols with a reasonably defined continuous depen-
dency on a set of operators must be uniquely defined by the action on the operators
of the form (45). This implies that the correspondence between operators and
symbols is completely defined by the formulas expressing the symbols of the op-
erators QkA(Q,P ), A(Q,P )Qk , PkA(Q,P ), A(Q,P )Pk in terms of the symbol
A(q, p) of the operator A(Q,P ). This quantization is called linear if the formulas
have linear differential operators.

DEFINITION. A linear quantization is a semi-quantization that is defined by the
formulas:

QkA(Q,P ) ↔ L(1)
qk

A(q, p), A(Q,P )Qk ↔ L(2)
qk

A(q, p),

PkA(Q,P ) ↔ L(3)
pk

A(q, p), A(Q,P )Pk ↔ L(4)
pk

A(q, p),

where L
(1)
qk

, L
(2)
qk

, L
(3)
pk

, L
(3)
pk

are linear differential operators of the first order with
constant coefficients:

L(m)
qk
=

n∑
l=1

(
a

(m)
kl ql + b

(m)
kl pl + c

(m)
kl ∂ql

+ h
(m)
kl ∂pl

)
(m = 1, 2),

L(m)
pk
=

n∑
l=1

(
a

(m)
kl ql + b

(m)
kl pl + c

(m)
kl ∂ql

+ h
(m)
kl ∂pl

)
(m = 1, 2).

The matrices a
(s)
kl , b

(s)
kl , c

(s)
kl , h

(s)
kl , where s = 1, 2, 3, 4, are not arbitrary. They

must be satisfied the relations resulting from the canonical commutation rela-
tions (9).



168 Chapter 8. Quantization in Kinematics

Symmetric product and Jordan multiplication

To describe the Weyl quantization, we first introduce the symmetric product of
noncommuting operators.

DEFINITION. The symmetric product (A
k1
1 · · ·Akn

n )s of noncommuting operators

A
k1
1 , . . . , A

kn
n is defined by the formula

(46)

(a1A1 + · · · + anAn)
k =

∑
k1+···+kn=k

k!
k1! · · · kn!a

k1
1 · · · akn

n

(
A

k1
1 · · ·Akn

n

)
s
,

where ak ∈ C, and the sum is taken over all the sets (k1, . . . , kn).

As a result, (Ak1 · · ·Ak1)s is the coefficient of k!/(k1! · · · kn!)ak1
1 · · · akn

n of the
expansion (46).

In the case of n = 2 and A1 = Q, A2 = P , equation (46) gives

(aQ+ bP )k =
∑

l+m=k

k!
l!m!a

lbm
(
QlP m

)
s
.

For example,

(QP )s = 1

2
(QP + PQ),

(
Q2P

)
s
= 1

3

(
Q2P +QPQ+ PQ2).

The notation of the symmetric product (QlP k)s is somewhat ambiguous since it
is impossible to denote Ql (or P k) by one letter. For example, (Q2P)s �= (AP )s
for A = Q2.

Consider now an associative algebra generated by finite linear combinations
and finite powers of operators Q, P , where QP−PQ = ih̄I . Then the symmetric
product (QlP m)s can be presented through the Jordan multiplication A ◦ B =
(1/2)(AB +BA). In general, this multiplication is not associative, i.e., (A ◦B) ◦
C �= A ◦ (B ◦ C).

THEOREM. The symmetric product (QlP m)s is an operator monomial with re-
spect to the Jordan multiplication such that all the left brackets “(” are more to
the left of all right brackets “)”. All the right brackets “)” more to the right of left
“(”. (

QlP m
)
s
= (

Q ◦ (· · · ◦ (P ◦ (P ◦ P)
) · · ·))

= ((· · · ((Q ◦Q) ◦Q
) ◦ · · ·) ◦ P

)
.

For the case of k = l = 2,(
Q2P 2)

s
= (

Q ◦ (Q ◦ (P ◦ P)
))

.
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Moreover, we have(
Q ◦ (Q ◦ (P ◦ P)

)) = (
Q ◦ (P ◦ (Q ◦ P)

)) = (
P ◦ (P ◦ (Q ◦Q)

))
,

and (
Q ◦ (Q ◦ (P ◦ P)

)) = (
(P ◦ P) ◦Q

) ◦Q = (
(Q ◦ P) ◦Q

) ◦ P.

The symmetric product (QlP m)s is an element of an operator Jordan algebra with
the left brackets on the left of the right brackets. Note that(

Q2P 2)
s
�= (Q ◦Q) ◦ (P ◦ P),

(
Q2P 2)

s
�= (Q ◦ P) ◦ (Q ◦ P).

As a result, the symmetric multiplication is defined by Jordan left multiplica-
tions by Q and P . Suppose MW is a set of all Weyl ordered self-adjoint operators.
For A(Q,P ) ∈MW , let L+Q and L+P be the maps given by

(47)L+QA(Q,P ) = Q ◦ A(Q,P ), L+P A(Q,P ) = P ◦ A(Q,P ).

We can think of L+Q and L+P as meaning Jordan left multiplications by Q and P .
Note that

L+QL+P = L+P L+Q.

Let us give the important statement regarding symmetric multiplications of oper-
ators.

STATEMENT. The symmetric multiplication (QlP m)s is expressed by(
QlP m

)
s
= (

L+Q
)l(

L+P
)m

I,

where I is the identity operator.

Let MW be a set of all Weyl ordered self-adjoint operators. Then L+Q and L+P
are maps from MW into itself. A superoperator is a map from an operator set
MW into itself. Then the maps L+Q and L+P are superoperators on MW .

Weyl ordered operators and Weyl symbols

Let us consider the polynomial

(48)A(q, p) =
∑

|a|,|b|�m

cabq
apb,

and put in correspondence to it the operator

(49)A(Q,P ) =
∑

|a|,|b|�m

cab

(
Q

a1
1 P

b1
1

)
s
· · · (Qan

n P bn
n

)
s
,
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where (Q
ak

k P
bk

k )s are the symmetric product

(
Q

ak

k P
bk

k

)
s
= (

L+Qk

)ak
(
L+Pk

)bk I.

Then A(Q,P ) is called the Weyl ordered operator, and A(q, p) is called the Weyl
symbol of the operator A(Q,P ).

Let us introduce Weyl symbols for more general operators. To do this, we con-
sider a function A(q, p) given by the Fourier transform

A(q, p) = 1

(2πh̄)n

∫
da db Ã(a, b) exp

i

h̄
(aq + bp),

where a, b ∈ Rn. Then the operator A(Q,P ) with the symbol A(q, p) is given
by the equation

A(Q,P ) = 1

(2πh̄)n

∫
da db Ã(a, b) exp

i

h̄
(aQ+ bP ).

It is not hard to prove that this agrees with (49). Representing the exponential
in the series form

W(a, b) = exp
i

h̄
(aQ+ bP ) =

∞∑
k=0

ik

h̄kk! (aQ+ bP )k,

we see that it suffices to verify that the Weyl quantization of (aq + bp)k gives the
operator (aQ+ bP )k , i.e.,

π
(
(aq + bp)k

) = (aQ+ bP )k.

To do this, we use the equation

(aq + bp)k =
∑

k1+···+kn=k

k!
k1! · · · kn! (a1q1 + b1p1)

k1 · · · (anqn + bnpn)
kn .

In this equation we can substitute qk for Qk and pk for Pk , since the operators
akQk + bkPk and alQl + blPl commute. It now sufficient to prove that

π
(
(akqk + bkpk)

m
) = (akQk + bkPk)

m,

which is obvious from the definition of symmetric product.
The Weyl quantization of (48) gives the Weyl ordered operator (49). It can be

easily verified that in this way, we obtain the one-to-one correspondence between
the polynomials (48), and the Weyl ordered operator (49). We can extend this cor-
respondence to functions and operators of a more general form. For this purpose,
we formulate the following theorem.
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STATEMENT. If the operator A(Q,P ) corresponds to the polynomial A(q, p),
then we have the correspondences

QkA(Q,P ) ↔
(

qk + ih̄

2

∂

∂pk

)
A(q, p),

A(Q,P )Qk ↔
(

qk − ih̄

2

∂

∂pk

)
A(q, p),

PkA(Q,P ) ↔
(

pk − ih̄

2

∂

∂qk

)
A(q, p),

A(Q,P )Pk ↔
(

pk + ih̄

2

∂

∂qk

)
A(q, p).

If A(q, p) is a polynomial, then to prove this theorem it is sufficient to verify
the formulas for the monomials A(q, p) = qapb, which is not difficult to perform
by induction on ak and bk .

Let us derive the kernel of a Weyl ordered operator A(Q,P ) with the sym-
bol A(q, p). For this purpose, we calculate explicitly the action of the opera-
tor W(a, b) = exp(i/h̄)(aQ + bP ) in the coordinate representation, i.e., for
QkΨ (q) = qkΨ (q), and PkΨ (q) = −ih̄∂Ψ (q)/∂qk in L2(Rn). As a result,
we obtain

A(Q,P )Ψ (q) = 1

(2πh̄)n

∫
dy dp A

(
q + y

2
, p

)
e

i
h̄
(q−y)p

Ψ (y).

This is the equation that defines the action of the Weyl ordered operator A(Q,P )

having the symbol A(q, p). Using (32), the kernel of this operator is

(50)a(x, y) = 1

(2πh̄)n

∫
dp A

(
x + y

2
, p

)
exp

{
i

h̄
(x − y)p

}
.

Thus a(x, y) is obtained as the Fourier transform p → (x − y) of the function
A((x + y)/2, p). Using the inversion formula, we obtain

(51)A(q, p) =
∫

dz a(q − z/2, q + z/2) exp
i

h̄
pz.

One of the advantages of Weyl ordering over other orderings is that the Weyl
symbol A(q, p) of the Weyl ordered operator A(Q,P ) is related to the Weyl
symbol A∗(q, p) of the operator A∗(Q, P ) by the simple formula

A∗(q, p) = A∗(q, p),

which is a consequence of (51). In particular, real-valued Weyl symbols A(q, p)

correspond to self-adjoint Weyl ordered operators A(Q,P ).



172 Chapter 8. Quantization in Kinematics

Composition formula for Weyl symbols

Let A(Q,P ) and B(Q,P ) be Weyl ordered operators. In the general case,
A(Q,P )B(Q,P ) is not a symmetric product, and symb(AB) �= symb(A)symb(B).
We now derive the composition formula for Weyl symbols. To do this, we
use equations (50) and (51). The kernel c(x, y) of the operator C(Q,P ) =
A(Q,P )B(Q,P ) is expressed in terms of the kernels a(x, y), b(x, y) of the
operators A(Q,P ) and B(Q,P ) by the equation

c(x, y) =
∫

dz a(x, z)b(z, y).

Using

a(x, z) = 1

(2πh̄)n

∫
dp1 A

(
x + z

2
, p1

)
exp

i

h̄
(x − z)p1,

b(z, y) = 1

(2πh̄)n

∫
dp2 B

(
z+ y

2
, p2

)
exp

i

h̄
(z− y)p2,

we obtain

c(x, y) = 1

(2πh̄)2n

∫
dz dp1 dp2

× e
i
h̄
[(x−z)p1+(z−y)p2]A

(
x + z

2
, p1

)
B

(
z+ y

2
, p2

)
.

Equation (51) can be rewritten as

C(q, p) = 2n

∫
ds c(q − s, q + s) exp

2i

h̄
ps.

Therefore the Weyl symbol C(q, p) of the operator C(Q,P ) has the form

C(q, p) = 1

2n(πh̄)2n

∫
dp1 dp2 dz ds A

(
q − s + z

2
, p1

)

× B

(
q + s + z

2
, p2

)
exp

i

h̄

[
(q − s − z)p1 − (q + s − z)p2 + 2sp

]
.

Introducing, instead of z and s, the new integration variables

q1 = 1

2
(q − s + z), q1 = 1

2
(q + s + z),

and taking into account the value 2−n of the Jacobian, we obtain

C(q, p) = 1

(2πh̄)2n

∫
dp1 dp2 dq1 dq2 A(q1, p1)

(52)× B(q2, p2) exp
i

h̄

[
(q1 − q2)p1 + (q1 − q)p2 + (q2 − q1)p

]
.
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This is the so-called composition formula for Weyl symbols. Equation (52) can be
rewritten as

C(q, p) =
[
A

(
q + ih̄

2

∂

∂p2
, p − ih̄

2

∂

∂q2

)
B(q2, p2)

]
q2=q,p2=p

.

Expanding A in this equation into a Taylor series at the point (q, p), we obtain
the formal equality

C(q, p) =
∞∑
a,b

(−1)|b|

a!b!
(

ih̄

2

)|a+b|[
∂a
q ∂b

pA(q, p)
][

∂b
q ∂a

pB(q, p)
]
,

where the sum is taken over all pairs of multi-indices a, b. This equation can be
rewritten as

C(q, p) =
(

exp

{
ih̄

2
P12

}[
A(q1, p1)B(q2, p2)

])
q1=q2=q
p1=p2=p

,

where

P12 = ∂2

∂q1∂p2
− ∂2

∂q2∂p1
,

∂2

∂q∂p
=

n∑
k=1

∂2

∂qk∂pk

.

From (50) it follows that the trace of an operator A(Q,P ) is expressed in terms
of the Weyl symbol A(q, p) by the equation

(53)Tr
[
A(Q,P )

] = ∫
dx a(x, x) = 1

(2πh̄)n

∫
dq dp A(q, p).

If we have two Weyl ordered operators A(Q,P ), B(Q,P ) with Weyl symbols
A(q, p), B(q, p), then we obtain from (53) the formula

(A|B) = Tr[A∗B] = 1

(2πh̄)n

∫
dq dp A∗(q, p)B(q, p),

where A∗(q, p) is the Weyl symbol of A∗(Q, P ). The norm ‖A(Q,P )‖2 of an
operator A(Q,P ) is expressed in terms of its Weyl symbol by the equation

∥∥A(Q,P )
∥∥

2 =
1

(2πh̄)n

∫
dq dp |A(q, p)|2.

We see that A(Q,P ) is a Hilbert–Schmidt operator if and only if A(q, p) ∈
L2(R2n).
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8.11. Generalization of Weyl quantization

The general form of the quantization map

Let us consider canonical coordinates q, p and the corresponding operators Q, P .
For an exponential function of q and p, we can define a correspondence rule in
the following general form

π

(
exp

i

h̄
(aq + bp)

)
= WF (a, b) = F(a, b) exp

i

h̄
(aQ+ bP ),

where F(a, b) is a function of the auxiliary variables a, b. The function F(a, b)

defines the ordering rule.
There exist a natural requirement that must be satisfied by the quantization

π : A(q, p) → A(Q,P ). This map must be a rule that assigns a self-adjoint op-
erator to each real-valued function. Then

(54)F ∗(a, b) = F(−a,−b).

Note that QP -ordered map has F(a, b) = exp(iab/2) and requirement (54) is
not satisfied. The following are examples of some quantizations.

(1) The Weyl quantization F(a, b) = 1.
(2) The Rivier quantization F(a, b) = cos(ab/2h̄).
(3) The Born–Jordan quantization F(a, b) = 2h̄/(ab) sin(ab/2h̄).

We can describe the general form of quantization directly. The operator
AF (Q,P ) that corresponds to a function A(q, p) is given by the formula

AF (Q,P ) = 1

(2πh̄)2n

∫
da db dq dp A(q, p)F (a, b)

× exp
i

h̄

(
a(Q− qI)+ b(P − pI)

)
.

This is a generalization of the Weyl quantization (36).

Basis operators

Consider a set of all self-adjoint operators that are operator functions of Q and P .
We can multiply them with scalars, and we can add them together. Thus, they
form a linear operator space M. In this case, we must find a complete basis for
this operator space. If we have an operator basis, then we can write any operator
as a linear combination of the basis. The expansion coefficients are the functions
associated with the operators.
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All bases always depend on Q, P . Suppose B(a, b,Q, P ) is a basis for M.
This basis is enumerated by the variables a, b. Then

A(Q,P ) =
∫

da db B(a, b,Q,P )A(a, b),

where the expansion coefficients A(a, b) are the associated functions. As a re-
sult, we write any operator A(Q,P ) as a linear combination of a set of operators
B(a, b,Q, P ) which form a basis set.

Let M∗ be a set of all linear functionals on M. For any A ∈M and β ∈M∗,
we shall denote by (β|A) the value of the functional β at the element A. The pair
β(a, b,Q, P ) ∈M∗, B(a′, b′,Q, P ) ∈M is called the biorthogonal system if(

β(a, b,Q, P )|B(a′, b′,Q, P )
) = δ(a − a′)δ(b − b′).

The basis β(a, b,Q, P ) is called the dual basis of B(a′, b′,Q, P ). In general,
the basis |B(a, b,Q, P )) must have a dual basis β(a, b,Q, P ). If there exists the
scalar product (A|B) = Tr[A∗B], then β(a, b,Q, P ) should be defined by an
operator Bβ(a, b,Q,P ) ∈M such that

Tr
[
B∗β(a, b,Q, P )B(a′, b′,Q, P )

] = δ(a − a′)δ(b − b′).

Note that

Tr[AC] =
∫

da db A(a, b)C∗(a, b),

where A,C ∈M, and

A(a, b) = Tr
[
B(a, b,Q,P )A(Q,P )

]
,

C∗(a, b) = Tr
[
B∗β(a, b,Q, P )C(Q,P )

]
.

As particular examples of the basis B(a, b,Q, P ), we have the following oper-
ators.

(a) The Weyl basis:

(55)B(a, b,Q, P ) = W(a, b) = 1

(2πh̄)n/2
exp

i

h̄
(aQ+ bP ).

(b) The Wigner basis

B(q, p,Q,P ) =W(a, b)

= 1

(2πh̄)n/2

∫
da db W(a, b) exp

−i

h̄
(aq + bp)

= 1

(2πh̄)n

∫
da db exp

i

h̄

(
a(Q− qI)+ b(P − pI)

)
.

This basis is a Fourier transform of the Weyl basis (55).
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(c) The generalized Weyl basis:

B(a, b,Q, P ) = F(a, b)W(a, b).

(d) The generalized Wigner basis:

B(q, p,Q,P )

= 1

(2πh̄)n/2

∫
da db W(a, b)F (a, b) exp

−i

h̄
(aq + bp)

= 1

(2πh̄)n

∫
da db F(a, b) exp

i

h̄

(
a(Q− qI)+ b(P − pI)

)
.

This basis is a Fourier transform of W(a, b)F (a, b).
(e) The Rivier basis is a generalized Weyl basis with the function F(a, b) =

cos(ab/2h̄), and the Born–Jordan basis is defined by F(a, b) = (2h̄/ab)

sin(ab/2h̄).

If B(a, b,Q, P ) is a generalized Weyl basis, then

Bβ(a, b,Q,P ) = 1

F(a, b)
W(a, b)

is dual of B(a, b,Q, P ). Then the function F(a, b) should be such that F(a, b) �=
0 for all a ∈ Rn and b ∈ Rn. If F(a, b) = 0 for some points (a, b) ∈ R2n, then
the generalized Weyl basis do not lead to a correct basis, since the basis have no
dual.

If we introduce new bases, then we can introduce new ordering since each new
basis corresponds to a new ordering. However, not all orderings are suitable for
the generation of a basis, since we may not be able to construct the dual basis. For
example, the Rivier basis is an operator basis such that there is no dual basis due
to the zeros in the cosine factor. Another basis which has the same problem is the
Born–Jordan basis. Again no dual basis exists because of the zeros in the function
F(a, b). As a result, the Rivier and Born–Jordan basis are not correct bases.

As a result, we have a restriction for F(a, b) used in the definition of the gen-
eralized Weyl basis. The function F(a, b) can have no zeros on the finite real
a, b axis. Each new choice of F(a, b) which satisfies the above conditions will
generate a new basis, a new ordering, and a new quantization.

In general, quantum analogs of classical notions are not “covariant”. For exam-
ple, the commutator is just a Poisson bracket in lowest order with respect to h̄.
The correction terms of higher order in h̄ depend on the choice of basis and hence
are not unique [11]. Of course the higher order terms become unique once an op-
erator basis is chosen. As a result, the correction terms to Poisson brackets are
not “covariant” notion. It then makes no sense in the abstract to ask what are the
quantum corrections to Poisson brackets without specifying the operator basis.
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Wavelets quantization

A wavelet is a kind of function used to divide a given function into different com-
ponents and study each component with a resolution that matches its scale. The
wavelets are scaled and translated copies of a fast-decaying oscillating function
(known as the “mother wavelet”). A wavelet transform is the representation of
a function by wavelets. In formal terms, this representation is a wavelet series
representation of a square integrable function with respect to either a complete,
orthonormal set of basis functions for the Hilbert space of square integrable
functions. Wavelet transforms have advantages over usual Fourier transforms for
representing functions that have discontinuities and sharp peaks.

Let Ψ (x) be a square-integrable function on R, i.e., Ψ (x) ∈ L2(R). For A,B ∈
L2(R), we use the scalar product

(A,B) =
∫

dx A∗(x)B(x).

We can define the following two-parameter family of wavelets by using transla-
tions and dilations

Ψa,b(x) = |a|−1/2Ψ

(
x − b

a

)
,

where a, b ∈ R, and a �= 0. The suggested normalization of Ψa,b(x) such that∥∥Ψa,b(x)
∥∥

2 =
∥∥Ψ (x)

∥∥
2,

where ‖A(x)‖2 = √(A,A). The functions Ψa,b(x) are called the wavelets, and
Ψ (x) is a mother wavelet. For example, the Mexican hat wavelet

Ψ (x) = 1√
2π

(
1− x2) exp

(−x2/2
)

is the normalized second derivative of a Gauss function.
The continuous wavelet transform is the function

T (a, b) = (
Ψa,b(x), A(x)

) = ∫
R

dx Ψ ∗
a,b(x)A(x)

= |a|−1/2
∫
R

dx Ψ

(
x − b

a

)
A(x).

The magnitude of T (a, b) is called the scaleogram. The inverse wavelet transform
is defined by

A(x) = C−1
Ψ

∞∫
0

da

a

∫
R

db T (a, b)Ψa,b(x),
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where CΨ is defined by the admissibility condition

CΨ = 2π

∫
dy

|y|
∣∣Ψ̃ (y)

∣∣2 < ∞.

Here Ψ̃ (y) is a Fourier transform of Ψ (x). In many cases, this condition is equiv-
alent to∫

dx Ψ (x) = 0.

If A ∈ L2(R), then

∞∫
0

da

a2

∫
R

db
∣∣T (a, b)

∣∣2 = ∫
dx

∣∣A(x)
∣∣2.

Let Ψ ∈ L2(R
2n) and Ψ (q, p) = Ψ (q2 + p2),

q2 = q2
1 + · · · + q2

n, p2 = p2
1 + · · · + p2

n.

Then Ψ̃ (y) = Ψ̃ (|y|), and

Ψa,b(q, p) = |a|−nΨ

(
q − b

a
,
p − b

a

)
,

where a > 0, and b ∈ R2n. If A(q, p) ∈ L2(R
2n) is a classical observable, then

the continuous wavelet transform is the function

(56)T (a, b) = (
Ψa,b(q, p),A(q, p)

) = ∫
R2n

dq dp Ψ ∗
a,b(q, p)A(q, p).

The inverse wavelet transform for L2(R
2n) is defined by

A(q, p) = C−1
Ψ

∞∫
0

da

an+1

∫
R2n

db T (a, b)Ψa,b(q, p).

The admissibility condition is

CΨ = (2π)2n

∞∫
0

dy

y

∣∣Ψ̃ (y)
∣∣2 <∞.

Let us define a wavelet operator Ψ (Q,P ) for Ψ (q, p). For example, the Mex-
ican hat wavelet operator

Ψ (Q,P ) = 1√
2π

(
1−Q2 − P 2) exp(−1/2)

(
Q2 + P 2).
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Then we can define the operator

(57)A(Q,P ) = C−1
Ψ

∞∫
0

da

an+1

∫
R2n

db T (a, b)Ψa,b(Q, P ),

where T (a, b) is defined by (56). Substitution of (56) into (57) gives

A(Q,P ) = C−1
Ψ

∞∫
0

da

an+1

∫
R2n

db

∫
R2n

dq dp A(q, p)Ψ ∗
a,b(q, p)Ψa,b(Q, P ).

This equation defines the wavelet quantization of A(q, p).
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Chapter 9

Spectral Representation of Observable

9.1. Spectrum of quantum observable

Spectrum of operator

The determination of the eigenvalues and eigenvectors of an operator is important
in quantum theory. A linear operator can be considered to act on a ket-vector to
change it, usually changing both its magnitude and its direction. An eigenvector
of a given operator is a ket-vector which is simply multiplied by a constant called
the eigenvalue. The direction of the eigenvector is either unchanged (for positive
eigenvalues) or reversed (for negative eigenvalues).

DEFINITION. Let A be a linear operator on a Hilbert space H. An eigenvalue
problem for A is a determination of nonzero elements |x> of H and complex
numbers z, such that the following equation is satisfied:

(1)(zI − A)|x> = 0.

In other words, it is necessary to find elements |x> ∈ H, such that the action
of operator A can be reduced to multiplication on number z, i.e., to solve the
equation

A|x> = |x>z.

A nonzero element |x> ∈ H satisfied equation (1) is called the eigenvector of A.
The number z ∈ C, for which equation (1) has a solution, is called the eigenvalue
of A.

An example of the eigenvalue problem is the following: Find a function Ψ (x)

satisfying

d2Ψ (x)

dx2
= −zΨ (x), Ψ (0) = Ψ (1) = 0.

181
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For most values of z, there is only the solution Ψ (x) = 0. If z = (nπ)2, n ∈ N,
then Ψ (x) = sin(

√
zx) is a solution. Moreover, any function satisfying this equa-

tion and the boundary conditions can be written as an infinite linear combination
of these eigenvectors.

Let A be a linear operator whose domain D(A) and range R(A) both lie in the
same Hilbert space H. We consider the linear operator A(z) = zI −A, where z is
a complex number and I the identity operator. The distribution of the values of z

for which A(z) has an inverse and the properties of the inverse when it exists, are
called the spectral theory for the operator A.

If z such that the range R(A(z)) is dense in H and A(z) has a bounded inverse
(zI −A)−1, we say that z is in the resolvent set ρ(A) of A. We denote this inverse
(zI − A)−1 by R(z,A) and call it the resolvent of A. All complex numbers z not
in ρ(A) form a set σ(A) called the spectrum of A. Then σ(A) ∪ ρ(A) = C, and
σ(A) ∩ ρ(A) = ∅.

The spectrum σ(A) is decomposed into the following disjoint sets.
(1) A point spectrum Pσ (A) of an operator A is a set of eigenvalues of the

operator. The point spectrum Pσ (A) is a set of z ∈ C, for which there exists a
nonzero solution of the equation A|x> = |x>z. Pσ (A) is the totality of complex
numbers z for which A(z) does not have an inverse.

(2) A continuous spectrum Cσ (A) of an operator A is a set of z ∈ C, such that
the operator A(z) has an unbounded inverse operator

R(z,A) = (zI − A)−1

with a dense domain of definition. Here the operator R(z,A) is unbounded,
and the domain D(R(z,A)) does not coincide with entire space H. For finite-
dimensional cases, a continuous spectrum is empty. Cσ (A) is the totality of com-
plex numbers z for which A(z) has a unbounded inverse with domain dense in H.

(3) A residual spectrum Rσ (A) of an operator A is a set of z ∈ C, such that the
operator A(z) = zI−A has a bounded (or unbounded) inverse operator R(z,A) =
(zI − A)−1, such that its domain is not dense in H. For many operators, which
are used in quantum mechanics, the residual spectrum is empty. For example, self-
adjoint operators have only Pσ (A) and Cσ (A). Rσ (A) is the totality of complex
numbers z for which A(z) has an inverse whose domain is not dense in H.

As a result, we obtain σ(A) = Pσ (A)∪Cσ (A)∪Rσ (A). A necessary and suf-
ficient condition for z ∈ Pσ (A) is that the equation A|x> = |x>z has a solution
|x> �= |0>. In this case, z is called the eigenvalue of A, and |x> the correspond-
ing eigenvector. The null space N(A(z)) = {|x> ∈ D(A(z)): A(z)|x> = 0}
of A(z) is called the eigenspace of A corresponding to the eigenvalue z of A. It
consists of the ket-vector |0> and the totality of eigenvectors corresponding to z.
The dimension of the eigenspace corresponding to z is called the multiplicity of
the eigenvalue z.
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Resolvent and its properties

Let A be a linear operator on a Hilbert space H. We consider the linear operator
A(z) = zI − A, where z is a complex number and I the identity operator.

DEFINITION. The resolvent set of A is the set ρ(A) of all z ∈ C such that the
range of A(z) = zI −A is dense in H and A(z) = zI −A has a bounded inverse.
For z in the resolvent set ρ(A), the operator

R(z,A) = (zI − A)−1

is called the resolvent operator of A, or resolvent.

The resolvent is a family of operators depending on the complex parameter
z ∈ ρ(A). Then R(z,A) is an operator-valued function of the complex variable z

defined on ρ(A) ⊂ C. According to the definition of ρ(A), the resolvent R(z,A)

for z ∈ ρ(A) is a bounded operator with domain dense in H. Let us give the basic
theorem regarding resolvents.

THEOREM. Let A be a bounded (or closed) linear operator. Then the resolvent
operators R(z,A) for all z1 and z2 in ρ(A) satisfy the following equations:

(1) The first resolvent equation

R(z1, A)− R(z2, A) = (z2 − z1)R(z1, A)R(z2, A).

(2) The commutativity equation

R(z1, A)R(z2, A) = R(z2, A)R(z1, A).

The first resolvent equation is also called the Hilbert identity. The resolvent
R(z,A) can be considered as a function of A. There exists the second resolvent
equation presented by the following theorem.

THEOREM. Let A and B be operators of a unital Banach algebra. Then resolvent
operators R(z,A) and R(z, B) satisfy the second resolvent equation

R(z,A)− R(z, B) = R(z,A)(A− B)R(z, B)

for all z in ρ(A) ∩ ρ(B).

Let us give the important theorems regarding commuting operators.

THEOREM. Suppose M is a Banach algebra with unity, and A, B are in M.
Then A commutes with B if and only if the operator A commutes with R(z, B) for
all z ∈ ρ(B).
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This theorem means, that AB = BA if and only if AR(z, B) = R(z, B)A for
all z ∈ ρ(B).

THEOREM. Suppose M is a unital Banach algebra, and A, B are in M. Then A

and B commute if and only if its resolvents R(z1, A) and R(z2, B) commute for
all z1, z2 in ρ(A) ∩ ρ(B).

This theorem means that [A,B] = 0 if and only if [R(z1, A), R(z2, B)] = 0
for all z1, z2 ∈ ρ(A) ∩ ρ(B).

Each resolvent R(z,A) on ρ(A) is an analytic function of z, i.e., there exists an
element R′(z, A), such that

lim
z′→z

∥∥∥∥R(z′, A)− R(z,A)

z′ − z
− R′(z, A)

∥∥∥∥ = 0,

where the Hilbert identity gives R′(z, A) = −R(z,A)2.

Spectrum of bounded and self-adjoint operators

It is important to find the smallest r such that |z| < r if z ∈ σ(A).

DEFINITION. A spectral radius of a bounded operator A is the real number

r(A) = sup
z∈σ(A)

|z|.

We know that R(z,A) is an analytic function when |z| > r(A). Then R(z,A)

can be presented as a series.

THEOREM. If H is a complex Hilbert space and A ∈ B(H), then the resolvent
operator is given by

R(z,A) =
∞∑

n=1

z−nAn−1

if |z| � r(A). This series also represents R(z,A) if the series converges and
|z| = r(A). The series diverges if |z| < r(A).

The following theorem gives a formula for the spectral radius of A ∈ B(H).

THEOREM. If A is a bounded operator on a complex Hilbert space H, then

r(A) = lim
n→∞

n
√‖An‖.

The estimate r(A) � ‖A‖ holds.
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A linear operator A with domain and range in the Hilbert space H is said to be
symmetric if <x|Ay> = <Ax|y> for each x and y in D(A). If A is symmetric,
then <x|Ax> is real, even when H is a complex space. We define

m(A) = inf
{
<x|Ax>: ‖x‖H = 1

}
,

M(A) = sup
{
<x|Ax>: ‖x‖H = 1

}
.

In general, the possibilities m(A) = −∞ and M(A) = +∞ are not excluded.

THEOREM. If A is a symmetric operator, then all its eigenvalues z are real, and
m(A) � z � M(A). Eigenvectors corresponding to distinct eigenvalues are or-
thogonal.

As a result, there is a complete orthogonal basis, {|ek>}, for H such that
A|ek> = |ek>zk , and

A =
∞∑

k=0

zk|ek><ek|.

If A is a symmetric operator defined on the whole space H, then A is
bounded if and only if m(A) and M(A) are both finite. In this case, ‖A‖ =
max{|m(A)|, |M(A)|}. It is easy to see that the norm represents the greatest pos-
sible absolute value for the observable.

Spectrum of unbounded operator

Many important operators are unbounded. Consider, for example, the operator
A = −d2/dx2 on the Hilbert space H = L2[0, π]. Let the domain D(A) of the
operator A consists of the infinitely differentiable functions Ψ (x) on the closed
interval [0, π] satisfying the conditions Ψ (0) = Ψ (π) = 0. Then the functions
Ψn(x) = sin(nx), where n ∈ N, belong to the domain of definition, and

AΨn(x) = znΨn(x),

where zn = n2. Hence the operator A has arbitrary large eigenvalues, and it is not
bounded. Thus the operator on a Hilbert space H is a linear mapping of some set
D(A) of H into the space H. Therefore in order to define an unbounded operator
one must first describe its domain of definition, and then know how it acts on this
domain.

HELLINGER–TOEPLITZ THEOREM. Each self-adjoint linear operator A, which
is defined on whole Hilbert space H, is bounded, i.e., if D(A) = H, then A is
bounded.
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The Hellinger–Toeplitz theorem says that an everywhere-defined operator A,
which satisfies <Ax|y> = <x|Ay>, is necessarily a bounded operator. This
theorem means that a unbounded operator will only be defined on a subset of the
Hilbert space.

In study of unbounded operators the graph of an operator plays an important
role.

DEFINITION. The graph of a linear operator A on D(A) ⊂ H is the set

G(A) = {
(Ψ,AΨ ): Ψ ∈ D(A)

} ⊂ H×H.

The graph G(A) of A is also denoted by graph(A).

DEFINITION. Let A be a linear operator on a Hilbert space H. Then A is called
the closed operator if graph(A) is a closed subset of H×H.

If A is a linear unbounded operator, then A is not continuous. In general, the
fact xk → x does not leads to the existence of a limit for Axk . However, many of
the unbounded linear operators have a property that in some respects compensates
for the absence of the continuity.

STATEMENT. Suppose A is a linear operator, and {xk} is in D(A). Then A is a
closed operator if

lim
k→∞‖xk − x‖H = 0, lim

k→∞‖Axk − Bx‖H = 0

for all {xk} ⊂ D(A) implies x ∈ D(A), and A = B.

An important set of unbounded operators is a set of operators with bounded
resolvents.

THEOREM. Let A be a self-adjoint operator. Then the following conditions are
satisfied:

(a) For z ∈ ρ(A), the resolvent R(z,A) = (zI − A)−1 is bounded.
(b) The spectrum of A belongs to R.
(c) The estimate ‖R(z,A)‖ � [Im(z)]−1 is valid for all z ∈ ρ(A).
(d) The resolvent set ρ(A) of A contains C+ ∪ C− = {z ∈ C: Im(z) �= 0}.

A spectrum of each self-adjoint operator lays on R, a residual spectrum is
empty, the upper and lower half-planes are in a resolvent set.

THEOREM. Suppose A is a closed operator on a Hilbert space H, and z is in
ρ(A). Then the resolvent R(z,A) = (zI − A)−1 is a bounded operator on H.
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To define convergence of self-adjoint and closed unbounded operators Ak , we
use the fact that its resolvents R(z,Ak) are bounded operators.

DEFINITION. Let Ak and A be self-adjoint (or closed) operators. Then Ak is said
to converge to A in the norm resolvent sense if

lim
k→∞

∥∥R(z,Ak)− R(z,A)
∥∥ = 0

for all z ∈ ρ(A).

The notions of weak and strong resolvent convergences of self-adjoint (and
closed) unbounded operators also can be defined. If

lim
k→∞

∥∥R(z,Ak)x − R(z,A)x
∥∥
H = 0

for all x ∈ H and z ∈ ρ(A), then Ak is said to converge to A in the strong
resolvent sense.

The following theorem shows that norm resolvent convergence is a generaliza-
tion of norm convergence for bounded operators.

THEOREM. Let Ak and A be bounded self-adjoint (or closed) operators. Then
Ak → A in the norm resolvent sense if and only if Ak → A in the norm sense.

The convergence of resolvents is related with a convergence of other bounded
operator functions by the following theorems.

THEOREM. Let Ak and A be self-adjoint operators. If Ak → A in the norm
resolvent sense and f (z) is a continuous function on R vanishing at z → ∞,
then f (Ak) → f (A) with respect to operator norm. If Ak → A in the strong
resolvent sense and f (z) is a bounded continuous function on R, then f (Ak)

strongly converges to f (A).

For example, if Ak → A in the norm resolvent sense, then exp(−aAk) con-
verges in norm to exp(−aA) for each positive a. Suppose Ak and A are self-
adjoint operators. Then Ak → A in the strong resolvent sense if and only if
exp(iaAk) strongly converges to exp(iaA) for all a ∈ R. This statement is called
the Trotter theorem.

9.2. Algebra of operator functions

Let A be a bounded operator. Using the polynomial

p(z) =
n∑

k=0

akz
k,
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where ak ∈ C, we define the operator polynomial

p(A) =
n∑

k=0

akA
k.

If H is a complex Banach space and A is a closed operator with domain and
range in H, the fact that the resolvent operator R(z,A) is an analytic function of z

enables us to obtain some important results using contour integrals in the complex
plane. The completeness of H (and hence of B(H)) provides the existence of these
integrals.

The correspondence p(z) ↔ p(A) between the polynomials p(z) and the op-
erators p(A) can be presented in the form

(2)p(A) = 1

2πi

∮
CA

p(z)(zI − A)−1 dz,

where z ∈ ρ(A). It can be easy verified that in this way, we obtain the one-to-
one correspondence between the polynomials p(z) and the operator polynomi-
als p(A). Equation (2) allows us to extend this correspondence to functions (and
operators) of a more general form.

Let f (z) be an analytic function. We now propose to define a certain set of
complex-valued analytic functions on C and to associate with each such function
f (z) an operator. The operator associated with f (z) will be denoted by f (A),
and is called the operator function. To this purpose, we denote by KA the set of
all single-valued functions f (z), which are analytic in some neighborhood of the
spectrum σ(A). Let f (z) ∈ KA, and let σ(A) be contained inside of the curve CA.
Then the operator f (A) on a Banach space H will be defined by

(3)f (A) = 1

2πi

∮
CA

f (z)R(z,A) dz,

where z ∈ C, and R(z,A) = (zI − A)−1. This formula gives a correspondence
between functions from KA and operators on H. By Cauchy’s integral theorem,
the value f (A) depends only on the function f (z) and the operator A, but not on
the choice of the contour CA.

The feature of greatest importance in this association is that this correspon-
dence between f (z), where z ∈ σ(A), and f (A) preserves the basic algebraic
operations:

(1) If f (z) = 1, then f (A) = I .
(2) If f (z) = a1f1(z) + a2f2(z), where a1, a2 ∈ C, then f (A) = a1f1(A) +

a2f2(A).
(3) If f (z) = f1(z)f2(z), then f (A) = f1(A)f2(A).
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(4) If fk(z) → f (z), then fk(A)→ f (A).

As a result, we have the following theorem.

DUNFORD’S THEOREM. Let f1(z) and f2(z) be analytic functions on σ(A), i.e.,
f1, f2 ∈ KA, and let a and b be complex numbers. Then functions (af1+bf2) and
f1f2 are analytic on σ(A), and for the operators f1(A) and f2(A), the following
relations are satisfied:

(af1 + bf2)(A) = af1(A)+ bf2(A), (f1f2)(A) = f1(A)f2(A).

It is possible to consider the association of f (A) with f (z) as an algebraic ho-
momorphism. But in order to be precise about this, it is necessary to convert KA

into an algebra by an appropriate equivalence relation. We define two functions
f1(z), f2(z) as being equivalent if f1(z) = f2(z) on some open set contain-
ing σ(A). Then KA is divided into equivalence classes, and these classes form an
operator algebra with a unit element, if we define the algebraic operations in an
obvious way.

THEOREM. The mapping f (z) → f (A) by equation (3) is an algebraic homo-
morphism of the algebra of the equivalence classes of KA into a linear operator
algebra M. This mapping transforms the function f (z) = 1 into I , and the func-
tion f (z) = z into A.

For example, the function exp(az) corresponds to the operator exp(aA).
If f (z) ∈ KA, then the relation σ(f (A)) = f (σ (A)) holds.

9.3. Spectral projection and spectral decomposition

Spectral projection

We now describe the Riesz projection (the spectral projection), which is an im-
portant tool of spectral theory of operators.

Suppose A is a closed operator on a Hilbert space H. Let the spectrum σ(A)

of A be divided into two nonintersecting closed subsets σ1(A) and σ2(A) with
Δ = σ1(A) compact. Then there exists a continuous piecewise smooth closed
contour C(Δ) on C, such that C(Δ) does not intersect σ(A) and the part of σ(A)

situated inside C(Δ) coincides with σ1(A). We will assume that C(Δ) is oriented
counter-clockwise.
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DEFINITION. A spectral projection, or Riesz projection, corresponding to a set
Δ of the spectrum σ(A) is the operator

PΔ = 1

2πi

∮
C(Δ)

R(z,A) dz,

where R(z,A) = (zI − A)−1.

Note, that PΔ does not depend on the choice of C(Δ) for a given Δ = σ1(A).
Since the resolvent R(z,A) is an analytic operator-valued function in z ∈ C, it
follows that the Riesz projection PΔ is a bounded linear operator on H. It is not
hard to prove that PΔ is a projection, i.e., P 2

Δ = PΔ and P ∗Δ = PΔ if A∗ = A.

THEOREM. Let A be a self-adjoint operator, and let PΔ be a Riesz projection cor-
responding to the compact subset Δ of σ(A). If θ(z) is the characteristic function
of Δ, i.e., θ(z) = 1 for z ∈ Δ and θ(z) = 0 for z /∈ Δ, then PΔ = θ(A).

For example, if a, b ∈ R/σ(A) and Δ = σ(A) ∩ (a, b), then

PΔ =
b∫

a

P (x) dx,

where P(x) = |x><x|.

Spectral decomposition

Using the Riesz projections, we can realize a decomposition of a self-adjoint op-
erator A that is corresponded to decomposition of σ(A) into disjoint subsets.

Suppose M is a Banach operator algebra and A is in M. A spectral set of A is
a subset σ of σ(A), such that σ is closed in C, and σ is open in σ(A).

Let C(σ) be a closed contour such that the following requirements are satis-
fied:

(1) C(σ) consists of a finite number closed simple rectifiable curves.
(2) C(σ) is in ρ(A).
(3) C(σ) encloses an open set D such that σ ⊂ D.
(4) C(σ) is oriented in positive sense.

The following theorem assigns to each decomposition of σ(A) exactly one de-
composition of A.
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THEOREM. Let A be a self-adjoint linear operator, and let σ(A) be a spectrum
of A, such that

(4)σ(A) =
m⋃

k=1

σk(A),

where σk(A) are bounded disjoint spectral sets of A, i.e., σk(A) ∩ σl(A) = ∅, for
k �= l. Then the operators

(5)Pk = 1

2πi

∮
Ck

R(z,A) dz,

where Ck is a disjoint contour enclosing the spectral set σk(A), form a system of
orthogonal projections, such that the following equations are satisfied

m∑
k=1

Pk = I, PkPl = δklPk.

Moreover, the operator A can be presented as

A =
m∑

k=1

Ak,

where Ak = PkA are bounded operators, such that

AkAl = 0 (k �= l), σ (Ak) = σk(A) ∪ {0}.

In order to prove this theorem, we consider the function

fk(z) =
{

1 if z is inside of Ck,

0 if z is outside of Ck.

These functions belong to KA. By the Dunford’s theorem, we define the operators

Pk = fk(A) = 1

2πi

∮
C

fk(z)R(z,A) dz = 1

2πi

∮
Ck

R(z,A) dz.

The functions fk(z) satisfy the conditions

m∑
k=1

fk(z) = 1, fk(z)fl(z) = δklfk(z).

Then the operators Pk = fk(A) satisfy equations (5). The projection Pk is a
spectral projection that corresponds to the spectral set σk(A). The set {Pk: k =
1, . . . , m} of all operators Pk is a decomposition of unity I .
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Equation (5) gives PkA = APk . Hence, each subspace Hk = PkH of a Banach
space H is invariant with respect to A. A spectrum of the operator Ak = PkA

on Hk is the spectral set σk(A). As a result, the Banach space H is a direct sum
of Hk .

9.4. Symmetrical and self-adjoint operators

It is a fact that many of the most important operators which are used in quantum
mechanics are not bounded. In general, a unbounded operator is defined on a
subset of the Hilbert space.

Let A be a linear (unbounded) operator defined on the domain D(A) of a
Hilbert space H and taking its values in H. D(A) is said to be the domain of
A and the subset R(A) = {A|x>: |x> ∈ D(A)} of H is said to be the range
of A.

DEFINITION. An operator is a triple (D,R,A) consisting of a set D = D(A), a
second set R = R(A), and a mapping A from D into R. The set D(A) is called
the domain of A, and R(A) the range of A.

A linear operator is said to be densely defined if the norm-closure of D(A) in
H coincides with H itself.

DEFINITION. Let A and B be two linear operators respectively defined on D(A)

and D(B) in H. If D(A) is contained in D(B) and A|x> = B|x> for all |x> in
D(A), then A is said to be the restriction of B to D(A), and B is said to be an
extension of A to D(B).

The operators A and B are said to be adjoint to each other if

<x|Ay> = <Bx|y>

for all |y> ∈ D(A) and all |x> ∈ D(B). If A is densely defined, there exists
a unique linear operator A∗, called the adjoint of A, such that every operator B

adjoint to A is the restriction of A∗ to some subset D(B) contained in D(A∗).
A bounded operator A on a Hilbert space H is called symmetric, if <Ax|y> =

<x|Ay> for all x, y ∈ H. However, the most important operators are not
bounded, and its are not defined on all of H. A general unbounded operator
A can only be defined on a subset D(A) of H. An operator A, which satisfies
<Ax|y> = <x|Ay> for all x, y ∈ D(A) and D(A) is a dense subset of H, is
called the symmetric, or Hermitian.



9.4. Symmetrical and self-adjoint operators 193

DEFINITION. A linear operator A on a Hilbert space H is called symmetric, if
its domain of definition D(A) is dense in H, and <Ax|y> = <x|Ay> for all
x, y ∈ D(A).

Equivalently, the operator A is symmetric if its domain of definition D(A) is
dense in H, and D(A) ⊂ D(A∗). We can conclude from this that a symmetric
operator always admits a closure.

STATEMENT. Let A be a symmetric operator on a Hilbert space H. Then the
following conditions are satisfied:

(1) D(A) is dense in H.
(2) D(A) ⊂ D(A∗).
(3) A|x> = A∗|x> for all |x> ∈ D(A).

For symmetric operators, we have the inclusions D(A) ⊂ D(A∗∗) ⊂ D(A∗).
For closed symmetric operators, D(A) = D(A∗∗) ⊂ D(A∗). A linear operator

A is said to be self-adjoint if an addition to being symmetric it satisfies D(A∗) =
D(A).

DEFINITION. A self-adjoint operator is a symmetric operator A, such that
D(A) = D(A∗), i.e., A∗ = A.

For self-adjoint operators, the following requirements are satisfied:

(1) D(A) is dense in H.
(2) D(A) = D(A∗).
(3) A|x> = A∗|x> for all |x> ∈ D(A).

If A is a self-adjoint operator, then D(A) = D(A∗∗) = D(A∗).

THEOREM. A closed symmetric operator A is self-adjoint if and only if A∗ is
symmetric.

A bounded symmetric operator is self-adjoint. The distinction between closed
symmetric operators and self-adjoint operators is very important. It is only for
self-adjoint operators that the spectral theorem holds. It is only self-adjoint op-
erators that may be exponentiated to give the one-parameter unitary group. Each
self-adjoint operator has a complete set of eigenvectors. In general, we cannot find
a complete set of eigenvectors for arbitrary symmetric operator.
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9.5. Resolution of the identity

Let M be a set. A pair (M,M) is called the σ -algebra, if M is a family of subsets
of M , such that the following conditions are satisfied:

(1) ∅ ∈M.
(2) If Δk ∈M, then

⋃∞
k=1 Δk ∈M.

(3) If Δk ∈M, then
⋂∞

k=1 Δk ∈M.

Suppose (M,M) is a σ -algebra. A measure on M is a mapping μ :M →
[0;+∞), such that the following properties are realized:

(1) μ(∅) = 0.
(2) μ(M) = 1.
(3) μ(

⋃∞
k=1 Δk) =∑∞

k=1 μ(Δk), if Δk ∩Δl = ∅ for all k �= l.

DEFINITION. A spectral measure is a mapping E from M into B(H), such that
the following conditions are satisfied:

(1) E(Δ) is a self-adjoint projection if Δ ∈M.
(2) E(∅) = 0, and E(M) = I .
(3) E(Δ1 ∩Δ2) = E(Δ1)E(Δ2) if Δ1,Δ2 ∈M.
(4) E(Δ1 ∪Δ2) = E(Δ1)+ E(Δ2), if Δ1 ∩Δ2 = ∅.
(5) μ(Δ) = Ex,y(Δ) = <x|E(Δ)y> is a complex measure on M for all x, y ∈

H.

To every spectral measure on R there exists a spectral family of projections Ez

with z ∈ R. For Δ = (−∞, z], we define Ez = E(z) = E(Δ). This spectral
family satisfies the relations:

(1) Ez1 � Ez2 for z1 < z2.
(2) Ez+0 = Ez.
(3) E−∞ = 0, and E+∞ = I .

If the spectral family is known, the spectral measure can be reconstructed by the
equation

E(Δ) =
∫
Δ

dEz

for any set Δ ∈M. This formula is a short notation for the integral

<Ψ |E(Δ)Ψ > =
+∞∫
−∞

θ(z,Δ) d<Ψ |EzΨ > =
∫
Δ

d<Ψ |EzΨ >
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valid for any Ψ ∈ H, where θ(Δ) = 1 for z ∈ Δ and θ(Δ) = 0 for z /∈ Δ. If
Δ = (z1, z2], then the operator E(Δ) = E(z2)− E(z1) is a spectral measure.

Let E(z) = Ez be a spectral family, and let Ψ an element of H. Then we define
the spectral density function

μΨ (z) = <Ψ |E(z)Ψ >.

First we list a few properties of any function μ(z) = <Ψ |E(z)Ψ > which follow
directly from the basis properties of the spectral family E(z):

(1) μ(z1) � μ(z2) for z1 < z2.
(2) μ(z+ 0) = μ(z).
(3) μ(−∞) = 0.
(4) μ(+∞) = 1 if ‖Ψ ‖H = 1.

Let A be a self-adjoint operator. A spectral set of A is a set Δ, such that Δ ∩
σ(A) is open in C and Δ∩ σ(A) is closed in σ(A). Suppose M is a σ -algebra of
subsets of C. For each Δ ∈M, we can define the self-adjoint projection

E(Δ) = 1

2πi

∮
C(Δ)

R(z0, A) dz0,

where C(Δ) is a rectifiable curve enclosing Δ ∩ σ(A) such that other points of
σ(A) are outside of C(Δ). As a result, the map Δ→ E(Δ) is a spectral measure.

The Heaviside step function θ(z− λ) is a characteristic function of the interval
(−∞; z). This function is a discontinuous function whose value is zero for λ � z

and one for λ < z. By Dunford’s theorem, we obtain

Ez = E(z,A) = 1

2πi

∮
C

θ(z− λ)R(λ,A) dλ = 1

2πi

∮
C((−∞;z])

R(λ,A) dλ.

The operator Ez can be denoted by θ(zI − A). Using θ(z)θ(z) = θ(z), θ(z)∗ =
θ(z), and the Dunford’s theorem, we obtain

E2(z, A) = E(z,A), E∗(z, A) = E(z,A).

As a result, E(z,A) is a projection.

DEFINITION. A resolution of the identity is a set of projections {Ez: z ∈ R}, such
that the following requirements are satisfied:

(1) Ez1Ez2 = Ez2Ez1 = Ez1 for all z1 � z2, i.e., E(z1)E(z2) = E(min{z1, z2}).
(2) Ez is strongly continuous with respect to z at the left, i.e.,

lim
ε→0+ ‖Ez+εx − Ezx‖H = 0

for all x ∈ H.
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(3) E−∞ = 0, and E+∞ = I in the strong operator topology, i.e.,

lim
z→−∞‖Ezx‖H = 0, lim

z→∞‖Ezx − x‖H = 0

for all x ∈ H.

If A is a self-adjoint operator, then the operator Ez = E(z,A) and the resolvent
R(z0, A) are connected by the equations

(6)R(z0, A) =
+∞∫
−∞

1

z0 − z
dEz, E(z,A) = 1

2πi

∮
C(Δ)

R(z0, A) dz0.

Here C(Δ) is a rectifiable curve that encloses all points of spectrum σ(A) from
the set Δ = (−∞; z], and we have not other points of σ(A) inside of C(Δ).

Let us consider the spectral projection

(7)PΔ = 1

2πi

∮
C(Δ)

R(z,A) dz.

Here C(Δ) is a rectifiable curve that encloses all points of the spectrum σ(A)

from the set Δ ⊂ R. Suppose that Δ = (z1, z2) has an isolated set of σ(A) and
z1, z2 /∈ σ(A). Let C(Δ) be a circle, such that the segment [z1, z2] is a diameter,
and let z be a variable point of the contour C(Δ). Using (6) and (7), we obtain

PΔ = 1

2πi

∮
C(Δ)

R(z0, A) dz0 = 1

2πi

∮
C(Δ)

dz0

+∞∫
−∞

1

z0 − z
dEz

=
+∞∫
−∞

(
1

2πi

∮
C(Δ)

1

z0 − z
dz0

)
dEx = Ez2 − Ez1 = E(Δ),

where

1

2πi

∮
C(Δ)

1

z0 − z
dz0 =

{
1 if z is inside of C(Δ),

0 if z is outside of C(Δ).

As a result, PΔ = E(Δ) is a spectral projection.

9.6. Spectral theorem

By the spectral theorem, the eigenvalues and eigenvectors characterize a linear
operator in a unique way. In its simplest version, the spectral theorem states that,
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under precise conditions, a linear transformation of a ket-vector can be expressed
as the linear combination of the eigenvectors. The coefficients are equal to the
eigenvalues.

Bounded self-adjoint operator

There exists the following spectral theorem for a self-adjoint operator on a finite-
dimensional Hilbert space.

THEOREM. To every self-adjoint operator A on a finite-dimensional Hilbert
space Cn there corresponds a spectral family of orthogonal projections E(zk),
where k = 1, 2, . . . , m � n, and z1, . . . , zm are the eigenvalues of the operator
A, having the properties:

(1) E(zk) � E(zl) if zk � zl .
(2) E(zm) = I , and E(z0) = 0.
(3) Using E(zk), the operator A can be represented in the form

A =
m∑

k=1

zk

[
E(zk)− E(zk−1)

]
.

This formula is called the spectral decomposition of the self-adjoint operator A

on Cn.

The simplest generalization of this spectral theorem for finite-dimensional case
is its analog for bounded self-adjoint operators.

THEOREM. Let A be a bounded self-adjoint operator on a complex Hilbert space.
Then there exists a spectral family of orthogonal projections E(z) = E(z,A)

defined for each real z, with the following properties:

(a) E(z1)E(z2) = E(z2)E(z1) if z1 � z2.
(b) limz1→z2 Ez1 = Ez2 .
(c) E(z) = 0 if z < m(A).
(d) E(z) = I if z � M(A).
(e) E(z)A = AE(z).
(f) Using E(z), the operator A is represented in the form

A =
b∫

a

z dE(z),

where a < m(A) and b � M(A).
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The family of projections E(z) is unique. Because of this uniqueness, the op-
erator A fully determines the family E(z), and is fully determined by the family.
This family of projections is called the resolution of the identity corresponding
to A.

Unbounded self-adjoint operator

Let A be a unbounded self-adjoint operator whose domain D(A) and range R(A)

both lie in the same Hilbert space H.

SPECTRAL THEOREM. For each self-adjoint linear operator A on a separable
Hilbert space H, there exists a resolution of the identity {Ez: z ∈ R} such that A

can be presented by Ez = E(z,A) in the form

(8)<x|Ay> =
+∞∫
−∞

z<x|dEzy>, y ∈ D(A).

The element x ∈ H belongs to D(A) if and only if

(9)‖Ax‖2
H =

+∞∫
−∞

z2 d<x|Ezx> <∞.

The integral representation (8) of the self-adjoint operator A with the spectral
family Ez = E(z,A) can be presented in the form

A =
+∞∫
−∞

z dEz.

The operator A is bounded if and only if the integral of equation (9) exists for all
x ∈ H. If A is unbounded, then the domain of definition D(A) is given by the set
of elements |x> ∈ H for which (9) holds.

For unit operator I , we have

I =
+∞∫
−∞

dEz.

This equation means, that each element |x> of a Hilbert space H can be presented
as

|x> =
+∞∫
−∞

|z> dEz.
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Note that this formula is a generalization of the decomposition

|x> =
∞∑

k=1

|ek>xk

of an element |x> ∈ H, where xk = <ek|x>, and {|ek>} are eigenvectors of a
bounded self-adjoint operator.

9.7. Spectral operator through ket-bra operator

Spectral operators through ket-bra operators

The operators Ez = E(z,A) can be defined through the ket-bra operators

P(x) = P̂ (x, x) = |x><x|.
If eigenvalues of a self-adjoint operator A form a discrete set, then we can define
the operator

E(z,A) =
∑

k: zk<z

P (ek) =
∞∑

k=1

θ(z− zk)P (ek).

Here θ(z) is a Heaviside step function, such that θ(z) = 1 for z > 0 and θ(z) = 0
for z � 0. Then the decomposition

A =
∞∑

k=1

zkP (ek)

can be presented as the integral

A =
+∞∫
−∞

z dEz.

In the general case, it is possible to define E(z,A) by the formula

(10)E(z,A) =
z∫

−∞
P(x) dx =

+∞∫
−∞

θ(z− x)P (x) dx.

Differentiation (10) with respect to z gives

dEz = P(z) dz.

Then

E(dz) = dEz = P(z) dz = P(z, z) dz = |z>dz<z|.
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Using (10), the operator E(Δ) = Ez2 − Ez1 is of the form

E(Δ) = E(z2, A)− E(z1, A) =
z2∫

−∞
P(x) dx −

z1∫
−∞

P(x) dx =
z2∫

z1

P(x) dx.

As a result, we obtain

E(Δ) =
z2∫

z1

P(x) dx.

Ket-bra operator through spectral operator

The operator P(x) can be defined by the equation

(11)P(x) =
(

dEz

dz

)
z=x

.

The condition

E(z1, A)E(z2, A) = E
(
min{z1, z2}, A

)
can be presented in the form

(12)E(z1, A)E(z2, A) = θ(z1 − z2)E(z2, A)+ θ(z2 − z1)E(z2, A).

Differentiation of (12) with respect to z1 and z2 at z1 = x, z2 = x′ gives

P(x)P (x′) = δ(x − x′)P (x).

For each operator P(x), there exists a ket-bra operator P̂ (x, y) that is defined by
the polarization procedure

(13)P̂ (x, y) = 1

4

n=3∑
s=0

isP (x + isy).

Substitution of (13) into (11) gives

P̂ (x, y) = 1

4

n=3∑
s=0

is
(

dEz

dz

)
z=x+isy

.

This equation assigns to each operator Ez = E(z,A) exactly one operator
P̂ (x, y).

A set of ket-bra operators P̂ (x, y) forms an operator basis. Each operator A

can be uniquely presented as the decomposition

A =
∫

dx dy a(x, y)P̂ (x, y), a(x, y) = <x|A|y> = Tr
[
P̂ (y, x)A

]
.
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If A is a self-adjoint operator, such that A|x> = |x>z(x), then

a(x, y) = z(x)δ(x − y), A =
∫

z(x) dP (x),

where dP (x) = P(x) dx.

9.8. Function of self-adjoint operator

Bounded self-adjoint operators

We consider an integral of f (z) over z from a to b, where f (z) is an arbitrary
complex-valued continuous function defined on the interval m(A) � z � M(A).
We extend the definition of f (z) by setting f (z) = f (m(A)) if a � z � m(A),
and f (z) = f (M(A)) if b � z � M(A). There exists a uniquely determined
self-adjoint operator, which is denoted by f (A), such that

<x|f (A)y> =
b∫

a

f (z) d<x|E(z)y>

for all x, y ∈ H. We use the following more compact notation

(14)f (A) =
b∫

a

f (z) dE(z).

The correspondence between the continuous function f (z) and the operator f (A)

induced by this equation has the properties:

(1) (f + g)(A) = f (A)+ g(A) and (af )(A) = af (A).
(2) (fg)(A) = f (A)g(A).
(3) f (A) is self-adjoint if f (z) is real-valued.
(4) f (A) is nonnegative if f (z) � 0 for all z.

These properties exhibit a homomorphism of the algebra of continuous functions
on [m(A),M(A)] into the algebra B(H).

The integral (14) is defined by

(15)

b∫
a

f (z) dEz = lim
N→∞

N∑
k=0

f (zk)(Ezk+1 − Ezk
),

a � z1 � · · · � zN � b, and z0 = a, zN+1 = b, and

E(Δk) = Ezk+1 − Ezk
, Δk = [zk, zk+1].
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A definition of the integral (15) can be formulated with respect to the uniform,
strong operator and weak operator topologies.

(a) The operators Ez are bounded, and we can define the integral (15) for the
measures μ(z) = ‖Ez‖ if finite function f (z) is measurable with respect to all
measures μ(z) = ‖Ez‖.

(b) The limit (15) can be realized in the strong operator topology for f (z)

measurable with respect to all measures generated by

μx(z) = μx,x(z) = Ex,x(z) = <x|Ezx> = ‖Ezx‖2
H.

(c) The limit (15) can be realized in the weak operator topology for f (z) mea-
surable with respect to all measures generated by

μx,y(z) = Ex,y(z) = <x|Ezy> (z ∈ R).

Unbounded self-adjoint operators

The spectral decomposition allows us to define a wide class of operator functions.
Let f (z) be a bonded function that is measurable with respect to

μx(z) = <x|Ezx> = ‖Ezx‖2
H,

where x ∈ H. If A is a self-adjoint unbounded operator, then we can define the
operator

(16)f (A) =
+∞∫
−∞

f (z) dEz,

where {Ez = E(z,A): z ∈ R} is a spectral resolution of the identity for A. This
equation means

<x|f (A)x> =
+∞∫
−∞

f (z) d‖Ezx‖2
H,

where x ∈ D(f (A)). The operator f (A) is unbounded. The domain D(f (A)) of
f (A) is a set of all elements x, such that

+∞∫
−∞

∣∣f (z)
∣∣2 d‖Ezx‖2

H <∞.

The set D(f (A)) is dense in H.
The following are examples of some operator functions.

(1) If f (z) = 1, then f (A) = I .
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(2) If f (z) = z, then f (A) = A.
(3) If f (z) is a real-valued function, then f (A) is self-adjoint.
(4) If f (z) is a bounded function, then f (A) is a bounded operator.
(5) If f (z) = exp(iz), then

exp(iA) =
+∞∫
−∞

eiz dEz

is a unitary operator.
(6) If z0 ∈ ρ(A) and f (z) = (z0 − z)−1, then f (A) = R(z0, A) is a resolvent,

i.e.,

R(z0, A) =
+∞∫
−∞

1

z0 − z
dEz.

These equations express the resolvent R(z,A) through the operator Ez =
E(z,A).

(7) If f (z) = θ(z0 − z) is a Heaviside function, then f (A) = E(z0, A) such that

E(z0, A) =
+∞∫
−∞

θ(z0 − z) dEz =
z0∫

−∞
dEz.

9.9. Commutative and permutable operators

Commutativity of operators is a widely used notion that refers to the ability to
change the order of these operators without changing the end result.

DEFINITION. Let A and B be bounded operators on a Hilbert space H. Then A

and B are commutative operators, if AB|x> = BA|x> for all |x> ∈ H.

If we accept this definition for all operators, then even a bounded operator A

on H is not commutative with inverse A−1, if A−1 is defined on a linear subspace
D(A−1) of H. In this case, A−1A|x> = |x> for all |x> ∈ H, that is A−1A = I .
However the relation AA−1|x> = |x> takes place only for |x> ∈ D(A−1),
therefore AA−1 �= I . To avoid this inconvenience, we use the following defini-
tion.

DEFINITION. A bounded operator A is called permutable with an operator B, if
the following conditions are satisfied:

(1) A|x> ∈ D(B) for all |x> ∈ D(B).
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(2) AB|x> = BA|x> for all |x> ∈ D(B).

These conditions give D(AB) ⊂ D(BA). Here A is bounded and D(A) = H.

STATEMENT. Let A be a self-adjoint operator and let B be a bounded operator
on a Hilbert space H. Then the operators A and B are permutable if and only if
D(BA) ⊂ D(AB).

It seems that two unbounded operators A and B can be called permutable, if
the following requirements are satisfied:

(1) A|x> ∈ D(B) for all |x> ∈ D(A).
(2) B|x> ∈ D(A) for all |x> ∈ D(B).
(3) AB|x> = BA|x> for all |x> ∈ D(A) ∩D(B).

However the intersection of the domains D(A) and D(B) can be empty D(A) ∩
D(B) = ∅. It is possible to avoid this difficulty for unbounded operators that have
bounded resolvents. Note that all self-adjoint and closed operators have bounded
resolvents. Two self-adjoint operators A and B can be called permutable, if its
resolvents R(z,A) and R(z,A) commute.

The resolvents R(z,A) of a self-adjoint operator A are related with the bounded
operators Ez = E(z,A) which are used in the resolution of the identity generated
by A. It is possible to introduce a permutability for self-adjoint unbounded op-
erators by the spectral projections Ez. For this purpose, we give the following
statements.

THEOREM. A bounded operator B is permutable with a self-adjoint operator A

if and only if B commutes with each projection E(z,A) from the spectral family
of A.

COROLLARY. Bounded self-adjoint operators A and B are permutable if and
only if any two projections E(z,A) and E(z, B) from the spectral families of
these operators commute.

For arbitrary unbounded operators it is not clear how to introduce a notion
of permutability. However, for self-adjoint operators we can give the following
definition.

DEFINITION. Unbounded self-adjoint operators are permutable if projections
from the spectral families of these operators commute.

If E(z1, A)E(z1, B) = E(z2, B)E(z1, A) for z1 ∈ ρ(A), z2 ∈ ρ(B) and
A∗ = A, B∗ = B, then A and B are permutable.
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9.10. Spectral representation

This is a section which reviews the basic facts of spectral representation. For
the theory of spectral representations with accurate proof can be found in the
book [19].

Let H = L2(Rn) be the space of functions in n real variables that are square
integrable with respect to a measure μ. Clearly any multiplication operator by a
bounded measurable function commutes with any other multiplication operator
by a bounded measurable function. It turns out that the converse statement is also
true.

THEOREM. Any bounded operator A on the Hilbert space H = L2(Rn) com-
muting with all multiplication operators by a bounded measurable function is the
multiplication operator by a bounded measurable function. If A is self-adjoint,
then the function is real-valued.

Let A be a self-adjoint operator on a Hilbert space H, and let E(x,A) be a spec-
tral family of A. Then a cyclic vector for A is an element |Ψ > of H, such that
{E(x,A)|Ψ >: x ∈ R} coincides with H. The cyclic vector is also called the gen-
erating vector. There is a generalization of this definition for permutable opera-
tors. A cyclic vector for a system of permutable self-adjoint operators X1, . . . , Xn

is an element |Ψ > of a Hilbert space H, such that{
E(x1, X1) . . . E(xn,Xn)|Ψ >: x1, . . . , xn ∈ R

} = H.

The vector Ψ is a cyclic for the unbounded operator X, if the set {g(X)Ψ :
g(x) ∈ C∞(R)} is dense in H. Note that the cyclic vector can be defined by
resolvents.

DEFINITION. Let X1, . . . , Xn be permutable self-adjoint operators on a Hilbert
space H, and R(x1, X1), . . . , R(xn,Xn) be resolvents of these operators. A ket-
vector |Ψ > ∈ H is a cyclic vector for a system of operators X1, . . . , Xn, if the
minimal closed subspace in H containing |Ψ > and invariant with respect to all
R(x1, X1), . . . , R(xn,Xn) coincides with H.

The cyclic vector allows us to define a special class of permutable self-adjoint
operators.

DEFINITION. A system of permutable self-adjoint operators X1, . . . , Xn has sim-
ple joint spectrum if there exists a cyclic vector for this system. If the system
consisting of a single operator X has a cyclic vector, then X is an operator with
simple spectrum.
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Let A be a self-adjoint operator with simple spectrum on a Hilbert space H.
There is an isomorphism of H and L2(R). Under this isomorphism the opera-
tor A corresponds to the operator of multiplication by the variable x. Using this
isomorphism it is easy to describe all bounded self-adjoint operators that are per-
mutable with A.

THEOREM. Let the self-adjoint operator A be the multiplication operator by x

on the space L2(R). Then any bounded operator permutable with A is the multi-
plication operator by a bounded measurable function. Any self-adjoint operator
permutable with A is the multiplication operator by a real-valued measurable
function.

The operator of multiplication by x on the space L2(R) is an operator with
simple spectrum. As a cyclic vector we can take the function identically equal
to 1.

Consider a system of permutable operators X1, . . . , Xn with simple joint spec-
trum. Let E(xk,Xk), k = 1, . . . , n, be a spectral family of these operators, and
let |Ψ > be a cyclic vector. We define the measure

(17)dμ(x) = <Ψ |E(x1, X1) · · ·E(xn,Xn)Ψ >

where x ∈ Rn.

THEOREM. There exists a unique isomorphism between a Hilbert space H in
which self-adjoint operators X1, . . . , Xn with simple joint spectrum act and the
space L2(Rn) with the measure (17), such that the following conditions are satis-
fied:

(a) the cyclic vector |Ψ > ∈ H corresponds to the function identically equal to 1.
(b) the operator Xk , k = 1, . . . , n, corresponds to the multiplication operator by

the variable xk , which maps f (x1, . . . , xn) ∈ L2(Rn) into xkf (x1, . . . , xn).

As a result, we have the following definition of a spectral representation.

DEFINITION. Let X1, . . . , Xn be permutable self-adjoint operators on a Hilbert
space H. Then there is an isomorphism of H with the space L2(Rn) of complex-
valued square-integrable functions on Rn, such that X1, . . . , Xn are mapped to
multiplication operators by real-valued measurable and almost everywhere finite
functions on Rn. This isomorphism from a Hilbert space H into L2(Rn) is called
the spectral representation or X-representation.

Suppose X1, . . . , Xn is a system of permutable self-adjoint operators with
simple joint spectrum. In the spectral representation, any bounded operator A per-
mutable with all X1, . . . , Xn becomes the multiplication operator by a bounded
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measurable function. Any self-adjoint operator A that is permutable with all
X1, . . . , Xn becomes the multiplication operator by a real-valued measurable
function.

Consider a system X1, . . . , Xn of permutable self-adjoint operator on a Hilbert
space H. Let E(x1, X1), . . . , E(xn,Xn) be a spectral family of X1, . . . , Xn, and
let f (x1, . . . , xn) be a function in n real variable x1, . . . , xn that is measurable
and almost everywhere finite with respect to the measure (17). The operator
f (X1, . . . , Xn) on H is the operator that under the realization of H as the space
L2(Rn) turns into the multiplication operator by f (x1, . . . , xn). The domain of
f (X1, . . . , Xn) is the set

D
(
f (X1, . . . , Xn)

) = {
|Ψ > ∈ H:

∫
Rn

∣∣f (x1, . . . , xn)
∣∣2 dμ(x) < ∞

}
.

For any |Ψ1> ∈ H and any |Ψ2> ∈ D(f (X1, . . . , Xn)), we have the relation

<Ψ1|f (X1, . . . , Xn)Ψ2>

=
∫
Rn

f (x1, . . . , xn)<Ψ1|dE(x1, X1) · · · dE(xn,Xn)|Ψ2>.

This equation is usually expressed more compactly:

f (X1, . . . , Xn) =
∫
Rn

f (x1, . . . , xn) dE(x1, X1) · · · dE(xn,Xn).

If f (x1, . . . , xn) = xk , then f (X1, . . . , Xn) = Xk . If f (x1, . . . , xn) is a bounded
function, then f (X1, . . . , Xn) is a bounded operator. If f (x1, . . . , xn) is a real-
valued function, then f (X1, . . . , Xn) is self-adjoint.

THEOREM. Let X1, . . . , Xn be permutable self-adjoint operators with a simple
joint spectrum. If B is a self-adjoint or bounded operator that is permutable with
each of the operators X1, . . . , Xn, then there exists a function f (x1, . . . , xn), such
that B = f (X1, . . . , Xn).

Let A be a self-adjoint operator and let f (x) be a bounded real-valued function.
Then the set of all bounded self-adjoint operators f (A) forms an algebra M. This
is the algebra generated by A. We denote by M′ the set of all bounded operators
which commute with A. Note that the algebra generated by A is then the set
M′′ = M. If M′ = M, then the algebra is called maximal commutative. There
is the following important statement: The operator A has simple spectrum if the
algebra M is a maximal commutative algebra: M′ =M.



208 Chapter 9. Spectral Representation of Observable

9.11. Complete system of commuting observables

For one-dimensional quantum system, we need one number to label the basis
vectors of a Hilbert space. For a basis ket-vector |x>, there exists an operator
X, such that |x> is an eigenvector of X. For a quantum system with n degrees
of freedom, we need n numbers to enumerate the basis ket-vectors |x1, . . . , xn>.
A set of all permutable self-adjoint operators X1, . . . , Xn, such that

(18)Xk|x1, . . . , xn> = |x1, . . . , xn>xk,

is called the complete system of commuting observables (CSCO). The eigenval-
ues x1, . . . , xn of X1, . . . , Xn are called the quantum numbers.

A system of permutable self-adjoint operators that specifies the (generalized)
basis system completely is called a complete system of commuting observables
(CSCO). The (generalized) eigenvalues of a CSCO are quantum numbers. For
different quantum systems and different algebras of observables we usually have
different complete systems of commuting observables. The question of what
constitutes a complete system of commuting observables is not a mathematical
question but can only be answered by experiment. The physical problem is not to
find a CSCO for a given operator algebra, but is usually the reverse. From the ex-
perimental data we find out how many quantum numbers are required, and what
are the possible values of these quantum numbers. This gives the complete system
of commuting observables {X1, . . . , Xn} and its spectrum.

DEFINITION. A complete system of commuting observables (CSCO) is a set of
self-adjoint operators X1, . . . , Xn, such that the following requirements are satis-
fied:

(1) Xi and Xj are permutable for all i and j .
(2) Xk cannot be presented as a function of X1, . . . , Xk−1, Xk+1, . . . , Xn.
(3) If A is permutable with X1, . . . , Xn, then there exists a function f (x1, . . . , xn)

such that A = f (X1, . . . , Xn).

The algebra of observables should have a complete system of commuting ob-
servables. The problem of determining for which operator involutive algebra there
exists a CSCO is unsolved. The requirement of the existence of a CSCO is a re-
strictive condition. For certain classes of involutive operator algebras M there
do exist CSCO. For example, if M is the enveloping algebra of a nilpotent or
semisimple group, then complete systems of commuting observables exist.

The question of what is a CSCO for a particular quantum system and the ques-
tion of when a system of permutable operators is complete are physical questions.
If an experiment gives more values than can be supplied by a given system of
permutable operators, then this system is not complete. Then one has to introduce
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a new quantum number, i.e., enlarge the system of commuting operators. This
usually requires a further enlargement of the algebra.

In quantum mechanics, we must postulate that for the algebra of observables
M for a given quantum system one always has a CSCO. Thus for the algebra
M there exists a set of permutable operators X1, . . . , Xn in M, which have a set
of (generalized) eigenvectors |x1, . . . , xn> (see equation (18)), such that every
element |Ψ > in H can be represented as

|Ψ > =
∫

dμ(x1, . . . , xn)|x1, . . . , xn><x1, . . . , xn|Ψ >.

This means that the conditions of the spectral theorem are fulfilled. Here the set
{x1, . . . , xn} is the spectrum of the CSCO X1, . . . , Xn with xk in the spectrum
σ(Xk) of the observable Xk .

All infinite-dimensional separable Hilbert spaces are isomorphic to each other.
Then each Hilbert space can be described as an abstract Hilbert space. How-
ever, it is often convenient to use the Hilbert space L2(Rn). It is similar to use
a coordinate frame instead of general (vector) forms of description. If CSCO
is defined, then a Hilbert space H can be realized as a space of functions
Ψ (x1, . . . , xn) = <x1, . . . , xn|Ψ > with the scalar product,

<Ψ1|Ψ2> =
∫
Rn

Ψ ∗(x1, . . . , xn)Ψ (x1, . . . , xn) dμ(x1, . . . , xn),

where μ(x1, . . . , xn) is a measure. Then X1, . . . , Xn are the multiplication oper-
ators

XkΨ (x1, . . . , xn) = xkΨ (x1, . . . , xn).

This is the X-representation. This realization of H by L2(Rn) is also called the
spectral representation that is generated by CSCO. As a result, the Hilbert space
H is a space of functions on a spectrum of commuting observables.
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PART II

QUANTUM DYNAMICS
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Chapter 10

Superoperators and its Properties

10.1. Mathematical structures in quantum dynamics

Until now we have not mentioned time and have completely ignored the time
evolution of the state of a system and the time development of an observable. We
have restricted ourselves to properties of systems defined at one instant. In gen-
eral, one should specify not only the physical values obtained in a measurement
but also the time at which the observation is made. In this part we consider the
time evolution—the dynamics—of quantum systems. We make the assumption
that time is a continuous real parameter t that labels sequences of states and ob-
servables. That is, we make the idealizing assumption that observables and states
can be defined at a succession of arbitrary small time interval, and that at any
instant of time the specification of a complete set of observables is possible.

To formulate quantum kinematics the mathematical language of operator al-
gebra and functional analysis was considered. Quantum dynamics, too, has its
mathematical language. This is the language of superoperators, operator differen-
tial equations, one-parameter semi-groups, etc. Although one might obtain some
understanding of quantum dynamics without knowing its mathematical language,
the precise and deep meaning of the physical notions in their full generality can-
not be achieved without using its mathematical structures. Modern mathematics
distinguishes three basic kinds of structures: algebraic, topological, and ordering.
The mathematical structures of quantum dynamics are complicated combinations
of these three.

Dynamical structure and differential equations

Quantum mechanics consists essentially of two physical structures, a kinematical
structure describing the initial states and observables of the system, and a dynam-
ical structure describing the evolution of these states and observables with time.
The observables and states can be given by operators. The dynamical structures
are given by maps of the underlying kinematical structure, which represents the
evolution of the system with time.

213



214 Chapter 10. Superoperators and its Properties

In the physical theories, the dynamical structure can be introduced by the dif-
ferential equations, which represent the evolution of the observables A ∈M and
states ρ ∈ S with time. These differential equations will be presented in the form
of ES(ρ) = 0 and EM(A) = 0. In quantum theory, we can restricted ourselves
to these linear operator differential equations with

ES = d/dt −Λt, EM = d/dt − Lt ,

where Λt is called the Liouville superoperator, and Lt is the Heisenberg superop-
erator. These equations, as a rule, are subjected to some fundamental principles,
which have geometrical, algebraic, or analytic nature. These principles determine
mathematical structures of dynamics.

POSTULATE (Dynamical structure). A dynamical structure Deq is a dynamical
set Deq, together with mathematical structures on Deq.

(1) Deq is a totality Deq = (DM,DS,DB) of the following sets:
(1.1) DM is a set of all equations EM(A) = 0 for A ∈M. The solutions of

these equations are interpreted as a time evolution of observables.
(1.2) DS is a set of all equations ES(ρ) = 0 for ρ ∈ S. The solutions of

these equations are interpreted as a time evolution of states.
(1.3) DB is a set of all equations EB[(ρ|A)] = 0 for expectation values

(ρ|A) ∈ B. The solutions of these equations are interpreted as a time
evolution of expectation values.

(2) The given dynamical set Deq = (DM,DS,DB) is equipped with mathemati-
cal structures.

A kinematical structure describes the instantaneous states and observables of
the system. Then it can be considered as a set of all initial conditions for equations
of motion. As a result, the time evolution of the kinematical structure K is a map
from a kinematical set K into Kt . The set Kt is a totality of all solutions Kt =
Sol{EM, ES , EB}.

In the conventional formulations of quantum theories the dynamical structure
is introduced by the linear operator differential equation

(1)
dAt

dt
= LtAt

under a variety of conditions and assumptions. In each example, the operator At

describes an observable, or state, of the quantum system and will be represented
by an element of some suitable operator space, or algebra, M. The map t ∈ R →
At ∈ M describes the motion of A, and Lt is a superoperator on M, which
generates the infinitesimal change of A. A superoperator is a map from a set of
operators into itself. The derivative dA(t)/ dt is understood to be the limit, in the
norm of the space M, of the difference quotient τ−1[A(t + τ)−A(t)] as τ → 0.



10.1. Mathematical structures in quantum dynamics 215

The dynamics can be defined by solution of the operator differential equation.
The existence of a sensible, non-catastrophic, time development of the system is
equivalent to the existence of global solutions of the equation of motion satisfying
the initial conditions.

A Cauchy problem is the problem of finding a solution At of equation (1) in
which the initial condition is given by A0 ∈M at the time t0.

We say that the Cauchy problem is correctly formulated if the following condi-
tions are satisfied:

(1) The unique solution At of the Cauchy problem exists for arbitrary A0 belongs
to the domain D(L) of definition of L.

(2) This solution depends continuously on initial conditions in the sense that if
Ak tend to 0, then for the corresponding solutions Ak(t) of (1) it follows that
Ak(t) → 0.

If the Cauchy problem for equation (1), in which the initial condition is given
by A0 ∈ D(L), is correctly formulated, then its solution can be presented by the
formula

A(t) = Φ(t, t0)A0,

where Φ(t, t0) is a superoperator.

Dynamical structure and dynamical maps

Let us denote by A0 the observable of a system that is defined at the time t = t0.
We then expect that A0 will uniquely determine another observable At at any
later time t > t0. During the evolution the system may be subjected to external
influences, so that the manner of evolution will depend explicitly upon the interval
from t0 to t .

Our understanding of the time evolution suggests that we can impose the fol-
lowing requirements on the map Φ(t, t0) : A0 → At .

(1) Φ(t, t0) is a transformation of the set M of observables, satisfying the initial
condition

(2)Φ(t0, t0) : A0 → A0.

(2) If Φ(t1, t0) and Φ(t, t1) are maps with

Φ(t1, t0) : A0 → A1, Φ(t, t1) : A1 → At,

where 0 < t0 < t1 < t , then there is a natural transformation Φ(t, t0) map-
ping A0 into At satisfying the following composition law

(3)Φ(t, t1)Φ(t1, t0) = Φ(t, t0).
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The map Φ(t, t0) is said to be a dynamical map of a physical system if the
described conditions are satisfied.

Requirement (1) is intuitively obvious. Requirement (2) means that the evolu-
tion of the observable in the time interval (t0, t) can be constructed by evolution
in the two intervals (t0, t1) and (t1, t), where t1 is an arbitrary time point between
t0 and t . In general, an evolution process is called the Markov process if it satisfies
condition (3). The time development of an observable is a Markov process.

In the mathematical terminology, equations (2), (3) are a statement of the fact
that the time evolution form a two-parameter semi-group.

That the time evolution of an observable defined by operator differential equa-
tion (1) with Lt = L is Markovian is a consequence of the fact that this equation
is first order with respect to t .

Let M be a set of quantum observables. An evolution Φ(t, t0) from a set M
into itself is a surjection (is onto M) since each element At of M has at least one
element A0 of M evolved into it. To show that Φ(t, t0) is a surjection, we can
show that for each At , there exists A0 such that Φ(t, t0)A0 = At . In general, the
evolution Φ(t, t0) is not an injection (a one-to-one map). To show that Φ(t, t0)

is injection, you show that At = Bt implies A0 = B0. In the general case, the
evolution cannot be considered as an automorphism (isomorphism with itself) of
the kinematical structure.

POSTULATE (Dynamical structure). A dynamical structure Dmap is a set Dmap

of all dynamical maps on a kinematical structure, together with mathematical
structures on Dmap.

(1) A dynamical set Dmap is a totality (ΦM, ΦS , ΦB, T ) of the following sets.
(1.1) ΦM is a set of all dynamical maps on M. The element of ΦM is inter-

preted as an evolution of observable A ∈M.
(1.2) ΦS is a set of all dynamical maps on S. The element of ΦS is inter-

preted as an evolution of state ρ ∈ S.
(1.3) ΦB is a set of all dynamical maps on B. The element of ΦB is inter-

preted as an evolution of measured numerical value (ρ|A) ∈ B.
(1.4) T is a set of all possible instants of time.

(2) Mathematical structures are defined on the given dynamical set Dmap =
(ΦM, ΦS , ΦB, T ).

A map Φ(t, t0) is said to be temporarily homogeneous if Φ(t, t0) is a function
of t − t0 only. In this case, equation (3) takes the form ΦtΦs = Φt+s , where
Φt = Φ(t + t0, t0). This equation is intuitively obvious. It is a statement of the
fact that letting an observable evolve first for a period of length s and then letting
the resultant observable evolve for a period of length t leads to the same result as
letting the original observable evolve for a period of length t + s.
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In general, dynamical maps Φ(t, t0) on a kinematical structure K cannot be
considered as endomorphisms. For non-Hamiltonian systems, there exist A and
B such that

(4)Φ(t, t0)g(A,B) �= g
(
Φ(t, t0)A,Φ(t, t0)B

)
,

where g(·,·) is a binary operation. This inequality is satisfied for associative, Lie
and Jordan algebras in the theory of non-Hamiltonian and dissipative systems.
We have an equality in (4) for Hamiltonian systems. The evolution of such sys-
tems is a group of automorphisms of the underlying kinematical structure. In
non-Hamiltonian dynamics, the time evolution cannot be considered as an en-
domorphism of an operator algebra. In general, the evolution of non-Hamiltonian
and dissipative systems is not an endomorphism of a linear space, since these exist
strange attractors that cannot be considered as the linear spaces. It is possible to
generalize a kinematical structure such that it will be “invariant” with respect to
time evolution. In general, the conservation (“invariance”) of algebraic structures
for dissipative and non-Hamiltonian systems is an open question. The “nonin-
variant” kinematical set can be considered only as a set of all possible initial and
boundary conditions for equations of motion and dynamical maps.

This is a chapter which reviews the basic facts of superoperator on operator
spaces.

10.2. Definition of superoperator

Quantum theories consist essentially of two parts, a kinematical structure describ-
ing the initial states and observables of the system, and a dynamical structure
describing the change of these states and observables with time. In the quantum
mechanics the states and observables are given by operators. The dynamical de-
scription of the system is given by a superoperator, which is a map from a set of
operators into itself.

Let M be an operator space. We shall denote by M∗ the dual space of M.
Thus M∗ is the set of all linear functionals on M. The classic notations to denote
an element of M are |B) and B. The symbols (A| and ω denote the elements of
M∗. By the Riesz–Fréchet theorem, any linear continuous (with respect to the
norm ‖ ‖) functional on a Liouville space M has the form ω(B) = (A|B) for
all B ∈ M, where |A) is an element from M. Therefore the element A can be
considered not only as an element |A) of M, but also as an element (A| of the dual
space M∗. The symbol (A|B) for a value of the functional (A| on the operator
|B) is the graphic junction of the symbols (A| and |B).

DEFINITION. Let M be a set of operators. A superoperator on M is a mapping
L from M into itself. In other words, a superoperator L is a rule that assigns to
each operator A exactly one operator L(A).
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A superoperator may be pictured as a “black box” that generates an operator at
the output in response to an operator at the input. It is said that a superoperator
applied to an operator generates a new operator.

The superoperator L :M1 → M2 will mean that L is a single-valued map-
ping whose domain is M1 and whose range is contained in M2. For every
operator A ∈ M1, the superoperator L assigns a uniquely determined opera-
tor L(A) ∈M2. Let L be a linear superoperator whose domain D(L) and range
R(L) both lie in the same linear operator space M.

DEFINITION. A linear superoperator is a mapping L from an operator space M
into itself, such that the following requirements are satisfied:

(1) L(A+ B) = L(A)+ L(B) for all A,B ∈ D(L) ⊂M.
(2) L(aA) = aL(A) for all A ∈ D(L) ⊂M and a ∈ C.

DEFINITION. Let L be a superoperator on M. An adjoint superoperator of L is
a superoperator L̄ on M∗, such that(

L̄(A)|B) = (
A|L(B)

)
for all B ∈ D(L) ⊂M and some A ∈ D(L̄) ⊂M∗.

An adjoint superoperator is also called the dual or conjugate superoperator. If
we use the notation ω ∈M∗, then

L̄ω(A) = ω
(
L(A)

)
, (L̄ω|A) = (ω|LA).

Let M be a Liouville space and let L be a superoperator on M. Then (A|B) =
Tr[A∗B], and a superoperator L̄ on M∗ is adjoint of L if

Tr
[(
L̄(A)

)∗
B
] = Tr

[
A∗L(B)

]
.

If there exists an isomorphism between M and M∗, then we can define the
symmetric and self-adjoint superoperators. Suppose M is an operator Hilbert
space. Then by the Riesz–Fréchet theorem, M and M∗ are isomorphic.

DEFINITION. Let M be an operator Hilbert space. A symmetric superoperator is
a superoperator L on M, such that(

L(A)|B) = (
A|L(B)

)
for all A,B ∈ D(L) ⊂M.

DEFINITION. A self-adjoint superoperator is a superoperator L on a Hilbert op-
erator space M, such that the following requirements are satisfied:
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(1) L is a symmetric superoperator.
(2) D(L) = D(L̄).

Let M be a normed operator space. The most important is the class of bounded
superoperators, which are naturally defined on the whole M. The superoperator L
is called bounded if ‖L(A)‖M � c‖A‖M for some constant c and all A ∈ M.
Geometrically this means that L transforms norm bounded sets of M into the
norm bounded sets. The least value of c, equal to

(5)‖L‖ = sup
A�=0

‖L(A)‖M
‖A‖M ,

is called the norm of the superoperator L. If M is a normed space, and L is a
bounded superoperator, then ‖L̄‖ = ‖L‖.

In quantum theory, the most important is the class of real superoperators.

DEFINITION. Let M be an operator space, and let A∗ be adjoint of A ∈ M.
A real superoperator is a superoperator L on M, such that[

L(A)
]∗ = L(A∗)

for all A ∈ D(L) ⊂M and A∗ ∈ D(L).

If L is a real superoperator, then L̄ is real. If L is a real superoperator and
A is a self-adjoint operator A∗ = A ∈ D(L), then the operator B = L(A) is
self-adjoint, i.e., B∗ = [L(A)]∗ = L(A) = B. Let M be a set of observables.
Then superoperators from M into itself should be real. All possible dynamics,
i.e., temporal evolutions of quantum observables, must be described by a set of
real superoperators.

In quantum mechanics, the class of positive (nonnegative) superoperators is
very important.

DEFINITION. A nonnegative superoperator is a mapping L from M into M,
such that L(A2) � 0 for all A2 = A∗A ∈ D(L) ⊂M. A positive superoperator
is a mapping L from M into itself, such that L is nonnegative and L(A) = 0 if
and only if A = 0.

A density operator is a positive (nonnegative) self-adjoint operator ρ with unit
trace. The density operators represent quantum states. If L is a positive superop-
erator, then L(ρ) is a positive operator.

DEFINITION. A bounded linear superoperator U on a Hilbert operator space M
is called (bounded) isometric if U leaves the scalar product invariant: (UA|UB) =
(A|B) for all A,B ∈M. If, in particular, R(U) =M, then a (bounded) isometric
operator U is called a unitary superoperator.
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It is conventional to describe symmetries of quantum systems by unitary super-
operators on some kinematical set.

10.3. Left and right superoperators

Let M be an operator algebra. For A ∈ M, let LA be the mapping of M into
M given by LAC = AC for C ∈ M. We can think of LA as meaning left
multiplication by A.

DEFINITION. Suppose M is an operator algebra and A is in M. A left super-
operator, which is corresponded to A ∈ M, is a superoperator LA on M such
that

LAC = AC

for all C ∈ D(LA). Here D(LA) = {C ∈ M: AC ∈ M} is a domain of su-
peroperators LA. A right superoperator, which is corresponded to A ∈ M, is a
superoperator RA on M such that

RAC = CA

for all C ∈ D(RA), where D(RA) = {C ∈M: CA ∈M}.

Superoperators LA and RB can be denoted by Al and Br . The following prop-
erties of LA and RA are satisfied.

(1) If A ∈M is a linear operator, then LA and RA are linear superoperators.
(2) For A,B ∈ M, we can define the products LALB , LARB , RALB , RARB

as the superoperators such that

(LALB)C = LA(LBC) = A(BC),

(LARB)C = LA(RBC) = A(CB),

(RALB)C = RA(LBC) = (BC)A,

(RARB)C = RA(RBC) = (CB)A

for C ∈M. These multiplications are associative operations:

(LALB)LC = LA(LBLC), (RARB)RC = RA(RBRC),

(LALB)RC = LA(LBRC), (RARB)LC = RA(RBLC),

(LARB)RC = LA(RBRC), (RALB)LC = RA(LBLC)

for A,B,C ∈M. Note that there equations are satisfied for each nonassociative
algebra M.
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(3) If A,B ∈ M and (A,C,B) = 0 for all C ∈ M, then the superoperators
LA and RB are commutative

LARB = RBLA.

In general, this statement is valid for each nonassociative operator algebra M.
(4) If A,B ∈ M and AB = BA, then the superoperators LA and LB are

commutative

LALB = LBLA

on D(LA) ∩D(LB), and RARB = RBRA. In general, M need not be commuta-
tive. This statement is satisfied for noncommutative algebra M. Suppose M is a
commutative algebra. Then AB = BA for all A,B ∈M, and

(6)LA = RA

for all A ∈M.
If M is an anticommutative algebra, then AB = −BA for all A,B ∈M, and

LA = −RA for all A ∈M.
(5) Let M be a nonassociative operator algebra. If A,B ∈M, and

(A,B,C) = 0, (A,C,B) = 0, (B,A,C) = 0,

(B,C,A) = 0, (C,A,B) = 0, (C, B,A) = 0

for all C ∈M, then these relations give

LAB − LALB = 0, RBLA − LARB = 0, LBA − LBLA = 0,

RALB − LBRA = 0, RBRA − RAB = 0, RARB − RBA = 0.

This statement is satisfied for all elements of an associative algebra M.
(6) Let M be an associative operator algebra. Then

LAB = LALB, RAB = RBRA, LARB = RBLA

for all A,B ∈M.
(7) Let M be an involutive algebra. An involution on M is a map of A ∈ M

into A∗ ∈M adjoint of A. We define the superoperator J on M by

JA = A∗

for all A ∈ M. This superoperator is called the involution superoperator. The
following conditions are satisfied:

J (aA+ bB) = a∗J (A)+ b∗J (B), J
(
J (A)

) = A,

J (AB) = J (B)J (A)

for all A,B ∈M and a, b ∈ C.
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Let us define the superoperators L∗A and R∗A by setting

L∗A = JLAJ, R∗A = JRAJ.

These equations give

L∗AC = JLAJC = JLAC∗ = JAC∗ = (AC∗)∗ = CA∗ = RA∗C,

R∗AC = JRAJC = JRAC∗ = JC∗A = (C∗A)∗ = A∗C = LA∗C

for all C ∈M. As a result, we obtain

L∗A = JLAJ = RA∗ , R∗A = JRAJ = LA∗ .

Let M be an associative algebra. For all A,B ∈M, we have the equation

(LALB)∗ = L∗AL∗B,

which can be proved by

(LALB)∗ = (LAB)∗ = R(AB)∗ = RB∗A∗ = RA∗RB∗ = L∗AL∗B.

Analogously, we obtain the equation (RARB)∗ = R∗AR∗B . Note, that we have
L∗AL∗B instead of L∗BL∗A as for usual operators ((AB)∗ = B∗A∗). In general,
L∗AL∗B �= L∗BL∗A. Also, we have R∗AR∗B instead of R∗BR∗A.

(8) If M is a unital Banach algebra, then it is easy to prove that

‖LA‖ = ‖RA‖ = ‖A‖M,

and

σ(LA) = σ(RA) = σ(A).

(9) Let M be a Liouville space. If M is also an operator algebra, then

(LAB|C) = (B|LA∗C)+ Tr
[
(B∗, A∗, C)

]
.

This equation can be proved by the following transformations

(LAB|C) = Tr
[
(LAB)∗C

] = Tr
[
(AB)∗C

] = Tr
[
(B∗A∗)C

]
= Tr

[
B∗(A∗C)+ (B∗A∗)C − B∗(A∗C)

]
= Tr

[
B∗(LA∗C)+ (B∗, A∗, C)

]
= (B|LA∗C)+ Tr

[
(B∗, A∗, C)

]
.

The following corollaries follow immediately from this equation.

(a) Let M be a Liouville space, and let A ∈M be a self-adjoint operator. If M
is an associative operator algebra, then the superoperators LA and RA on M
are self-adjoint (L̄A = LA, R̄A = RA) on a dense set D(LA) ∩D(RA):

(LAB|C) = (B|LAC), (RAB|C) = (B|RAC).
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(b) Let M be a nonassociative operator algebra such that

Tr
[
(A,B,C)

] = 0

for all A,B,C ∈ M. If A ∈ M is a self-adjoint operator, then the superop-
erators LA and RA on M are self-adjoint (L̄A = LA, R̄A = RA), i.e.,

(LAB|C) = (B|LAC), (RAB|C) = (B|RAC).

As an example, we can consider a nonassociative Jordan algebra M(+). Using

(A ◦ B) ◦ C − A ◦ (B ◦ C) = 1

4

[
B, [A,C]],

we obtain

Tr
[
(A,B,C)

] = Tr
[
(A ◦ B) ◦ C − A ◦ (B ◦ C)

] = 1

4
Tr
[
B, [A,C]] = 0,

where A ◦ B = (1/2)(AB + BA), and [A,B] = AB − BA.

10.4. Superoperator kernel

Kernels of superoperators

Let |x> = |ex> be an orthonormal basis of a Hilbert space H, such that

<x|y> = δ(x − y),

∫
dx|x><x| = I.

Then the ket-bra operators P̂ (x, y) = |x><y| on H form the orthonormal basis
|xy) = |P̂ (x, y)) of the associated Hilbert space H̄, such that

(7)(xy|x′y′) = δ(x, x′)δ(y′, y),

∫
dx dy |xy><xy| = LI ,

where LI is an identity superoperator. For each element |A) of H̄, we have

(8)|A) =
∫

dx dy |xy)(xy|A),

where (xy|A) = <x|A|y> = a(x, y) is a kernel of A. This is the X-repre-
sentation of the operator A.

A superoperator L on H̄ is a map that assigns to each operator |A) of D(L) ⊂
H̄ exactly one operator |B) = |LA). The classic notation to denote the operator
B is L(A), and we have

L|A) = |LA)
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for all |A) ∈ D(L) ⊂ H̄. Let us consider the kernel

b(x, y) = <x|B|y> = <x|L(A)|y> = (
xy|L(A)

) = (xy|L|A)

of the operator B = L(A). If we substitute the identity superoperator LI into
(xy|L|A), we have

b(x, y) = (xy|L|A) = (xy|LLI |A) =
∫

dx′ dy′ (xy|L|x′y′)(x′y′|A).

As a result, we obtain

b(x, y) =
∫

dx′ dy′ L(x, y, x′, y′)a(x′, y′),

where a(x′, y′) = <x′|A|y′> = (xy|A) is a kernel of A, and b(x, y) =
<x|L(A)|y> = (xy|LA) is a kernel of B = LA. The function L(x, y, x′, y′)
can be considered as a kernel of superoperator L in X-representation.

DEFINITION. A kernel of superoperator L in X-representation is the function

(9)L(x, y, x′, y′) = (xy|L|x′y′) = (
xy|L(P̂ (x′, y′)

))
,

that is defined by the equation

L(x, y, x′, y′) = (
P̂ (x, y)|L(P̂ (x′, y′)

)) = Tr
[
P̂ (x, y)L

(
P̂ (x′, y′)

)]
.

As a result, the superoperator L can be presented as an integral operator with a
kernel L(x, y, x′, y′), and L transforms a kernel a(x, y) of A by the equation

(xy|L|A) =
∫

dx′ dy′ L(x, y, x′, y′)a(x′, y′).

Examples of superoperator kernels

We illustrate the superoperator kernels

(10)L(x, x′, y, y′) = (xx′|L|yy′) = Tr
[
P̂ (x, x′)L

(
P̂ (y, y′)

)]
with the following examples.

(1) Let M be an associative operator algebra, and let LA be a left superoperator
on M, such that

LA|C) = |AC).

The kernel LA(x, x′, y, y′) of the left superoperator LA is

(11)LA(x, x′, y, y′) = a(x, y)δ(y′ − x′),
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where a(x, y) is a kernel of A. To prove this equation, we use (10).

LA(x, x′, y, y′) = (xx′|LA|yy′) = (
P̂ (x, x′)|AP̂ (y, y′)

)
= Tr

[
P̂ (x′, x)AP̂ (y, y′)

] = Tr
[
P̂ (y, y′)P̂ (x′, x)A

]
= δ(y′ − x′) Tr

[
P̂ (y, x)A

]
= δ(y′ − x′)(xy|A) = a(x, y)δ(y′ − x′).

Here we use the relations Tr[ABC] = Tr[CAB], and

P̂ (y, y′)P̂ (x′, x) = δ(y′ − x′)P̂ (y, x).

(2) Let RA be a right superoperator on M. Using (10), we have

RA(x, x′, y, y′) = (xx′|RA|yy′) = (
P̂ (x, x′)|P̂ (y, y′)A

)
= Tr

[
P̂ (x′, x)P̂ (y, y′)A

] = δ(x − y) Tr
[
P̂ (x′, y′)A

]
= δ(x − y)(y′x′|A) = a(y′, x′)δ(x − y).

As a result, the kernel RA(x, x′, y, y′) of the superoperator RA is

(12)RA(x, x′, y, y′) = a(y′, x′)δ(x − y).

(3) Let us consider the superoperator

L−H =
1

ih̄
(LH − RH ).

The kernel L−H (x, x′, y, y′) of L−H is

L−H (x, x′, y, y′) = (xx′|L−H |yy′) = 1

ih̄

[
(xx′|LH |yy′)− (xx′|RH |yy′)

]
.

Then

L−H (x, x′, y, y′) = 1

ih̄

(
LH (x, x′, y, y′)− RH (x, x′, y, y′)

)
.

Using (11) and (12), we obtain

L−H (x, x′, y, y′) = 1

ih̄

(
h(x, y)δ(y′ − x′)− h(y′, x′)δ(x − y)

)
,

where h(x, y) = <x|H |y> is a kernel of H .
(4) Let us consider the superoperator

L+A =
1

2
(LA + RA).

It is not hard to prove the following equation

L−H (x, x′, y, y′) = 1

2

(
a(x, y)δ(y′ − x′)+ a(y′, x′)δ(x − y)

)
,
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where a(x, y) = <x|A|y> is a kernel of A.
(5) Let L, L1 and L2 be superoperators on an associative operator algebra M.

If L = L1L2, then

(xy|L|x′y′) = (xy|L1L2|x′y′) =
∫

dx′′ dy′′ (xy|L1|x′′y′′)(x′′y′′|L2|x′y′).
As an example, we consider the superoperator L = LARB(LC − RC). The

kernel L(x, x′, y, y′) of this superoperator is

L(x, x′, y, y′) =
∫

dz
(
a(x, z)c(z, y)b(y′, x′)− a(x, y)c(y′, z)b(z, x′)

)
,

where a(x, y) = <x|A|y>, c(x, y) = <x|C|y>, and b(x, y) = <x|B|y>.

10.5. Closed and resolvent superoperators

For the purposes of applications to quantum mechanics it is important to consider
some linear superoperators that are not continuous. Many of the most important
discontinuous superoperators have a property that in some respects compensates
for the absence of the property of continuity.

DEFINITION. A closed superoperator is a superoperator L on a Banach operator
space M, such that the conditions

lim
k→∞‖Akx − Ax‖H = 0, lim

k→∞‖LAkx − Bx‖H = 0,

where all Ak ∈ D(L), imply A ∈ D(L), B = LA.

Thus the notion of a closed superoperator is an extension of the notion of a
bounded superoperator. It is obvious that a bounded superoperator is closed.

THEOREM. A self-adjoint superoperator is closed. The inverse L−1 of a closed
linear superoperator L on D(L), if it exists, is closed.

Let L be a linear superoperator whose domain D(L) and range R(L) both
lie in the same operator Banach space M. We consider the linear superoperator
L(z) = zLI −L, where z is a complex number and LI the identity superoperator.
If z is such that the range R(L(z)) is dense in M and L(z) has a continuous
inverse (zLI − L)−1, we say that z is in the resolvent set ρ(L) of L. We denote
this inverse by

R(z,L) = (zLI − L)−1,

and call it the resolvent superoperator, or resolvent of L. All complex numbers
z not in ρ(L) form a set σ(L) called the spectrum of L. Note that σ(LA) =
σ(RA) = σ(A).
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THEOREM. Let L be a closed superoperator with its domain D(L) and range
R(L) both lie in the same operator Banach space M. Then the resolvent
R(z,L) = (zLI − L)−1 is a bounded superoperator for any z ∈ ρ(L).

As a result, the resolvent is an everywhere defined superoperator such that
‖R(z,L)‖ � C(z), where C(z) is a constant for each z ∈ ρ(L). If L is a self-
adjoint superoperator on a Hilbert operator space M, then C(z) = 1/ Im(z).

THEOREM. Let L be a closed superoperator and zk (k = 1, 2) both belong to
ρ(L), then the resolvent superoperator equation holds:

R(z1,L)− R(z2,L) = (z2 − z1) R(z1,L) R(z2,L).

Using the bounded resolvents of closed and self-adjoint superoperators, we can
define generalized (resolvent) norm convergence for a unbounded closed and self-
adjoint superoperators.

DEFINITION. Let Lk , k = 1, 2, . . . , and L be self-adjoint superoperators. Then
Lk is said to converge to L in the norm resolvent sense if

lim
k→∞

∥∥R(z,Lk)− R(z,L)
∥∥ = 0

for all z with Im(z) �= 0.

The notions of weak and strong resolvent convergences of self-adjoint (and
closed) unbounded superoperators also can be defined.

10.6. Superoperator of derivation

DEFINITION. A superoperator of derivation, or derivation, is a superoperator L
on an operator algebra M, such that the following requirements are satisfied:

(1) L(aA+ bB) = aL(A)+ bL(B) for all A,B ∈ D(L) ⊂M, and a, b ∈ C.
(2) L(AB) = (LA)B + A(LB) for all A,B ∈ D(L) ⊂M.

A derivation is a linear superoperator such that the Leibnitz rule L(AB) =
(LA)B+A(LB) is satisfied for all operators A and B in D(L) ⊂M. The operator

ZL(A,B) = L(AB)− L(A)B − AL(B)

is called the Leibnitz defect of L at A and B in D(L) ⊂ M. The Leibnitz defect
of a superoperator L shows how much the deviation of L from a derivation super-
operator. If M is an involutive algebra, then ZL(A∗, A) is called the dissipative
function. It is not hard to prove the following statement.
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STATEMENT. The Leibnitz defect ZL determines L up to a locally Hamiltonian
superoperator.

A derivation is a linear map L of an operator algebra M into itself such that ZL
are equal to zero on D(L) ⊂M. Let the set of all derivations on M be Der(M).
The following properties are satisfied:

(a) If L1,L2 ∈ Der(M), then L1 + L2 ∈ Der(M).
(b) If L ∈ Der(M) and a ∈ R, then aL ∈ Der(M).
(c) The binary operation (L1L2)A = L1(L2A) is associative: (L1L2)L3 =

L1(L2L3) for all L1,L2,L3 ∈ Der(M).
(d) The Lie multiplication L1 · L2 = L1L2 − L2L1 of L1,L2 ∈ Der(M) is a

derivation.

DEFINITION. Let M be an involutive algebra. A symmetric derivation, or self-
adjoint derivation, is a linear superoperator L on M, such that the following
requirements are satisfied:

(1) D(L) is an involutive subalgebra of M.
(2) L(AB) = (LA)B + A(LB) for all A,B ∈ D(L).
(3) (LA)∗ = L(A∗) for all A ∈ D(L).

Requirement (1) express the mathematical statement that the domain D(L) is
closed with respect to multiplication and involution. In short, if A,B ∈ D(L),
then AB ∈ D(L) and A∗ ∈ D(L). Requirements (2) and (3) mean that a symmet-
ric derivation is a real superoperator.

Associative operator algebra

Suppose M is an associative operator algebra, and A is in M. Then we define the
superoperator LH = LH −RH . This superoperator is a derivation. It is called the
inner derivation of M determined by H .

DEFINITION. A derivation L of M is said to be inner if there exists H in M
such that

LA = HA− AH

for all A in M, otherwise L is said to be outer.

Let Inn(M) be a set of all inner derivations on M. We shall denote the
linear space of all outer derivations on M by Out(M). Then Out(M) =
Der(M)/Inn(M).

Consider now an associative algebra P generated by finite linear combinations
and finite powers of the elements Q and P , where QP − PQ = I .
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THEOREM. All the derivations of P are inner.

Though P itself does not admit outer derivations, there are a number of im-
portant subalgebras of P which do admit them. It is not hard to prove that the
subalgebras of P formed by the linear span of the sets {I,Q, P,Q2, P 2,QP }
and {I,Qk+1,QkP : k � 0} have outer derivation given by

L
(
QkP l

) = a

2
(2− k − l)QkP l + a

2

[
Qk, P l

]
with l = 1, 2. The subalgebras of P defined as the linear span of the set
{I,QkP l + P lQk: k, l ∈ N} has outer derivation given by

L
(
QkP l + P lQk

) = a

2
(2− k − l)

(
QkP l + P lQk

)
.

Let M be an associative operator algebra. The set of all derivations Der(M) of
an associative algebra M form a Lie algebra under the multiplication L1 · L2 =
L1L2−L2L1. The set of inner derivations forms an ideal in Der(M). An ideal is
a special kind of subalgebra. If M0 is an ideal, and A ∈ M0, then A · B ∈ M0
for any B ∈M.

Jordan operator algebra

If M is a Jordan operator algebra and H ∈ M, then L+H A = H ◦ A for all
A ∈M. The Jordan left multiplication L+H is not a derivation. Using L+H = R+H ,
we obtain LH = L+H − R+H = 0. Then LH is not a derivation.

Let M be an associative algebra, and let M(+) be a special Jordan algebra.
A superoperator L on M(+) is a derivation of a Jordan algebra M(+) if

L(A ◦ B)− L(A) ◦ B − A ◦ L(B) = 0

for A,B ∈ M. The superoperator LH = LH − RH on M is a derivation for
M(+).

The next statement gives some features of special Jordan algebras M(+).

STATEMENT. All the derivation superoperators on an associative algebra M are
derivations on the corresponding special Jordan algebra M(+).

This is easy to show by using A ◦ B = (1/2)(AB + BA).

Lie operator algebra

If M is a Lie operator algebra and H ∈M, then the left multiplication by H , i.e.,
the superoperator LH = L−H , is a derivation of M. This is the Lie left multiplica-
tion L−H . If A,B ∈M, then by using the Jacobi identity and the anticommutative
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law, we obtain

LH (A · B) = A · (LH B)− (LH A) · B.

The derivation LH is an inner derivation of the Lie algebra determined by H . As
a result, Lie left multiplication is an inner derivation of Lie algebra.

Using L−H = −R−H , we see that LH = L−H can be define by the relation

LH = 1

2
(L−H − R−H ).

As a result, this superoperator is an inner derivation on Lie algebra M.
The set of all derivations Der(M) of a Lie algebra M form a Lie algebra under

the Lie multiplication LA · LB = LALB − LBLA.
A mapping H → LH , is a homomorphism from a Lie algebra M into a Lie

algebra Inn(M). It is not hard to prove the properties

L(A+B) = LA + LB, L(A·B) = LA · LB.

The set of inner derivations forms an ideal Inn(M) in the Lie algebra Der(M). If
A ∈ Inn(M), then A · B ∈ Inn(M) for any B ∈ Der(M).

THEOREM (Zassenhaus). If M is a semi-simple Lie algebra then every deriva-
tion L of M is inner.

A Lie algebra which has no ideals (except the trivial ones comprising the full
algebra itself or the ideal consisting only of zero) is called simple. A subalgebra
in which all elements commute is called abelian or commutative. An algebra with
no abelian ideals is called semi-simple.

If M is an associative algebra and M(−) the Lie algebra corresponding to it
in the sense H · A = (1/ih̄)(HA − AH), then every derivation L of M is also
a derivation of M(−). The converse does not hold in general. However, inner
derivation of M are inner derivation of M(−), and vise versa.

As a result, we can give the basic theorem regarding Lie algebra corresponding
to associative algebra.

THEOREM. The inner derivations of an associative algebra M form an ideal
Inn(M) in the Lie algebra Der(M) of all derivations of M.

An operator algebra M is called a differential algebra with the set A of deriva-
tion superoperators if the set A is given and there is assigned to every element
L ∈ A a certain derivation of M. It is not assumed that distinct superoperators of
A must correspond to distinct derivations.
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Leibnitz defect

Let M be an operator algebra, and let L be a superoperator whose domain D(L)

is a subalgebra of M.

DEFINITION. A Leibnitz defect of the superoperator L on M is a bilinear map-
ping ZL :M×M→M, such that

ZL(A,B) = L(AB)− L(A)B − AL(B)

for all A,B ∈ D(L), such that AB ∈ D(L).

A derivation on M is a linear superoperator L, such that ZL(A,B) = 0 for all
A,B ∈ D(M). The Leibnitz defect of L shows how much the deviation of L from
a derivation. The Leibnitz defect will be denoted by the following symbols. For
an associative algebra M, we use ZL(A,B). For a Lie algebra L(M) = M(−),
the Leibnitz defect will be denoted by

JL(A,B) = L(A · B)− (LA) · B − A · (LB).

For special Jordan algebra M(+), we use the notation

KL(A,B) = L(A ◦ B)− (LA) ◦ B − A ◦ (LB).

10.7. Hamiltonian superoperator

DEFINITION. Let M be an involutive operator algebra. A locally Hamiltonian
superoperator is a real superoperator of derivation on M.

The locally Hamiltonian superoperator is also called the ∗-derivation, or sym-
metric derivation. A locally Hamiltonian superoperator is a superoperator L on
M, such that the following requirements are satisfied:

(1) L(AB) = (LA)B + A(LB) for all A,B ∈ D(L).
(2) (LA)∗ = L(A∗) for all A ∈ D(L).

Requirement (1) means that the Leibnitz defect is equal to zero ZL(A,B) = 0
for all A,B ∈ D(L) ⊂ M, such that AB ∈ D(L). Requirement (2) means that
L(A) is a self-adjoint operator if A is self-adjoint.

DEFINITION. Let M be an involutive operator algebra. A globally Hamiltonian
superoperator is a real superoperator of inner derivation of M.
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If L is a globally Hamiltonian superoperator, then there exists a unique self-
adjoint operator H ∈M such that

L(A) = 1

ih̄
[H,A].

In this case, Tr[L(A)] = 0 for all A ∈ D(L) ⊂M.
Its is not hard to prove that a globally Hamiltonian superoperator L on M is a

locally Hamiltonian. This proof uses the equation

ZL(A,B) = 1

ih̄

([H,AB] − [H,A]B − A[H,B])
= 1

ih̄

(−(H,A,B)− (A,B,H)+ (A,H,B)
)
.

If M is an associative algebra, then (A,B,C) = 0 for all A,B,C ∈M.
Let us give the important theorem regarding Hamiltonian superoperators.

THEOREM. Let M be an operator W ∗-algebra. A bounded locally Hamiltonian
superoperator L on M is globally Hamiltonian.

In other words, each derivation of a W ∗-algebra is an inner derivation. As a
result, we have the following set of equivalent conditions.

THEOREM. Let L be a linear superoperator whose domain D(L) is a subalgebra
of an operator W ∗-algebra M. Then, the following conditions are equivalent:

(1) L is a locally Hamiltonian superoperator on M.
(2) L is a globally Hamiltonian superoperator on M.
(3) L is a superoperator on M such that ZL(A,B) = 0, and L∗(A) = L(A∗)

for all A,B ∈ D(L).
(4) L is a real superoperator on M(−) and M(+) such that JL(A,B) = 0,

KL(A,B) = 0 for all A,B ∈ D(L).
(5) There exists a unique self-adjoin operator H ∈M such that L = L

(−)
H .

In the conventional description of quantum Hamiltonian systems, equations of
motion (1) is considered with the globally Hamiltonian superoperator L = L

(−)
H .

The following properties are satisfied:

(1) ZL(A,B) = 0 and JL(A,B) = KL(A,B) = 0 for all A,B ∈ D(L).
(2) L is linear with respect to L−H .
(3) L is real.
(4) Tr[L(A)] = 0 for all A ∈ D(L).
(5) L(I ) = 0 and L(0) = 0.
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10.8. Integration of quantum observables

One-parameter operator and superoperator

Operators, defined on subset of the real line, are called one-parameter operator.

DEFINITION. Let M be an operator space. A one-parameter operator is a map
that assigns to each t of T ⊂ R exactly one operator At ∈M.

Let M be a Banach operator space. A one-parameter operator At ∈ M is
called the continuous, if

lim
t→s

‖At − As‖M = 0

for all s ∈ T . We shall denote the linear space of all continuous one-parameter
operators At ∈M by C(M, T ). The space C(M, T ), together with the norm

‖A‖C(M,T ) = max
t∈T

‖At‖M
is a Banach space.

A one-parameter operator At ∈M is differentiable at t = t0, if there exists an
element A′(t0) ∈M such that

lim
t→t0

∥∥∥∥At − At0

t − t0
− A′(t0)

∥∥∥∥
M
= 0.

The operator A′(t0) is called the derivative of operator A(t) at t = t0. The classic
notation to denote the derivative A′ is dA(t)/dt . If At ∈M is differentiable at all
t ∈ T , then this one-parameter operator is differentiable on the segment T ⊂ R.
In this case, the derivative dA(t)/dt is a one-parameter operator.

DEFINITION. Let M be an operator space. A one-parameter superoperator on
M is a map Φt that assigns to each t of T ⊂ R exactly one superoperator Φt

on M.

A one-parameter superoperator Φt on M is called the continuous at t = s, if
limt→s Φt = Φs for s ∈ T . If the limit is considered with respect to the norm of
the operator space M, then the superoperator is strongly continuous at t = s. If
the limit is considered in the sense of weak convergence in M, then the superop-
erator is weakly continuous at t = s.

Riemann integral of one-parameter operator

Let A(t) be a one-parameter operator A(t) = At with values in a Banach operator
space M. The Riemann integral of A(t), t ∈ [a, b], is defined as the limit of
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integral sums:

lim
max(�tk)→0

N∑
k=1

A(sk)�tk =
b∫

a

dt A(t),

where �tk = tk − tk−1, tk−1 � sk � tk and a = t0 < t1 < · · · < tN = b. If this
limit exists for an arbitrary sequences of decompositions of the interval [a, b] and
does not depend on the choice of this sequence and the choice of points sk , then
the one-parameter operator A(t) is called integrable according to Riemann. The
integral is called strong if the sum converge to it with respect to the operator norm
of the space M. If the sums are weakly convergent, then the integral is called
weak.

THEOREM. A strongly continuous one-parameter operator is strongly integrable
according to Riemann.

Note that the norm of a one-parameter operator, strongly integrable according
to Riemann, can be a real-valued function, which is not integrable according to
Riemann.

The usual properties of an integral hold for the integral of a one-parameter oper-
ator. In particular, if the one-parameter operator A(t) has a continuous derivative
dA(t)/dt on [a, b], then the Newton–Leibnitz formula is valid.

Bochner integral of one-parameter operator

The Pettis and Bochner integrals are generalizations of the Riemann integral.

DEFINITION. The one-parameter operator A(t), t ∈ [a, b], is called integrable
according to Bochner, if it is strongly measurable and ‖A(t)‖M is a real-valued
function summable according to Lebesgue.

In this connection, we give the following definitions.

DEFINITION. A one-parameter operator A(t) ∈ M is called strongly measur-
able, if it is a uniform limit of a sequence of finite-valued operators.

A linear operator A(t) ∈ M is a finite-valued one-parameter operator such
that A(t) = Ak ∈M for t ∈ Tk , where

n⋃
k=1

Tk = T = [a, b], Tk ∩ Tl = 0 (k �= l).
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The Bochner integral for finite-valued one-parameter operator is defined by the
sum

b∫
a

dt A(t) =
n∑

k=1

Akμ(Tk),

where μ(Tk) is Lebesgue measure of the interval Tk .
Let A(t) be an arbitrary one-parameter operator, which is integrable according

to Bochner, and let A(n)(t) be a sequence of finite-valued one-parameter operator
converging to A(t). The Bochner integral of the one-parameter operator A(t) is
defined by the limit

(13)

b∫
a

dt A(t) = lim
n→∞

b∫
a

dt A(n)(t).

The limit is considered with respect to the strong operator topology. The limit
does not depend on the choice of the sequence of finite-valued one-parameter
operator A(n)(t) converging to A(t).

Pettis integral of one-parameter operator

Let ω be a linear functional on a Banach space M.

DEFINITION. The one-parameter operator A(t), t ∈ [a, b], is called integrable
according to Pettis, if it is weakly measurable and ω(A(t)) is a real-valued func-
tion summable according to Lebesgue.

DEFINITION. A one-parameter operator A(t) ∈M is called weakly measurable,
if the real-valued function ω(A(t)) is Lebesgue measurable for every linear func-
tional ω ∈M∗.

Let us give the basic theorem regarding integrability according to Pettis and
Bochner.

THEOREM. If the Banach operator space M is separable, then the concept of
strong measurability of a one-parameter operator A(t) ∈ M coincides with the
concept of weak measurability.

The Pettis integral of the one-parameter operator A(t) is defined by the limit
(13) that is considered with respect to the weak operator topology.

THEOREM. If A(t) is integrable according to Pettis, then A(t) is integrable ac-
cording to Bochner, and the Pettis integrals are equal to the Bochner integral.
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In general, a one-parameter operator A(t) ∈M, integrable according to Pettis,
can be an operator, which is not integrable according to Bochner. If the Ba-
nach operator space M is separable, then the concept of Pettis integrability of
a one-parameter operator A(t) ∈M coincides with the concept of Bochner inte-
grability.

If A(t) is an integrable according to Bochner for almost all t ∈ [a, b], then the
one-parameter operator

B(t) =
t∫

a

dτ A(τ)

is continuous and differentiable.
Suppose that the one-parameter superoperator Lt is integrable according to

Bochner. Then instead of differential equation (1), we can take the equivalent
integral equation

A(t) = A(0)+
t∫

0

ds LsA(s).

This is the Volterra integral equation for the one-parameter operator A(t).
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Superoperator Algebras and Spaces

11.1. Linear spaces and algebras of superoperators

The following are examples of some mathematical structures on a set of linear
superoperators.

(1) Let M be a linear operator space. The set of all superoperators on M into
M is a linear space if we define addition of superoperators and multiplication of
superoperators by scalars in the natural way. We shall denote the linear space of
all linear superoperators on M by A(M). Let L1 and L2 be linear superoperators
of A(M). Then the sum (L1 + L2) ∈ A(M) is defined by

(L1 + L2)(A) = L1(A)+ L2(A)

for all A ∈ M. The scalar multiple aL ∈ A(M) is (aL)(A) = aL(A) for all
A ∈ M. When M is a normed linear space, it is common practice to call the
elements of A(M) bounded linear superoperators.

(2) For L1,L2 ∈ A(M), we define the product L1L2 as the linear superopera-
tor such that

(1)(L1L2)(A) = L1
(
L2(A)

)
for all A ∈M. (If L1, L2 are unbounded superoperators, then equation (1) should
be valid for all A ∈ D(L2) such that L2(A) ∈ D(L1).) With this definition
of multiplication, A(M) becomes an algebra. That is, A(M) is a linear space,
together with an operation of multiplication having the following properties.

(1) (L1L2)L3 = L1(L2L3).
(2) L1(L2 + L3) = L1L2 + L1L3.
(3) (L1 + L2)L3 = L1L3 + L2L3.
(4) (aL1)(bL2) = (ab)(L1L2).

As a result, A(M) is an associative superoperator algebra.
(3) For L1,L2 ∈ A(M), we can define the Lie product L1 · L2 as the linear

superoperator such that

(L1 · L2)(A) = L1
(
L2(A)

)− L2
(
L1(A)

)
237
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for A ∈M. With this definition of multiplication, A(M) becomes a Lie algebra
A(−)(M).

The Jordan product L1 ◦L2 can be defined as the linear superoperator such that

(L1 ◦ L2)(A) = L1
(
L2(A)

)+ L2
(
L1(A)

)
for A ∈M. Then A(M) becomes a Jordan algebra A(+)(M).

(4) Let M be a Banach operator algebra. The set of all left superoperators on
M is a linear space if we define addition and multiplication by scalars:

(LA + LB)C = LAC + LBC, (aLA)C = aLAC,

where C ∈ M. We shall denote the linear space of all left superoperators on M
by Al (M), i.e.,

Al(M) = {LA: A ∈M}.
For A ∈M, we define

‖LA‖ = ‖A‖M.

Then Al (M) is a normed linear space. If A(M) is a Banach space of all bounded
superoperators on M, then it is easy to prove that Al (M) is a closed subspace
of A(M). We shall denote the linear space of all right superoperators on M by
Ar (M).

(5) Let M be an associative Banach operator algebra. For A ∈ M, let LA be
the left superoperator on M given by LAB = AB for B ∈M. Also, RAB = BA.
We define the Lie left superoperator on M by

(2)L−A =
1

ih̄
(LA − RA),

where h̄ is a real number. For A∗ = A, it is easy to prove that L−A is a real
superoperator, i.e., (L−AB)∗ = L−AB∗ for B ∈ M. We shall denote the linear
space of all Lie left superoperators on M by Al−(M). It is easy to prove that
Al−(M) is an associative algebra, and Al−(M) is isomorphic to Al(M(−)).

(6) Let M be an associative Banach operator algebra. We define the Jordan left
superoperator on M by

(3)L+A =
1

2
(LA + RA).

For A∗ = A, the superoperator L+A is real, and (L+AB)∗ = L+AB∗. We shall
denote the linear space of all Jordan left superoperators on M by Al+(M). It is
easy to prove that Al+(M) is an associative algebra, and Al+(M) is isomorphic
to Al(M(+)).

(7) It is easily seen that the correspondence A → LA is a linear mapping
that also preserves the operation of multiplication. These superoperators would
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have formed an algebra of superoperators Al (M) = {LA: A ∈M}, isomorphic
to M. The mapping A → LA is called the left regular representation of M. The
mapping A → RA is called the right regular representation of M. In general,
LA �= RA, and these representations are not equivalent. Using L−A = −R−A , L+A =
R+A , we obtain an equivalence of the left and right regular representations for
commutative and anticommutative algebras.

(8) Let M be a Lie algebra and A ∈M. The mapping A→ LA associates with
each element A in the Lie algebra M a linear transformation L−A : L−AB = A · B.
For classical systems, A ·B is a Poisson bracket {A,B}. In quantum theory, A ·B
is a self-adjoint commutator (1/ih̄)[A,B]. To prove that this is a representation,
we must show it preserves the relations, that is, if A · B = C it must follows that

L−AL−B − L−BL−A = L−C.

Using the Jacobi identity, we obtain[
L−A,L−B

]
X = A · (B ·X)− B · (A ·X) = A · (B ·X)+ B · (X · A)

= −X · (A · B) = (A · B) ·X = C ·X = LCX.

As a result, Al(M) is a left regular representation of the Lie algebra M.
(9) Let M be an associative Banach algebra of bounded operators, and for

each A ∈ M, define LA by LAB = AB, where B ∈ M. Clearly LA is a linear
superoperator from M into itself. Also,

‖LAB‖M = ‖AB‖M � ‖A‖M‖B‖M,

which shows that LA is a bounded superoperator with ‖LA‖ � ‖A‖M. It is easily
seen that the correspondence A→ LA is a linear mapping that also preserves the
operation of multiplication. For example, given A,B,C ∈M, we have

LABC = (AB)C = A(BC) = A(LBC) = LALBC.

Hence LAB = LALB . The mapping A → LA is called the left regular represen-
tation of M. Now suppose that M is a unital algebra, i.e., M has a unit I with
‖I‖M = 1. Then

‖LA‖ = sup
‖B‖=1

‖LAB‖M � ‖LAI‖M = ‖A‖M.

Hence, by ‖LA‖ � ‖A‖M,

‖LA‖ = ‖A‖M.

Thus the left regular representation of M is an isometric algebra isomorphism of
M onto a subalgebra of Al(M) = {LA: A ∈M}.

(10) Let M be an associative Banach algebra of all bounded operators. The left
regular representation of M preserves the property of invertibility. An operator A
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in M is said to be invertible in M, if there exists an inverse element A−1 in M
such that A−1A = AA−1 = I . If A is invertible, then the superoperator LA is
obviously invertible in the algebra Al (M), because

LALA−1 = LA−1LA = LI .

Thus (LA)−1 = LA−1 . This is the inverse superoperator.

11.2. Superoperator algebra for Lie operator algebra

A Lie algebra is defined by the identities:

(4)A · A = 0,

(5)(A · B) · C + (B · C) · A+ (C · A) · B = 0.

The algebra M(−) obtained from an associative algebra M on replacing the prod-
uct AB by A · B = (1/ih̄)(AB − BA) is easily seen to be a Lie algebra.

In any Lie algebra M(−), we denote by L−A the left multiplication (2). This is
also called the regular representation of M(−). In general, this is an admissible
mapping of M(−) into A(M(−)), the algebra of linear superoperators on M(−).
There exist certain identities, which follows from equations (4) and (5).

Let us consider equation (4). In the first place, we have

LA·A = 0.

Secondly, denoting the left-hand side of (4) by G(A) = A · A, consider the ex-
pression

G(A+ B)−G(A)−G(B) = 0.

Its vanishing is expressed by the equation

(6)A · B + B · A = 0.

The process by which (6) was obtained from (4) is called linearization. We shall
also say that (6) was obtained by linearizing (4). Writing (6) as a superoperator
equation for B, we obtain

(7)L−A + R−A = 0.

Using equation (5) and expressing it as a superoperator equation acting on C,
we find

(8)L−A·B + R−AL−B + R−B R−A = 0.

Equations (7) and (8) give

(9)L−A·B − L−AL−B + L−BL−A = 0.
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Any linear mapping of a Lie operator algebra into an associative superoperator
algebra satisfying the identities (7), (9) is called a Lie representation or superop-
erator representation of Lie algebra M(−).

Consider a Lie algebra M(−), contained in an associative algebra M. If we
denote right and left multiplication by A ∈ M by LA and RA, respectively, and
the left regular representation in M(−) by L−A , then, since A · B = (1/ih̄)(AB −
BA) it follows that we have (2). This is the Lie left superoperator on M.

For L−A and L−B , we can define the Lie product L−A · L−B as the linear superop-
erator such that

L−A · L−B = L−AL−B − L−BL−A.

With this definition of multiplication, a set {L−A : A ∈M} becomes a Lie algebra.
Using (9), it is not hard to prove that the condition C = A · B gives

L−AL−B − L−BL−A = L−C.

11.3. Superoperator algebra for Jordan operator algebra

A Jordan algebra is defined by the identities:

(10)A ◦ B = B ◦ A,

(11)(A ◦ B) ◦ B2 − (
A ◦ B2) ◦ B = 0.

The algebra M(+) obtained from an associative algebra M on replacing the prod-
uct AB by A ◦ B = (1/2)(AB + BA) is easily seen to be a Jordan algebra. Any
subalgebra of a Jordan algebra of this type is called special.

In any Jordan algebra M, we denote by LA the left multiplication

LAB = A ◦ B.

This is also called the left regular representation of M. In contradiction to the
Lie algebra, this is not in general an admissible mapping of M into A(M), the
algebra of linear superoperators on M. However, it does satisfy certain identities
which follows from equations (10) and (11).

Expressing (10) as an operator equation acting on B, we obtain

(12)LA = RA.

Let us consider equation (11). In the first place, we have from (11) the relation

(13)RB2RB = RBRB2 .

Using (12), this equation can be presented as

LA2LA = LALA2 .
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Secondly, we can linearize (11) and express it as an operator equation acting on
one of the variables replacing B. Thus denoting the left-hand side of (11) by

F(B) = (A ◦ B) ◦ B2 − (
A ◦ B2) ◦ B,

consider the expression

F(B + C +D)− F(B + C)− F(C +D)− F(B +D)

+ F(B)+ F(C)+ F(D) = 0.

Its vanishing is expressed by the equation

(A ◦ B) ◦ (C ◦D)+ (A ◦ C) ◦ (D ◦ B)+ (A ◦D) ◦ (B ◦ C)

= (
(B ◦ C) ◦ A

) ◦D + (
(C ◦D) ◦ A

) ◦ B + (
(D ◦ B) ◦ A

) ◦ C.

Using (10), we have

(A ◦ B) ◦ (C ◦D)+ (A ◦ C) ◦ (B ◦D)+ (B ◦ C) ◦ (A ◦D)

(14)= (
(B ◦ C) ◦ A

) ◦D + B ◦ (A ◦ (C ◦D)
)+ C ◦ (A ◦ (B ◦D)

)
.

Writing this as an operator equation for D, we obtain

LA◦BLC + LA◦CLB + LB◦CLA

(15)= L((B◦C)◦A) + LBLALC + LCLALB.

In any special Jordan algebra M(+), we denote by L+A the left multiplication

L+AB = A ◦ B = 1

2
(AB + BA).

This can be called the special left regular representation of M(+). The left super-
operators L+A satisfy the equations

L+
A2L

+
A = L+AL+

A2 ,

L+A◦BL+C + L+A◦CL+B + L+B◦CL+A = L+((B◦C)◦A) + L+BL+AL+C + L+CL+AL+B .

Any linear mapping of a Jordan operator algebra into an associative super-
operator algebra satisfying the identities (12), (13) and (15) is called a Jordan
representation or superoperator general representation of Jordan algebra.

Consider a special Jordan algebra M(+), contained in an associative alge-
bra M. If we denote right and left multiplication by A ∈ M by LA and RA,
respectively, and the left regular representation in M(+) by L+A , then, since
A ◦ B = (1/2)(AB + BA) it follows that L+A = 1

2 (LA + RA). This is the Jordan
left superoperator on M.

In the general case, it is not hard to prove that 1
2 (L+AL+B + L−BL+A) �= L+A◦B .
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11.4. Superoperator algebra for Lie–Jordan operator algebra

Consider a special Lie–Jordan algebra M(±), contained in an associative alge-
bra M. The algebra M(±) is defined by <M, ·, ◦>, where

A · B = 1

ih̄
(AB − BA), A ◦ B = 1

2
(AB + BA).

A special Lie–Jordan algebra can be considered as an associative algebra, together
with two bilinear multiplication operations · and ◦ satisfying the conditions:

(1) <M, ·> is a Lie algebra M(−):

A · B = −B · A, (A · B) · C + (B · C) · A+ (C · A) · B = 0;
(2) <M, ◦> is a special Jordan algebra M(+):

A ◦ B = B ◦ A,
(
(A ◦ A) ◦ B

) ◦ A = (A ◦ A) ◦ (B ◦ A);
(3) the Leibnitz rule

A · (B ◦ C) = (A · B) ◦ C + B ◦ (A · C);
(4) the equation for associators

(A ◦ B) ◦ C − A ◦ (B ◦ C) = h̄2

4

(
(A · B) · C − A · (B · C)

)
.

In this case, the special Lie–Jordan algebra is said to be defined. We shall also
assume that M(±) is a unital algebra with I ∈M, such that

A ◦ I = A, A · I = 0.

We denote right and left multiplications by A ∈M by LA and RA, respectively.
The left regular representation in M(±) is presented by a pair (L+A,L−A). Using
(2) and (3), we obtain

LA = L+A +
ih̄

2
L−A, RA = L+A −

ih̄

2
L−A.

Equations L+A = R+A , and L−A = −R−A give

LA = R+A −
ih̄

2
R−A, RA = R+A +

ih̄

2
R−A .

These equations express the superoperators (LA,RA) on an associative opera-
tor algebra M through the left and right superoperators on a special Lie–Jordan
algebra M(±).

The identities of a special Lie–Jordan algebra lead to the relations for L+A = R+A
and L−A = −R−A . Using the linearization, we obtain the following identities:
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(1) the Lie relations

(16)L−A·B = L−AL−B − L−BL−A,

(2) the Jordan relations

L+(A◦B)◦C + L+BL+CL+A + L+AL+CL+B
(17)= L+A◦BL+C + L+B◦CL+A + L+A◦CL+B,

L+(A◦B)◦C + L+BL+CL+A + L+AL+CL+B
(18)= L+CL+A◦B + L+BL+A◦C + L+AL+B◦C,

L+CL+A◦B + L+BL+A◦C + L+AL+B◦C
(19)= L+A◦BL+C + L+B◦CLA + L+A◦CL+B,

(3) the mixed relations

(20)L+A·B = L−AL+B − L+BL−A, L−A◦B = L+AL−B + L+BL−A,

(4) the mixed relations with h̄

(21)L+A◦B = L+AL+B −
h̄2

4
L−BL−A, L+BL+A − L+AL+B = −

h̄2

4
L−A·B.

Note that h̄ = 0 in classical mechanics.

11.5. Superoperator C∗-algebra and double centralisers

We can associate to each C∗-algebra M a certain C∗-algebra A2(M), which
contains M as an ideal. We begin by considering a double centraliser and its
properties.

DEFINITION. A double centraliser for an algebra M is a pair (L,R) of bounded
linear maps on M, such that for all A,B ∈ M, the following conditions are
satisfied:

(22)L(AB) = L(A)B, R(AB) = AR(B), R(A)B = AL(B).

For example, if C ∈M and LC , RC are the linear maps on M defined by

LCA = CA, RCA = AC,

then (LC,RC) is a double centraliser on M.
If an algebra M has a unity I , then equations (22) give

L(AB) = L(A)B, A = I ⇒ L(B) = L(I)B,
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R(AB) = AR(B), B = I ⇒ R(A) = AR(I),

R(A)B = AL(B), A = B = I ⇒ R(I) = L(I).

As a result, the maps L and R can be presented as the left and right superoperators

L(A) = LCA, R(A) = RCA,

where C = L(I) = R(I). Then equations (22) are equivalent to the relations

LAB = LALB, RAB = RBRA, LARB = RBLA

for all A,B ∈ M. These relations express the statement that the associator is
equal to zero, (A,B,C) = 0 for all A,B,C ∈M.

Let M be a Banach algebra. If L and R are bounded maps on M, then we can
define the norms

(23)‖L‖ = sup
‖A‖M=1

∥∥L(A)
∥∥
M, ‖R‖ = sup

‖A‖M=1

∥∥R(A)
∥∥
M.

The following statement is satisfied.

STATEMENT. If (L,R) is a double centraliser on a Banach algebra M, then the
norm ‖L‖ is equal to ‖R‖, i.e., ‖L‖ = ‖R‖.

PROOF. Since∥∥AL(B)
∥∥
M = ∥∥R(A)B

∥∥
M � ‖R‖ ‖A‖M‖B‖M,

we have∥∥L(B)
∥∥
M = sup

‖A‖M=1

∥∥AL(B)
∥∥
M � ‖R‖ ‖B‖M,

and therefore ‖L‖ � ‖R‖. The inequality∥∥R(A)B
∥∥
M = ∥∥AL(B)

∥∥
M � ‖L‖ ‖A‖M‖B‖M,

gives∥∥R(A)
∥∥
M = sup

‖B‖M=1

∥∥R(A)B
∥∥
M � ‖L‖ ‖A‖M,

and therefore ‖R‖ � ‖L‖. Thus, ‖L‖ = ‖R‖. �

If M is a Banach algebra, we denote the set of its double centralisers by
A2(M). The set A2(M) is a linear space with the following operations:

(L1, R1)+ (L2, R2) = (L1 + L2, R1 + R2), a(L,R) = (aL, aR),
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where a ∈ C. We can define the norm of the double centraliser (L,R) by∥∥(L,R)
∥∥
A = ‖L‖ = ‖R‖.

As a result, A2(M) is a normed linear space. It is easy to prove, that A2(M) is a
closed subspace of the direct sum A(M) ⊕ A(M), where A(M) is the Banach
space of all bounded superoperators on M.

The space A2(M) can be considered as an algebra. For (L1, R1) and (L2, R2),
we define the product

(L1, R1)(L2, R2) = (L1L2, R2R1).

Direct computations show that this product is again a double centraliser (L3, R3)

of M. Note that the maps L3 and R3 are defined by L3 = L1L2 and R3 = R2R1.
In general, R3 is not equal to R1R2. As a result, the space A2(M) is an algebra
under this multiplication.

Let M be an involutive algebra. We define the map J on M by JA = A∗ for all
A ∈ M. The map J is an involution superoperator, such that for all A,B ∈ M,
the following requirements are satisfied:

J (J (A)) = A, J (AB) = J (B)J (A),

J (A+ B) = J (A)+ J (B), J (aA) = a∗J (A).

Let us define the map L∗ from M into itself by setting

L∗ = JLJ,

i.e., L∗(A) = [L(A∗)]∗ for all A ∈ M. The mapping L → L∗ satisfies the
following two properties

L∗∗ = L, (L1L2)
∗ = L∗1L∗2.

Using JJ = LI = RI , we obtain

L∗∗ = (JLJ )∗ = J (JLJ )J = JJ L JJ = L.

The second property can be proved by

(L∗1L∗2) = (JL1J )(JL2J ) = JL1JJL2J = JL1L2J = (L1L2)
∗.

Note, that we have L∗1L∗2 instead of L∗2L∗1 as for usual operators. In general,
L∗1L∗2 �= L∗2L∗1.

The map R∗ :M→M is defined by R∗ = JRJ , i.e., R∗(A) = [R(A∗)]∗ for
all A ∈M. The maps L∗ and R∗ are linear.

If (L,R) is a double centraliser, then we can define the mapping (L,R) →
(L,R)∗ by the equation

(L,R)∗ = (R∗, L∗).
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It is easily verified that this mapping is an involution on A2(M). Then A2(M) is
an involutive algebra.

As a result, we can give the following definition.

DEFINITION. An algebra of multiplicators, or multiplier algebra, of M is a set
A2(M) of its double centralisers, such that A2(M) is an involutive normed alge-
bra under the following operations:

(1) Multiplication: (L1, R1)(L2, R2) = (L1L2, R2R1).
(2) Norm: ‖(L,R)‖A = ‖L‖ = ‖R‖.
(3) Involution: (L,R)∗ = (JRJ, JLJ ).

There is the following important theorem.

THEOREM. If M is a C∗-algebra, then A2(M) is a C∗-algebra of multiplicators
under the multiplication, involution and norm defined above.

PROOF. To prove the theorem, we check that if (L,R) is a double centraliser,
then

(24)
∥∥(L,R)∗(L,R)

∥∥
A =

∥∥(L,R)
∥∥2
A.

If ‖A‖M � 1, then∥∥L(A)
∥∥2
M = ∥∥(L(A)

)∗
L(A)

∥∥
M = ∥∥L∗(A∗)L(A)

∥∥
M

= ∥∥A∗R∗L(A)
∥∥
M � ‖R∗L‖A =

∥∥(L,R)∗(L,R)
∥∥
A,

so ∥∥(L,R)
∥∥2
A = sup

‖A‖M=1

∥∥L(A)
∥∥2
M �

∥∥(L,R)∗(L,R)
∥∥
A �

∥∥(L,R)
∥∥2
A,

and therefore we have (24). �

The mapping M→ A2(M), such that A→ (LA,RA) is an isometric ∗-ho-
momorphism. Therefore we can identify M as a subalgebra of C∗-algebra
A2(M). In fact M is an ideal of A2(M). The algebra A2(M) is unital, such
that the double centraliser (LI , RI ) is the unit. Then M = A2(M) if and only if
M is unital.

11.6. Superoperator W ∗-algebra

Let A be bounded operator on a Hilbert space H. Then LA can be considered as
a left bounded superoperator on an associated Hilbert operator space H̄. These
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superoperators form a set Al(H̄). If M is an operator algebra, then the map A→
LA is a left regular representation of M. Using the equation

JLAJ = RJA,

the left regular representation of M can be connected with a right regular repre-
sentation of M.

STATEMENT. Let Al(M) be a set of all left superoperators LA on H̄. A weak
closure of Al(H̄) is a W ∗-algebra of superoperators.

A weak closure of a set of all right superoperators on H̄ forms a W ∗-algebra
Ar (H̄). There exist the relations

Ar (M) = (
Al (M)

)
c
= {

JLJ : L ∈ Al(M)
}
,

Al(M) = (
Ar (M)

)
c
= {

JLJ : L ∈ Ar (M)
}
.

The algebras Al (M) and Ar (M) coincide with its bicommutants:[
(Al (M))c

]
c
= Al(M),

[
(Ar (M))c

]
c
= Ar (M).

The maps A → LA and A → RA are called the canonical maps from an algebra
M into W ∗-algebras Al(M) and Ar (M).

Let M0 be a Hilbert operator algebra, and let M be the Hilbert space com-
pletion of M0. Then M is a Hilbert operator space. Suppose LA and RA are the
bounded left and right superoperators on M. These superoperators are elements
of the algebra of bounded linear superoperators on M, which are the continu-
ous extensions of the left and right multiplications by A in M0. The mapping
A → LA is a nondegenerate representation of M0 on M. The weak closure of
the set of left superoperators LA (respectively, RA) is a W ∗-algebra in M. It is
called the left (respectively, right) W ∗-algebra of the given Hilbert operator al-
gebra, and is denoted by Al(M) (respectively, Ar (M)). Note that Al (M) and
Ar (M) are mutual commutants. They are semi-finite W ∗-algebras.

STATEMENT. A trace on a C∗-algebra M is an additive functional ω0 on the
set M+ of positive elements of M that takes values in [0,∞], and satisfy the
following conditions:

(1) ω0 is homogeneous with respect to multiplication by positive numbers,
(2) ω0(AA∗) = ω0(A

∗A) for all A ∈M.

A trace ω0 is said to be finite if ω0(A) < ∞ for all A ∈M+, and semi-finite if

ω0(A) = sup
{
ω0(B): B ∈M, B � A, ω0(B) <∞}
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for all A ∈M+. The finite traces on M are the restrictions to M+ of those posi-
tive linear functionals ω1 on M, such that ω1(AB) = ω1(BA) for all A,B ∈M.

Each Hilbert algebra determines some normal semi-finite trace on the W ∗-al-
gebra Al(M). Conversely, if an operator W ∗-algebra MN and a semi-finite trace
on MN are given, then it is possible to construct a Hilbert algebra M such that
the left W ∗-algebra A(M) of this Hilbert algebra is isomorphic to MN and the
trace determined by the Hilbert algebra coincides with the initial one. Thus, a
Hilbert operator algebra is a method to study semi-finite W ∗-algebras and traces
on them. An extension of the concept of a Hilbert algebra makes it possible to
study by similar methods W ∗-algebras that are not necessarily semi-finite [151].
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Chapter 12

Superoperator Functions

12.1. Function of left and right superoperators

Let M be a Banach operator algebra, and A,B ∈M. Using the polynomial

F(x, y) =
n∑

i,j=0

lij x
iyj ,

where lil ∈ C, we define the superoperator polynomial

(1)F [LA,RB ] =
n∑

i,j=0

lij (LA)i(RB)j .

Note that LARB = RBLA if and only if (A,C,B) = 0 for all C ∈M.
When z belongs to the resolvent set ρ(A) of A, the inverse of LzI−A = (zLI −

LA) is called the resolvent superoperator of LA and is denoted by

R(z, LA) = (zLI − LA)−1 = L−1
zI−A = LR(z,A).

If M is a complex Banach operator space and A is a closed operator with
domain and range in M, the fact that the resolvent superoperator R(z, LA) is an
analytic function of z enables us to obtain some important results using contour
integrals in the complex plane. The completeness of M (and hence of Al (M))
provides the existence of these integrals.

If f (z) is a function, analytic in a region containing the spectrum σ(A) of the
operator A, then we can define the superoperator functions

f (LA) = 1

2πi

∮
CA

f (z)R(z, LA) dz,

(2)f (RA) = 1

2πi

∮
CA

f (z)R(z, RA) dz,

251
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where the contour CA contains in its interior the spectrum of the operator A. Here
we use

σ(A) = σ(LA) = σ(RA).

These integrals are generalizations of the Cauchy integral. It does not depend on
the choice of the contour CA.

Using equations (2), the correspondence F(x, y) ↔ F [LA,LB ] between the
polynomials F(x, y) and the superoperators F [LA,LB ] can be presented in the
form

(3)

F [LA,RB ] = 1

(2πi)2

∮
CA

∮
CB

F (x, y) (xLI − LA)−1(yRI − RB)−1 dx dy,

where x ∈ ρ(A) and y ∈ ρ(B). Note that RI = LI . It can be easy verified that
in this way, we obtain the one-to-one correspondence between the polynomials
F(x, y) and the superoperator polynomials F [LA,RB ]. Equation (3) allows us to
extend this correspondence to functions (and superoperators) of a more general
form.

Let L(x, y) be an analytic function. We now propose to define a certain set of
complex-valued analytic functions on C2 and to associate with each such function
L(x, y) an element of the superoperator space A(M). The superoperator associ-
ated with L(x, y) will be denoted by L[LA,LB ], and is called the superoperator
function. To this purpose, we denote by KA,B the set of all single-valued functions
L(x, y), which are analytic in some neighborhood of the spectrum σ(A)× σ(B).
Let L(x, y) ∈ KA,B , and let sets σ(A) and σ(B) on the complex plane be con-
tained inside of the curves CA and CB . Then the superoperator L[LA,LB ] on a
Banach operator space M will be defined by

(4)L[LA,RB ] = 1

(2πi)2

∮
CA

∮
CB

L(x, y)R(x, LA)R(y,RB) dx dy,

where x, y ∈ C, and

R(x,LA) = L−1
zI−A = (xLI − LA)−1,

R(x, RB) = R−1
zI−B = (xRI − RB)−1.

This formula gives a correspondence between functions from KA,B and superop-
erators on M.

The feature of greatest importance in this association is that this correspon-
dence between L(x, y) and L[LA,RB ] preserves the basic algebraic operations.
The following properties are satisfied:

(1) If L(x, y) ≡ 1, then L[LA,RB ] = LI .
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(2) If L(x, y) ≡ a1L1(x, y)+ a2L2(x, y), where a1, a2 ∈ C, then L[LA,RB ] =
a1L1[LA,RB ] + a2L2[LA,RB ].

(3) If L(x, y) ≡ L1(x, y)L2(x, y), then

(5)L[LA,RB ] = L1[LA,RB ]L2[LA,RB ].
(4) If Lk(x, y) → L(x, y) for (x, y) ∈ σ(A) × σ(B), then Lk[LA,RB ] →

L[LA,RB ].
The superoperator L[LA,RB ] acts on X ∈M by

(6)L[LA,RB ]X = 1

(2πi)2

∮
CA

∮
CB

L(x, y)R(x,A)XR(y, B) dx dy,

where R(x,A) = (xI − A)−1, and R(y, B) = (yI − B)−1.
It is possible to consider the association of L[LA,RB ] with L(x, y) as an al-

gebraic homomorphism. But in order to be precise about this, it is first of all
necessary to convert KA,B into an algebra by an appropriate equivalence relation.
We define two functions L1(x, y), L2(x, y) as being equivalent if L1(x, y) =
L2(x, y) on some open set containing σ(A) × σ(B). Then KA,B is divided into
equivalence classes, and these classes form a superoperator algebra with a unit
element, if we define the algebraic operations in an obvious way.

THEOREM. The mapping L(x, y) → L[LA,RB ] by the formula (4) is an alge-
braic homomorphism of the algebra of the equivalence classes of KA,B into the
algebra A(M). This mapping carries the function L(x, y) = 1 into LI , and the
functions L(x, y) = x, L(x, y) = y into LA, RB .

As a result, we have an algebra A(M) of superoperator function. If M is an
associative Banach operator algebra, then LARB = RBLA and the algebra A(M)

is a commutative associative Banach algebra of superoperators.

12.2. Inverse superoperator function

Let M be an operator Banach space, and let A,B be bounded operators with
domain and range in M. A superoperator F [LA,RB ] on M is called an inverse
of L[LA,RB ] if

L[LA,RB ]F [LA,RB ]X = X, F [LA,RB ]L[LA,RB ]X = X

for all X ∈M.

THEOREM. Suppose A,B ∈ M and L(x, y) ∈ KA,B . Suppose L(x, y) �= 0
when (x, y) ∈ σ(A) × σ(B). Then L[LA,RB ] is a one-to-one mapping of M
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onto all M, with inverse F [LA,RB ], where F(x, y) is any element of KA,B such
that F(x, y)L(x, y) = 1.

In this case, the equation

L[LA,RB ]X = Y,

where Y ∈M, has the solution

(7)X = 1

(2πi)2

∮
CA

∮
CB

F (x, y)R(x,A)YR(y, B) dx dy.

If G(a, b) is a Fourier transform of F(x, y) = 1/L(x, y), then

F(x, y) =
∫

da db ei(ax+by)G(a, b).

Substituting of this equation into (7) and changing the order of integrations, we
obtain

X = 1

(2πi)2

∫
da db G(a, b)

(∮
CA

eiaxR(x,A) dx

)
Y

(∮
CB

eibyR(y, B) dy

)
.

As a result, equation (7) has the form

X =
∫

da db G(a, b)eiaAYeibB.

Then this equation gives

F [LA,RB ] =
∫

da db G(a, b)Lexp(iaA)Rexp(ibB).

12.3. Superoperator function and Fourier transform

Using the one-to-one correspondence between the analytic functions L(x, y) and
the superoperators (4), we can derive another representation for the superoperator
function L[LA,RB ]. To this purpose, we consider a Fourier transformation of
L(x, y) ∈ KA,B , where (x, y) ∈ σ(A)× σ(B). The Fourier transform of L(x, y)

gives

L̃(a, b) = 1

(2π)2

∫
da db e−i(ax+by)L(x, y).

Then L(x, y) is an inverse Fourier transform of L̃(a, b), such that

(8)L(x, y) =
∫

da db ei(ax+by)L̃(a, b).
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Substituting of (8) into (4) and changing the order of integration, we obtain

L[LA,RB ]
= 1

(2πi)2

∫
da db L̃(a, b)

(∮
CA

∮
CB

ei(ax+by)R(x, LA)R(y,RB) dx dy

)
.

As a result, this equation can be written in the form

L[LA,RB ] =
∫

da db L̃(a, b)eiaLAXeibRB ,

where

exp{iaLA} = 1

2πi

∮
CA

eiaxR(x, LA) dx,

exp{ibRB} = 1

2πi

∮
CB

eibyR(x, RB) dy.

12.4. Exponential superoperator function

To each pair LA,RB of elements of a superoperator linear space A(M), we can
associate exponential superoperator functions exp{iaLA} and exp{ibRB} such
that

eiaLAX = eiaAX, eibRB X = XeibB.

If LA and RA are bounded superoperators, we can define these exponentials of
LA and RA by the relations

eiaLA =
∞∑

k=0

(ia)k

k! (LA)k, eibRB =
∞∑

k=0

(ib)k

k! (RB)k

since each series converges in norm. If LA and RA are unbounded self-adjoint su-
peroperators, we cannot use the power series directly, but we can use equation (4).
The superoperator exponentials of LA and RA can be defined by

eiaLA = 1

2πi

∮
CA

eiaxR(x, LA) dx, eibRB = 1

2πi

∮
CB

eibyR(y, RB) dy.

If M is an associative algebra, then

exp{iaLA} = Lexp(iaA), exp{ibRB} = Rexp(ibB).

DEFINITION. A one-parameter group on M is a set of linear superoperators
{U(a)| a ∈ R} on M, such that the following requirements are satisfied:
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(1) U(a)U(a′)A = U(a + a′)A for all A ∈M and a, a′ ∈ R.
(2) U(0)A = A for all A ∈M.

Using

eia1xeia2x = ei(a1+a2)x,
[
exp{iax}]

a=0 = 1,

equation (5) gives

eia1LAeia2LA = ei(a1+a2)LA,
[
exp{iaLA}

]
a=0 = LI ,

eib1RB eib2RB = ei(b1+b2)RB ,
[
exp{ibRB}

]
b=0 = RI .

These relations mean that the superoperator functions exp{iaLA} and exp{ibRB},
a, b ∈ R, form one-parameter groups of superoperators.

Let us consider the superoperator function

U(a, b) = ei(aLA+bRB).

The partial derivatives of U(a, b) with respect to a and b at a = b = 0 give(
∂

∂a
ei(aLA+bRB)

)
a=b=0

= iLA,

(
∂

∂b
ei(aLA+bRB)

)
a=b=0

= iRB.

The superoperator functions U(a, b), a, b ∈ R, form a two-parameters group,
since

U(a1, b1)U(a2, b2) = U(a1 + a2, b1 + b2), U(0, 0) = I.

Let us give the important definition regarding generators of subalgebra for the
superoperator algebra.

DEFINITION. Let A(M) be a superoperator algebra and let Lk ∈ A(M) for
k = 1, . . . , n. The smallest subalgebra of A(M) containing {Lk|k = 1, . . . , n}
is the subalgebra generated by {Lk|k = 1, . . . , n}. If this subalgebra is all of
A(M), then {Lk|k = 1, . . . , n} generates A(M) and the Lk are generators of
A(M). The generators Lk can be called the generating superoperators.

If L̃(a, b) is an integrable function of the real variables a and b, then

(9)L[LA,RB ] =
∫
R2

L̃(a, b)ei(aLA+bRB)da db

will be well-defined bounded superoperator. The superoperator L[LA,RB ] is
called the symmetric ordered superoperator function. It is clear that L[LA,RB ]
is constructed from LA and RB in a relatively explicit manner and so may be de-
fined as an explicit superoperator function of LA and RB . The collection of all
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such L[LA,RB ], together with their uniform limits form a superoperator algebra.
The superoperators LA and RB are generating superoperators of this algebra.

In general,

ei(aLA+bRB) �= eiaLAeibRB .

If M is an associative operator algebra, and A,B ∈M, then

LARB = RBLA, ei(aLA+bRB) = eiaLAeibRB ,

and we obtain

L[LA,RB ] =
∫
R2

L̃(a, b)eiaLAeibRB da db.

In the general case, this superoperator function is not equal to the symmetric or-
dered superoperator (9).

12.5. Superoperator Heisenberg algebra

Let Hn be a Heisenberg algebra with generators Qk , Pk , I (k = 1, . . . , n). The
algebra Hn is defined by relations

[Qk, Pm] = ih̄δkmI,

(10)[Qk,Qm] = [Pk, Pm] = [I,Qk] = [I, Pk] = 0,

where k,m = 1, 2, . . . , n.
Let LQk

, RQk
, LPk

, RPk
be left and right superoperators. Equations (10) give

the superoperator commutation relations

LQk
LPm − LPmLQk

= ih̄δkmLI ,

(11)RQk
RPm − RPmRQk

= −ih̄δkmRI ,

where LI = RI is a unit superoperator. Using LARB = RBLA, we obtain

LQk
RPm − RPmLQk

= 0, RQk
LPm − LPmRQk

= 0.

The other commutators are also equal to zero.
We have state that most of the observables in quantum mechanics are elements

of enveloping algebras. Let us consider a linear superoperator space of all linear
combinations of LQk

, RQk
, LPk

, RPk
. This linear space, together with the commu-

tation relations for LQk
, RQk

, LPk
, RPk

, is a Lie algebra. This is the superoperator
Heisenberg algebra Hs

n . A universal enveloping algebra Us
n of Hs

n is an algebra
of polynomials in LQk

, RQk
, LPk

, RPk
(k = 1, . . . , n). For each polynomial

L(x, y, z, s) =
∑

|a|,|b|,|c|,|h|<m

Labchx
aybzcsh,
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there exists the superoperator polynomial

L[LQ,LP ,RQ,RP ] =
∑

|a|,|b|,|c|,|h|<m

Labch(LQ)a(LP )b(RQ)c(RP )h,

where a = (a1, a2, . . . , an) are multi-indices such that xa = x
a1
1 x

a2
2 · · · xan

n . It
can be easily to verified that in this way we obtain the one-to-one correspondence
between the polynomials and polynomial superoperators. We can extend this cor-
respondence to functions and superoperators of a more general form. For this aim,
the Weyl superoperators will be defined.

12.6. Superoperator Weyl system

In quantum mechanics the observables such as positions and momenta are repre-
sented by self-adjoint operators which are unbounded. Then LQk

, LPk
, RQk

, RPk

(k = 1, . . . , n) are unbounded superoperators. Let us consider bounded superop-
erator functions for LQk

, LPk
, RQk

, RPk
. These bounded superoperators will be

defined by

Ul(a) = exp
i

h̄
aLQ, Ur(c) = exp

i

h̄
cRQ,

(12)V l(b) = exp
i

h̄
bLP , V r(h) = exp

i

h̄
hRP ,

where aLQ ≡∑n
k=1 akLQk

, and bLP ≡∑n
k=1 bkLPk

. Using LALB = LAB and
RARB = RBA, it is not hard to prove that

Ul(a) = LU(a), Ur(c) = RU(c),

V l(b) = LV (b), V r(h) = RV (h),

where U(a) and V (b) are bounded operators

U(a) = exp
i

h̄
aQ, V (b) = exp

i

h̄
aP .

As a result, we have four n-parameter abelian (commutative) groups of superop-
erators {Ul(a), V l(b), Ur(c), V r(h)}. These groups are continuous with respect
to the parameters a, b, c, h.

The commutation relations for LQk
, LPk

, RQk
, RPk

can be considered as rela-
tions for a Lie algebra of the superoperators Ul(a), V l(b), Ur(c), V r(h), where
a, b, c, h ∈ Rn. To show this, we first bring the Heisenberg commutation rela-
tions into the so-called Weyl’s form. We perform this using the Baker–Hausdorff
formula

eA eB = eB eA e[A,B]
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valid for operators A and B whose commutator is a unity ([A,B] = cI , c ∈ C).
Equations (11) give

Ul(a)V l(b) = V l(b)Ul(a)e
− i

h̄
ab

, Ur(c)V r(h) = V r(h)Ur(c)e
+ i

h̄
ch

.

It is not hard to obtain

Ul(a)Ul(a′) = Ul(a + a′), Ur(c)Ur(c′) = Ur(c + c′),
V l(b)V l(b′) = V l(b + b′), V r(h)V r(h′) = V r(h+ h′),
Ul(a)Ur(c) = Ur(c)Ul(a), V l(b)V r(h) = V r(h)V r(b).

The representation of commutation relations in the exponential form is called
the superoperator Weyl system. For any such system there exist by Stone’s the-
orem a set of self-adjoint superoperators such that equations (12) are valid. If
Ul(a), V l(b), Ur(c), V r(h) are strongly continuous with respect to a, b, c, h,
then the generating superoperators Ql

k , Qr
k , P l

k , P r
k can be derived by

LQk
= −i

∂Ul(a)

∂ak

, RQk
= −i

∂Ur(c)

∂ck

,

LPk
= −i

∂V l(b)

∂bk

, RPk
= −i

∂V r(h)

∂hk

.

12.7. Algebra of Weyl superoperators

Using the Weyl operators

W(a, b) = exp
i

h̄
(aQ+ bP ),

we can define the superoperators LW(a,b) and RW(c,h). Using LALA = LA2 and
RARA = RA2 , we obtain

LW(a,b) = exp
i

h̄
L(aQ+bP ) = exp

i

h̄
(aLQ + bLP ),

RW(c,h) = exp
i

h̄
R(cQ+hP ) = exp

i

h̄
(cRQ + hRP ),

where a, b, c, h ∈ Rn. The superoperators

W(a, b, c, h) = exp
i

h̄
(aLQ + bLP + cRQ + hRP )

are called the Weyl superoperators. The relations

LQRP = RP LQ, RQLP = LP RQ
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give

W(a, b, c, h) = LW(a,b)RW(c,h).

Note that

LW(a,b)RW(c,h) = RW(c,h)LW(a,b).

The Weyl superoperators satisfy the composition law

W(a1, b1, c1, h1)W(a2, b2, c2, h2)

= W(a1 + a2, b1 + b2, c1 + c2, h1 + h2)

(13)× exp
i

2h̄

(−[a1b2 − a2b1] + [c1h2 − c2h1]
)
.

We refer to (13) as the Weyl’s form of the superoperator commutation relations.
We notice that

W(a, 0, 0, 0) = Ul(a), W(0, b, 0, 0) = V l(b),

W(0, 0, c, 0) = Ur(c), W(0, 0, 0, h) = V r(h),

and

W(a, b, 0, 0) = LW(a,b), W(0, 0, c, h) = RW(c,h).

Let W be a complex linear space of all finite linear combinations

m∑
i=1

ciW(ai, bi, ci , hi).

The composition of two elements of W is again such an element, if we define
multiplication on W by (13). With this definition of multiplication, W becomes
an algebra. We notice that the algebra W is moreover stable with respect to the
conjugation. The adjoint of W(a, b, c, h) is the superoperator W ∗(a, b, c, h) de-
fined by

W ∗(a, b, c, h) = JW(a, b, c, h)J.

Using

L∗Q = RQ, R∗Q = LQ, L∗P = RP , R∗P = LP ,

and the composition law (13), we obtain

W ∗(a, b, c, h) = W(−a,−b,−c,−h),

W ∗(a, b, c, h)W(a, b, c, h) = LI .
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Finally the superoperator norm provides the norm on W which then becomes a
normed involutive algebra. The algebra W defined above is the Weyl superopera-
tor algebra.

One may define an algebra of superoperators as a collection of bounded super-
operators, including the identity superoperator LI = RI , which is closed under
usual algebraic operations of addition, multiplication, and adjunction, and also
closed in the weak topology. The algebra of superoperators generated by a set of
bounded superoperators as defined above is the same as the smallest algebra of
superoperators containing the set. As a result, the algebra of superoperator func-
tions generated by LQ, RQ and LP , RP , may be defined as the set of all limits
in the weak topology of the algebra of all finite linear combinations of the Weyl
superoperators W(a, b, c, h).

Let A(Hn) be a superoperator algebra, and let Lk ∈ A(M) for k = 1, . . . , n.
If the smallest subalgebra of A(Hn) containing

G = {LQk
, RQk

, LPk
, RPk

|k = 1, . . . , n}
is all of A(Hn), then G generates A(Hn) and the elements of G are generators
(generating superoperators) of A(Hn).

If L(a, b, c, h) is an integrable function of the real variables a, b, c, h, then

L[LQ,RQ,LP ,RP ] = 1

(2πh̄)2n

∫
L̃(a, b, c, h)W(a, b, c, h) da db dc dh

will be well-defined bounded superoperator. It is clear that L[LQ,RQ,LP ,RP ]
is constructed from LQ,RQ,LP ,RP in a relatively explicit manner and so may
be defined as an explicit superoperator function of LQ,RQ,LP ,RP . The col-
lection of all such L[LQ,RQ,LP ,RP ], together with their uniform limits form
a superoperator algebra. The superoperators LQ,RQ,LP ,RP are generating su-
peroperators of this algebra.

12.8. Superoperator functions and ordering

Let us consider a rule that assigns to each function L(x, y, z, s) exactly one super-
operator function L[LQ,LP ,RQ,RP ]. However, the rule is not uniquely defined
procedure. For example, we may associate the product xy with the superopera-
tors LQk

LPk
or LPk

LQk
or also (1/2)(LQk

LPk
+ LPk

LQk
). These correspond to

different ordering methods.
To describe the Weyl ordering, we first introduce the Fourier transformation.

For L(x, y, z, s) on R4n, define its Fourier transform L̃(a, b, c, h) by

L̃(a, b, c, h)

(14)= 1

(2πh̄)2n

∫
dx dy dz ds L(x, y, z, s)e

− i
h̄
(ax+by+cz+hs)

,
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where x = (x1, . . . , xn), and dx = dx1 · · · dxn. We also define the inverse Fourier
transform L(x, y, z, s) of L̃(a, b, c, h) by

L(x, y, z, s) = 1

(2πh̄)2n

∫
da db dc dh L̃(a, b, c, h)e

i
h̄
(ax+by+cz+hs)

.

The Weyl ordering defines L[LQ,LP ,RQ,RP ] for the function L(x, y, z, s)

by the equation

L[LQ,LP ,RQ,RP ]
(15)= 1

(2πh̄)2n

∫
da db dc dh L̃(a, b, c, h)e

i
h̄
(aLQ+bLP+cRQ+hRP )

.

Using the Weyl superoperators W(a, b, c, h), this equation has the form

L[LQ,LP ,RQ,RP ] = 1

(2πh̄)2n

∫
da db dc dh L̃(a, b, c, h)W(a, b, c, h).

Substitution of (14) into equation (15) gives

L[LQ,LP ,RQ,RP ] = 1

(2πh̄)4n

∫
da db dc dh dx dy dz ds L(x, y, z, s)

·W(a, b, c, h) exp− i

h̄
(ax + by + cz+ hs).

This formula can be rewritten in the form

L[LQ,LP ,RQ,RP ] = 1

(2πh̄)4n

∫
da db dc dh dx dy dz ds L(x, y, z, s)

· exp
i

h̄

[
a(LQ − xLI )+ b(LP − yLI )

+ c(RQ − zRI )+ h(RP − sRI )
]
.

It can be easily verified that in this way we obtain the one-to-one correspondence
between the functions L(x, y, z, s) and the superoperators L[LQ,LP ,RQ,RP ].

These formulas make it possible to define the superoperator L[LQ,LP ,RQ,

RP ] for a broad class of functions L(x, y, z, s). For example, if a function
L(x, y, z, s) is in C∞(R4n) and∣∣∂a

x ∂b
y ∂c

z ∂h
s L(x, y, z, s)

∣∣ � Cxyzs

(
1+ |x| + |y| + |z| + |s|)m

for certain fixed m and for all a, b, c, h, then the suggested formula allows us
to define L[LQ,LP ,RQ,RP ] for all functions in J (R4n). As a result, we con-
sider the superoperator as a map from J (R4n) into itself, such that it has a dense
domain in L2(R4n).

In general, a mapping from a set of functions L(x, y, z, s) into a set of superop-
erator functions L[LQ,LP ,RQ,RP ] is not unique. There exist different orderings
of generating superoperators LQ, LP , RQ, RP .
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12.9. Weyl ordered superoperator

Weyl ordering for superoperators

Let M be a Lie–Jordan algebra with unity I that is generated by the set G =
{Qk, P k, I : k = 1, . . . , n}, such that

(16)Qk · P l = δklI, Qk ·Ql = 0, P k · P l = 0,

where A ·B = (1/ih̄)(AB−BA). Then the corresponding multiplication algebra
A(M) is generated by the set {L±

Qk , L
±
Pk , L

±
I : Qk, P k, I ∈ G}, such that the

following commutation relations are satisfied:[
L+

Qk , L
−
P l

] = δklL
+
I ,

[
L−

Qk , L
+
P l

] = δklL
+
I ,[

L±
Qk , L

±
Ql

] = [
L±

Qk , L
±
P l

] = [
L±

Pk , L
±
P l

] = 0,[
L∓

Qk , L
±
Ql

] = [
L∓

Pk , L
±
P l

] = [
L±

Qk , L
±
I

] = [
L±

Pk , L
±
I

] = 0.

Using the relations

LA = L+A +
ih̄

2
L−A, RA = L+A −

ih̄

2
L−A,

the Weyl superoperator W(a, b, c, h) can be presented by

(17)W(a, b) = exp
i

h̄

(
a±L±Q + b±L±P

)
(a±, b± ∈ Rn).

Here we introduce a new, more compact notation

a±L±Q = a+L+Q + a−L−Q, b±L±P = b+L+P + b−L−P .

The superoperators (17) satisfy the composition law

W(a1, b1)W(a2, b2) = C(a, b)W(a1 + a2, b1 + b2),

where

C(a, b) = exp
−1

2h̄2

{
(a1+b2− − a2+b1−)+ (a1−b2+ − a2−b1+)

}
.

We notice that as a consequence of this relation the linear space AW(M) of all
finite linear combinations∑

k

CkW(ak, bk)

is stable under the product of any two of its elements. Hence it is a superoperator
algebra that is moreover stable with respect to the involution

W∗ = JW(a, b)J.
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Finally the superoperator norm provides the norm on the algebra, which becomes
a normed involutive algebra AW(M).

If L(a, b) is an integrable function of the variables a±, b±, then

L[L±Q,L±P ] =
1

(2πh̄)2n

∫
R4n

L̃(a, b)W(a, b) da db

is well-defined bounded superoperator. It is clear that L[L±Q,L±P ] is a superop-

erator function of L±Q, L±P . The collection of all such L[L±Q,L±P ], together with
their uniform limits form a superoperator algebra AW(M). This is the superop-
erator algebra of Weyl ordered superoperators. The superoperators L±Q,L±P ,RP

are generating superoperators of the algebra AW(M).
For L(x, y, z, s) on R4n, define its Fourier transform L̃(a, b, c, h) by

(18)L̃(a, b) = 1

(2πh̄)2n

∫
dx dy L(x, y)e

− i
h̄
(a±x±+b±y±)

,

where x± = (x1±, . . . , xn±), and dx = dx1± · · · dxn±.
The Weyl ordering defines L[L±Q,L±P ] for the function L(x, y) by the equation

(19)L
[
L±Q,L±P

] = 1

(2πh̄)2n

∫
da db L̃(a, b)e

i
h̄
(a±L±Q+b±L±P )

.

Using the Weyl superoperators W(a, b), this equation has the form

L
[
L±Q,L±P

] = 1

(2πh̄)2n

∫
da db L̃(a, b)W(a, b).

Substitution of (18) into equation (19) gives

L
[
L±Q,L±P

] = 1

(2πh̄)4n

∫
da db dx dy L(x, y)

(20)× exp
i

h̄

(
a±

(
L±Q − x±LI

)+ b±
(
L±P − y±LI

))
.

It can be easily verified that in this way we obtain the one-to-one correspondence
between the functions L(x, y) and the superoperators L[L±Q,L±P ]. Then it pos-

sible to define the Weyl superoperator L[L±Q,L±P ] for a broad class of functions

L(x, y). For example, if L(x, y) ∈ C∞(R4n) and∣∣∂α
x ∂β

y L(x, y)
∣∣ � Cxy

(
1+ |x+| + |x−| + |y+| + |y−|

)m
for some m and for all α±, β±, then equation (20) defines L[L±Q,L±P ] on the space

J (R4n). As a result, we consider the superoperator as a map from J (R4n) into
itself, such that it has a dense domain in L2(R4n).
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Weyl ordered operators and superoperators

Let A be a quantum observable described by a Weyl ordered operator function
A(Q,P ), and let L be a superoperator. The operator B = LA must be a Weyl
ordered operator function B(Q,P ). Then L will be a Weyl ordered superoperator
function L[L±Q,L±P ].

Let us give the basic statement regarding Weyl ordered superoperators.

STATEMENT. A Weyl ordered superoperator L = L[L±Q,L±P ] is a map that as-
signs to each Weyl ordered operator A = A(Q,P ) exactly one Weyl ordered
operator B(Q,P ) = LA.

In the conventional formulation of Hamiltonian quantum dynamics, this re-
quirement is not used. The system is described by the Hamiltonian superoperator

L = 1

ih̄
(LH − RH ) = L−H

with a Weyl ordered operator H = HW(Q,P ). As a result, the dynamics is de-
scribed by the operator

(21)B = LA = 1

ih̄
[H,A].

In general, this operator is not Weyl ordered.
The Weyl symbol BW(q, p) of (21) is the following infinite series

BW(p, q) = −2

h̄
HW(p, q)

(
sin

h̄P
2

)
AW(p, q),

where HW(q, p) and AW(q, p) are Weyl symbols of the operators H and A. Note
that

sin
h̄P
2
=

∞∑
k=0

(−1)kh̄2k+1

22k+1(2k + 1)! P
2k+1,

where P = ←−
∂p
−→
∂q −←−

∂q
−→
∂p is the operator of Poisson bracket such that

HW(p, q)
←−
∂p
−→
∂qAW(p, q) = ∂pHW∂qAW ,

and HWPAW = −{HW,AW }.
As a result, the equation of motion

d

dt
A = L−H A
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gives

d

dt
AW(q, p) =

∞∑
kl

ckl(q, p)∂k
q ∂l

pAW(q, p).

This is the infinite order differential equation. If L is a Weyl ordered superoper-
ator, then we obtain a finite order differential equation for AW(q, p). The Weyl
ordered superoperator L = L[L±Q,L±P ] gives an operator equation with Weyl or-
dered operators. As a result, the correspondent equation for the Weyl symbol is of
finite order.

Note that the superoperator L−H = L−H(Q,P ) cannot be derived by the Weyl

quantization of the operator L−H(q,p) = {H(q, p), }. The Weyl quantization of
this operator and the Poisson bracket will be considered in chapter “Quantization
of Dynamical Structure”.



Chapter 13

Semi-Groups of Superoperators

13.1. Groups of superoperators

Let M be an operator Banach space.

DEFINITION. A one-parameter superoperator group is a set {Φt |t ∈ R} of maps
Φt from M into itself, such that the following requirements are satisfied:

(1) Φt(aA+ bB) = aΦt(A)+ bΦt(B) for all A,B ∈M, a, b ∈ C, and t ∈ R.
(2) Φt(Φs(A)) = Φt+s(A) for all A ∈M, t, s ∈ R.
(3) Φt=0(A) = A for all A ∈M.

Requirement (1) expresses the mathematical statement that Φt is a linear su-
peroperator on M. Requirement (2) is a group law, and (3) means the existence
of unity.

DEFINITION. A strongly continuous one-parameter group is a set {Φt |t ∈ R} of
maps from M into itself, such that the following requirements are satisfied:

(1) Φt(aA+ bB) = aΦt(A)+ bΦt(B) for all A,B ∈M, a, b ∈ C, and t ∈ R.
(2) Φt(Φs(A)) = Φt+s(A) for all A ∈M and t, s ∈ R.
(3) Φt=0(A) = A for all A ∈M.
(4) limt→0 ‖Φt(A)− A‖M = 0 for all A ∈M.

Requirement (4) define the strongly continuous condition for the one-parameter
superoperator group. As a result, we obtain the following equivalent definition.

DEFINITION. A strongly continuous one-parameter group is a one-parameter
group {Φt |t ∈ R} on M, such that the requirement

lim
t→0

∥∥Φt(A)− A
∥∥
M = 0

is satisfied for all A ∈M.

267



268 Chapter 13. Semi-Groups of Superoperators

DEFINITION. A weakly continuous one-parameter group is a one-parameter
group {Φt |t ∈ R} on M, such that the requirement

lim
t→0

(ω|ΦtA) = (ω|A)

is satisfied for all A ∈M and ω ∈M∗.

Here we use the Dirac’s notations (ω|A) = ω(A). If M is an operator Hilbert
space, then there is B ∈ M such that ω(A) = (B|A). A bounded superoperator
Φt on an operator Hilbert space M is called unitary if Φt leaves the scalar product
( | ) invariant.

DEFINITION. Let M be an operator Hilbert space. A unitary one-parameter
group of superoperators is a one-parameter superoperator group {Φt |t ∈ R} on
M, such that the condition

(ΦtA|ΦtB) = (A|B)

is satisfied for all A,B ∈M and t ∈ R.

Unitary superoperator groups play a very important role in quantum theory.
It is conventional to describe symmetries of quantum systems by superoperator
groups on the kinematical set. Let us give the basic theorem regarding unitary
group. The Stone’s theorem establishes the general form of a continuous unitary
superoperator.

STONE’S THEOREM. Let {Φt |t ∈ R} be a strongly (or weakly) continuous uni-
tary one-parameter group of superoperators on a Hilbert operator spaceM. Then
there exists a self-adjoint superoperator L on M, such that

Φt = exp itL.

This theorem says that every continuous unitary group arises as the exponential
of a self-adjoint superoperator L. The superoperator L is called the infinitesimal
generator of the group {Φt |t ∈ R}.

A superoperator of derivation is a linear superoperator L on M, such that

(1)L(AB)− (LA)B − A(LB) = 0

for all A,B ∈ D(L) ⊂ M. The derivation arises as a generating superoperator
of continuous one-parameter group {Φt |t ∈ R} of automorphisms of C∗-algebra.
Property (1) can be obtained by differentiation of the relation

Φt(AB) = Φt(A)Φt (B)

with respect to t . If L is a real superoperator, i.e., L(A∗) = (LA)∗, then Φt is real
and Φt(A

∗) = (ΦtA)∗.
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13.2. Semi-groups of superoperators

Let M be an operator Banach space. A set of superoperators on M, together with
a single binary operation is called a superoperator groupoid. This is still rather to
wide concept. The concept of a semi-group is somewhat narrowed. A groupoid
satisfying the associative law is called a semi-group. We will consider unital semi-
groups, which are semi-groups with an identity superoperator LI . For the theory
of one-parameter semi-groups see, for instance, the books [71,5].

DEFINITION. A one-parameter semi-group of superoperators is a set {Φt |t � 0}
of all one-parameter superoperators Φt on M, such that the following require-
ments are satisfied:

(1) Φt(aA+ bB) = aΦt(A)+ bΦt(B) for all A,B ∈M, a, b ∈ C, and t � 0.
(2) Φt(Φs(A)) = Φt+s(A) for all A ∈M, and t, s � 0.
(3) Φt=0(A) = A for all A ∈M.

Requirement (1) expresses the statement that Φt is a linear superoperator on M
for each t � 0. A one-parameter semi-group is very much like a one-parameter
group except that the time interval cannot be negative.

STATEMENT. All superoperators of a one-parameter semi-group commute.

PROOF. It is not hard to prove this statement by

ΦtΦs = Φt+s = Φs+t = ΦsΦt

for all t, s � 0. �

A semi-group is said to be strongly continuous, if t → Φt is a continuous
mapping with respect to the norm ‖ ‖M for t ∈ (0,∞).

DEFINITION. A strongly continuous one-parameter semi-group of superopera-
tors is a set {Φt |t � 0} of superoperators Φt on M, such that the following
requirements are satisfied:

(1) Φt(aA+ bB) = aΦt(A)+ bΦt(B) for all A,B ∈M, a, b ∈ C, and t � 0.
(2) Φt(Φs(A)) = Φt+s(A) for all A ∈M and t, s � 0.
(3) Φt=0A = A for all A ∈M.
(4) limt→s ‖Φt(A)−Φs(A)‖M = 0 for all A ∈M and s ∈ (0,∞).

The one-parameter semi-group {Φt |t � 0} on M is called the strongly contin-
uous semi-group, if

(2)lim
t→s+0

∥∥Φt(A)−Φs(A)
∥∥
M = lim

t→s−0

∥∥Φt(A)−Φs(A)
∥∥
M = 0
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for all A ∈M and s > 0. Note that s = 0 is not included. As a result, we obtain
the following equivalent definition.

DEFINITION. A strongly continuous one-parameter semi-group of superopera-
tors is a one-parameter semi-group {Φt |t � 0} on M, such that the requirement

(3)lim
t→s

‖ΦtA−ΦsA‖M = 0

is satisfied for all A ∈M and s > 0.

The notation

s-lim
t→τ

ΦtA = ΦτA

is also used for (3) in the literature.

DEFINITION. A weakly continuous one-parameter semi-group of superoperators
is a one-parameter semi-group {Φt | t � 0} on M, such that the requirement

(4)lim
t→s

ω(ΦtA) = ω(ΦsA)

is satisfied for all A ∈M, s > 0 and ω ∈M∗.

In the Dirac’s notations ω(A) = (ω|A). Equation (4) is also written as

w-lim
t→s

ΦtA = ΦsA.

We can consider a semi-group with the following requirement at t = 0:

(5)lim
t→0+

∥∥Φt(A)− A
∥∥
M = 0.

This is the right continuous at t = 0. The property ΦtΦs = Φt+s and equation (5)
gives the right continuous at each t � 0, i.e.,

lim
t→s+0

∥∥Φt(A)−ΦsA
∥∥
M = 0

for all s � 0. In general, this condition is not equivalent to (2).
We say that semi-group {Φt |t � 0} belongs to the class (C0) if it is strongly

continuous and satisfies condition (5) for arbitrary A ∈ M. The semi-group of
class (C0) is strongly continuous on [0,∞).

DEFINITION. A semi-group of class (C0) is a one-parameter semi-group {Φt |t �
0} of bounded superoperators on M, such that

(6)lim
t→s

‖ΦtA−ΦsA‖M = 0

for each s � 0 and each A ∈M.
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A semi-group of class (C0) is weakly continuous.

THEOREM. If the semi-group {Φt |t � 0} on M belongs to the class (C0), then
condition (6) is equivalent to the weak continuity condition (4) for all t � 0.

A norm of superoperator Φt on an operator Banach space M is the number

‖Φt‖ = sup
A∈M

‖Φt(A)‖M
‖A‖M .

DEFINITION. A contractive semi-group is a one-parameter semi-group of super-
operators {Φt |t � 0} on M, such that ‖Φt‖ � 1 for all t � 0.

An isometric semi-group is a semi-group of bounded superoperators {Φt | t �
0} on a Hilbert operator space M, such that Φt leaves the scalar product invariant:

(7)(ΦtA|ΦtB) = (A|B)

for all A,B ∈M and t � 0.

For a bounded linear superoperator Φt , condition (7) is equivalent to the con-
dition of the isometry ‖ΦtA‖M = ‖A‖M for all A ∈M, and t � 0.

DEFINITION. A norm continuous one-parameter semi-group of superoperators
is a one-parameter semi-group {Φt |t � 0} on M, such that

lim
t→s

∥∥Φt −Φs

∥∥ = 0

for all s � 0 and t > s.

If {Φt |t � 0} is a semi-group, then the following conditions are equivalent:

(1) Φt is norm-continuous.
(2) limt→0 ‖Φt − LI‖ = 0.
(3) There exists a bounded superoperator L such that

lim
t→0

∥∥t−1(Φt − LI )− L
∥∥ = 0.

(4) Φt = exp(tL) =∑∞
k=0(t

k/k!)Lk .

Note that ‖Φt‖ � exp(t‖L‖) for all t � 0.
We can define the function

f (t) = ln ‖Φt‖.
Using Φt1+t2 = Φt1Φt2 and ‖AB‖M � ‖A‖M‖B‖M, we obtain

‖Φt1+t2‖ � ‖Φt1‖‖Φt2‖.
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Then f (t1 + t2) � f (t1)f (t2). This condition is called the subadditivity. If f (t)

is a subadditive function, then there exists the limit

lim
t→∞ t−1f (t) = σs <∞.

As a result, we have

(8)lim
t→∞ t−1 ln ‖Φt‖ = σs <∞.

DEFINITION. Let {Φt |t � 0} be a one-parameter strongly continuous semi-
group. The number

σs = lim
t→∞ t−1 ln ‖Φt‖

is called the leading index.

For an arbitrary strongly continuous semi-group {Φt |t � 0}, there exists the
limit (8). If the semi-group belongs to the class (C0), then we have the following
estimate.

THEOREM. A semi-group {Φt |t � 0} of class (C0) satisfies the condition

‖Φt‖ � Meσst (t � 0)

with constants M > 0 and σs <∞.

If σs = 0, then the semi-group {Φt |t � 0} of class (C0) is bounded, i.e.,
‖Φt‖ � M . If M � 1, then {Φt | t � 0} is a contractive semi-group, i.e.,
‖Φt‖ � 1.

The following are examples of some semi-groups.

(1) For the superoperator

L =
(

0 LI

0 0

)
,

we obtain

Φt = exp(tL) = LI + tL.

(2) The generating superoperator

L = i

(
0 LI

LI 0

)
gives

Φt = exp(tL) = (cos t) LI + (sin t)L.
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13.3. Generating superoperators of semi-groups

Definition of generating superoperator

The theory of semi-groups of bounded superoperators on a Banach operator space
deals with the exponential superoperator functions. It is connected with the prob-
lem of determining the most general bounded superoperators Φt , t � 0, which
form a one-parameter semi-group. The problem for superoperator semi-group
can be considered as a natural generalization of the well-known problem for the
bounded operators on infinite-dimensional function space. This problem was in-
vestigated by E. Hille and K. Yosida. They introduced the infinitesimal generator
L of Φt , and discussed the generation of Φt in terms of L. A description of the
infinitesimal generator L in terms of the spectral property of L is described by
Hille–Yosida–Phillips theorem. The basic results of the superoperator semi-group
theory may be considered as a generalization of the Stone’s theorem for one-
parameter superoperator group on a Hilbert operator space.

DEFINITION. Let {Φt |t � 0} be a strongly continuous semi-group on an operator
Banach space M. An infinitesimal generator, or generating superoperator of the
semi-group {Φt |t � 0} is a linear superoperator L on M, such that

L(A) = s-lim
ε→0+

1

ε

[
Φε(A)− A

]
for all A ∈M.

The linear superoperator L is defined on the elements A ∈ M for which ΦtA

is differentiable at t = 0. This is the domain D(L) ⊂M of L. If the semi-group
belongs to the class (C0), then the domain D(L) of the generating superoperator
L is everywhere dense.

Let L be a bounded superoperator. By Dunford’s theorem, we can define the
one-parameter superoperator

et (L) = exp{tL} = 1

2πi

∮
CL

eitxR(x,L) dx.

The set of all superoperators et (L) with t � 0 forms a semi-group. The semi-
group {et (L)|t � 0} belongs to the class (C0), and L is a generating superoperator
of this semi-group.

Closed generating superoperator

In non-Hamiltonian quantum mechanics, it is important to consider some gener-
ating superoperators that are not continuous. Many of the most important discon-
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tinuous superoperators have a property that in some respects compensates for the
absence of the property of continuity.

DEFINITION. A closed superoperator is a superoperator L on an operator Banach
space M, such that the conditions

s-lim
k→∞ Ak = A, s-lim

k→∞ LAk = B,

where all Ak ∈ D(L), implies A ∈ D(L), and B = LA.

Let us give the basic theorem regarding closed generating superoperators.

THEOREM. If the semi-group {Φt |t � 0} belongs to the class (C0), then the
infinitesimal generator L is closed and commutes with the superoperator Φt on
its domain of definition:

LΦt = ΦtL.

Note that a bounded superoperator is closed, and a self-adjoint unbounded su-
peroperator is also closed.

STATEMENT. If L is a closed unbounded superoperator then the resolvent
R(z,L) = (zLI − L)−1 is a bounded superoperator for all z ∈ ρ(L).

As a result, the class of unbounded generating superoperators can be character-
ized by the behavior of the resolvents. Thus the notion of a closed superoperator
is an extension of the notion of a bounded superoperator.

Resolvent of generating superoperator

THEOREM. The spectrum of the generating superoperator L of a semi-group of
class (C0) lies always in the half-plane Re(z) � σs .

The generating superoperators L can be characterized by the behavior of the
resolvents R(z,L) = (zLI − L)−1.

THEOREM. In order to the closed superoperator L to be the infinitesimal gener-
ator of a semi-group of class (C0), it is necessary and sufficient that there exist
σs ∈ R and M > 0 such that

(9)
∥∥R(z,L)n

∥∥ � M

(z− σs)n
(z > σs, n = 0, 1, 2, . . .).
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The estimate

‖Φt‖ � Meσst

is valid.

Note that the condition z > σs means that z ∈ R and z ∈ (σs,∞). The verifica-
tion of the necessary and sufficient conditions (9) is difficult since all the powers
(n ∈ N) of the resolvent superoperator appear in them. They will be satisfied if

(10)
∥∥R(z,L)

∥∥ � 1

z− σs

,

where z > σs . If estimate (10) holds, then the inequality ‖Φt‖ � exp{σst} is
valid. In particular, if σs = 0, then ‖Φt‖ � 1 and the semi-group is contractive.

THEOREM. The semi-group {Φt |t � 0} of class (C0) can be represented by the
equation

Φt = 1

2πi

σ+i∞∫
σ−i∞

dz eztR(z,L),

which is valid on D(L), t > 0 and some σ > 0.

The resolvent superoperator R(z,L) is the Laplace transform of the semi-group
superoperator:

(11)R(z,L) =
+∞∫
0

dt e−ztΦt .

The integral converges when Re(z) > σs .

13.4. Contractive semi-groups and its generators

The basic results of the semi-groups theory can be considered as a natural gener-
alization of the Stone’s theorem. These results deal with the exponential form of
semi-groups.

HILLE–YOSIDA THEOREM. Let L be a closed superoperator on a Banach op-
erator space M. Then L is an infinitesimal generator of a contractive strongly
continuous semi-groups if and only if the following requirements are satisfied:

(1) ‖zI − L‖ � z−1 for all Re(z) > 0.



276 Chapter 13. Semi-Groups of Superoperators

(2) All positive real numbers belong to the resolvent set ρ(L). In other words,
there exists the resolvent R(z,L) = (zI −L)−1 for all z such that Re(z) > 0.

Note that the right half plane Re(z) > 0 of the complex z-plane is in the re-
solvent set ρ(L), i.e., {z ∈ C: Re(z) > 0} ⊂ ρ(L). If the requirements of the
theorem are satisfied, then the resolvent R(z,L) of L is the Laplace transforma-
tion (11) of Φt . This theorem can be presented in the form.

HILLE–YOSIDA THEOREM. Let L be a closed superoperator whose domain
D(L) is dense in a Banach operator space M. Then L is a generating superoper-
ator of a contractive strongly continuous semi-group, if and only if the following
requirements are satisfied:

(1) For any z > 0, the resolvent R(z,L) is a bounded superoperator.
(2) For each integer n > 1 and z > 0, ‖R(z,L)n‖ < 1/zn.

The Hille–Yosida theorem characterizes generators by properties of their resol-
vents. The application of the Hille–Yosida theorem is difficult since the resolvent
R(z,L) = (zI − L)−1 should be constructed to verify the conditions. Therefore,
we would like to have the description in terms connected with the superoperator
itself and not with its resolvent. We would like to have requirements for the super-
operator L, which are analogs of self-conjugacy of the generating superoperator
that is used in the Stone’s theorem. For this purpose, we define a concept of dis-
sipative superoperator. We will consider an alternative characterization of weakly
continuous semi-group in which the notion of dissipative superoperator is used.

DEFINITION. Let A be an element of an operator Banach space M. A tangent
functional at A is an element ω ∈M∗ such that ω(A) = ‖ω‖‖A‖M.

The Hahn–Banach theorem states that for each A ∈M there exists at least one
nonzero tangent functional at A.

DEFINITION. Let A be an element of an operator Banach space M. A normalized
tangent functional at A is an element ω ∈M∗ such that

‖ω‖ = 1, ω(A) = ‖A‖M.

Let us define dissipative, accretive, and conservative superoperators.

DEFINITION. A dissipative superoperator is a superoperator L with domain
D(L) in an operator Banach space M, such that for each A ∈ D(L) there ex-
ists a nonzero tangent functional ω at A, and Re[ω(LA)] � 0.

A superoperator L is called accretive if Re[ω(LA)] � 0 for each A ∈ D(L).
A superoperator L is called conservative if Re[ω(LA)] = 0 for all A ∈ D(L).
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The symbol Dis(M) denotes the set of all dissipative superoperators. If L is a
dissipative superoperator, then −L is accretive.

DEFINITION. Let M be a Hilbert operator space. A superoperator L on M with
an everywhere dense domain D(L) is called dissipative if Re(LA|A) � 0 for all
A ∈ D(L).

To explain the notation, we suppose that {Φt |t � 0} is a contractive semi-group
of class (C0) with generator L and that ω is a tangent functional at A ∈ D(M).
Then∣∣ω(ΦtA)

∣∣ = ‖ω‖‖ΦtA‖M � ‖ω‖‖A‖M = ∣∣ω(Φ0A)
∣∣

for all t � 0. This implies that

Re
[
ω(ΦtA)

]
� Re

[
ω(Φ0A)

]
,

and hence(
d

dt
Re

[
ω(ΦtA)

])
t=0

� 0.

Using dΦt/dt = L, we obtain the condition Re[ω(LA)] � 0. As a result, we see
that the generator L of a contractive semi-group of class (C0) is dissipative.

THEOREM. If L is a dissipative superoperator on a Banach operator space M,
then

(12)
∥∥(LI − zL)A

∥∥
M � ‖A‖M

for all z � 0, and all A ∈ D(L).

PROOF. Let ω be a nonzero tangent functional at A ∈ D(L). If L is dissipative,
then −z Re[ω(LA)] � 0 for all z � 0, and hence

‖ω‖‖A‖M = Re
[
ω(A)

]
� Re

[
ω
(
(LI − zL)A

)]
� ‖ω‖∥∥(LI − zL)A

∥∥
M.

Division by ‖ω‖ gives the desired results. �

This theorem allows us to give the following definitions.

DEFINITION. A dissipative superoperator is a superoperator L with domain
D(L) in an operator Banach space M, such that condition (12) is satisfied for
all A ∈ D(L) and z > 0.

The most interesting are the maximal dissipative extensions, i.e., the superop-
erators that cannot be extended further with preservation of dissipativeness.
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DEFINITION. A superoperator L on a Banach operator space M is called max-
imal dissipative, or m-dissipative, if LI − zL is a superoperator whose range is
M, i.e.,

R(LI − zL) =M
for each z > 0.

THEOREM. Let {Φt |t � 0} be a contractive semi-group of class (C0). An infini-
tesimal generator of the semi-group is a superoperator L such that:

(1) L is maximal dissipative.
(2) D(L) is dense in M.
(3) The resolvent of L is the Laplace transform of the superoperator Φt :

(13)R(z,L) = (zLI − L)−1 =
∞∫

0

dt e−tzΦt

for all z > 0.

Let us give the basic theorem regarding characterization of generating super-
operator L for the contractive semi-groups of class (C0).

LUMER–PHILLIPS THEOREM. Let L be a closed superoperator with domain
D(L) and range R(L) both in a Banach operator space M. Then L is a gen-
erating superoperator of a contractive semi-group of class (C0) if and only if the
following conditions are satisfied:

(1) L is a dissipative superoperator, i.e., L ∈ Dis(M).
(2) D(L) is dense in M.
(3) L is a m-dissipative superoperator, i.e., R(LI − zL) =M.

If L is a maximal dissipative superoperator, then (LI − zL)−1 is a bounded
superoperator such that the estimate∥∥(LI − zL)−1

∥∥ � 1

is valid of it.
Let Φt be a bounded superoperator for each t . If the semi-group {Φt |t � 0}

belongs to the class (C0), then the estimate

‖ΦtA‖M � Meσt (t � 0)

is valid. For each A ∈M, the number

σ(A) = lim
t→∞ t−1 ln ‖ΦtA‖M
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is called the index of exponential growth of the orbit ΦtA. Always

σ(A) � σ.

We have σ(A) = inf{σ : ‖ΦtA‖M � Meσt }.
We call the least upper bound of the numbers σ(A), for all A ∈ D(L), the

leading index σs , i.e., σs = sup{σ(A): A ∈ D(L)}. It can be defined by the
equation

σs = lim
t→∞ t−1 ln ‖Φt‖.

The resolvent of the infinitesimal generator L is the Laplace transform (13)
of Φt . The integral (13) converges when Re(z) > σs . Moreover, the inequality

∥∥R(z,L)n
∥∥ = ∥∥(zLI − L)−n

∥∥ � M

Re(z)− σs

is valid for Re(z) > σs .
We call the least upper bound of the numbers σ(A), for all A ∈ M, the index

of exponential growth of the semi-group Φt , or the weakened leading index σw:
σw = sup{σ(A): A ∈ M}. Here the element A does not have to belong to the
domain D(L) of the superoperator L.

Let us give the basic theorem regarding noncontractive semi-groups with the
leading index σs of exponential growth.

THEOREM (Hille–Yosida–Fillips). Let L be a closed superoperator on M whose
domain D(L) is dense in M. Then L is a generating superoperator of a strongly
continuous semi-group, if and only if the following requirements are satisfied:

(1) All positive numbers z > σs belong to the resolvent set ρ(L).
(2) There exists a real positive M , such that

(14)
∥∥R(z,L)n

∥∥ � M

(Re(z)− σs)n

(
Re(z) > 0

)
for all positive integer n.

Inequality (14) holds if ‖R(z,L)‖ � M/(Re(z)− σs) for Re(z) > σs .

13.5. Positive semi-groups

Ordered Banach space and Banach lattice

The notion of “positivity” in an operator space is very important in quantum
theory. A systematic abstract treatment of the “positivity” in linear spaces was
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introduced by F. Riesz and further developed by many other authors. These re-
sults are called the theory of vector lattice.

Suppose there is a binary relation defined for every pair A,B of elements of a
set M, expressed by A � B, with the properties:

(a) A � A for all A ∈M.
(b) If A � B, and B � A, then A = B, for A,B ∈M.
(c) If A � B, and B � C, then A � C for all A,B,C ∈M.

Then M is said to be partially ordered by the relation �.

DEFINITION. An ordered linear space is a real linear space M, together with a
binary relation �, such that the following properties are satisfied:

(1) M is partially ordered by the relation �.
(2) If A � B, then A+ C � B + C for all C ∈M.
(3) If A � B, z ∈ R, and z � 0, then zA � zB.

If M is an ordered linear space, then we can define the positive cone M+ =
{A ∈ M: A � 0}. A positive cone is a cone, i.e., aA + bB ∈ M+ for all
A,B ∈M+, and positive a, b ∈ R.

An ordered Banach space is a real Banach space M, such that the following
properties are satisfied:

(1) M is an ordered linear space.
(2) M+ is closed with respect to the operator norm.

Suppose M is a partially ordered set M, and A, B, C, D are in M. If A � C

and B � C, we call C an upper bound for A and B. If furthermore C � D

whenever D is an upper bound for A and B, we call C the least upper bound
or the supremum of A and B, and write C = sup(A,B). This element of M is
unique if it exists. In a similar way, we define the greatest lower bound or the
infinimum of A and B, and denote it by inf(A,B).

If sup(A,B) and inf(A,B) exist for every pair A,B in a partially ordered set
M, then M is called the lattice.

If sup(A,B) and inf(A,B) exist for every pair A,B in an ordered linear space
M, then M is called the Riesz space, or the vector lattice.

We define, in a Riesz space M, the absolute value |A| = sup(A,−A). Then

|A| � 0, |A+ B| � |A| + |B|, |zA| = |z| |A|,
and |A| = 0 if and only if A = 0.

DEFINITION. A real Banach space M is said to be a Banach lattice if it is a Riesz
space such that |A| � |B| implies ‖A‖M � ‖B‖M.
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A positive superoperator is a superoperator Φt on M+ whose domain D(Φt)

and range R(Φt) both lie in the same positive cone M+.
In quantum mechanics, positive semi-groups are very important to describe the

time evolution of density operator.

DEFINITION. A positive semi-group is a semi-group {Φt |t > 0} on a Banach
operator space M, such that Φt are positive superoperators for all t > 0, i.e.,
ΦtA

2 > 0 for all A2 = A∗A ∈M and t > 0.

The next theorem gives some features of positive semi-groups.

STATEMENT. A one-parameter semi-group {Φt |t � 0} of class (C0) is a posi-
tive semi-group if and only if the resolvent superoperator (13) is positive for all
z > σs .

Dissipative and m-dissipative generating superoperators

Let M be a real Banach space, and let {Φt |t � 0} be a one-parameter semi-group
of class (C0) on M. An infinitesimal generator of {Φt |t � 0} is a superoperator
L with the domain

D(L) =
{
A ∈M: lim

t→0+ t−1(ΦtA− A) exists
}

that is defined by

L = lim
t→0+ t−1(Φt − LI ).

The Hille–Yosida theorem shows that L has the following properties:

(1) D(L) is dense in M.
(2) L is dissipative, i.e., ‖A− zLA‖M � ‖A‖M.
(3) L is m-dissipative, i.e., R(LI − zL) =M for each z > 0.
(4) The resolvent of L is the Laplace transform (13) of the semi-group superop-

erator Φt .

THEOREM. Let M be an operator Hilbert space, and let L be a symmetric dis-
sipative superoperator on M. Then L is a self-adjoint superoperator if and only
if L is m-dissipative. L is a m-dissipative superoperator if and only if its adjoint
superoperator L is dissipative.

As a result, each symmetric dissipative superoperator is self-adjoint if it is a
m-dissipative superoperator. The notion of a m-dissipative superoperator can be
generalized.
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p-dissipative generating superoperators

DEFINITION. A sublinear functional is a functional p on M, such that

p(A+ B) � p(A)+ p(B), p(zA) = zp(A)

for all A,B ∈M and z � 0.

The inequality p(A)+ p(−A) � p(0) = 0 is valid for all A ∈M. Moreover,
max(p(A), p(−A)) � 0. If p(A) + p(−A) > 0 for A �= 0, then p is called the
half-norm on M. If p is a half-norm, then ‖A‖p = max(p(A), p(−A)) is a norm
induced by functional.

DEFINITION. A p-dissipative superoperator is a superoperator L on M such that

p(A− zLA) � p(A)

for all A ∈ D(L) and z > 0.

Note that L is dissipative if and only if L is p-dissipative with respect to
p(A) = ‖A‖M. We can define

p′(A,B) = lim
ε→0+ ε−1[p(A+ εB)− p(A)

]
.

If L is p-dissipative, then p′(A,−LA) � 0 for all A ∈ D(L).

DEFINITION. A strictly p-dissipative superoperator is a superoperator L on M,
such that p′(A,LA) � 0 for all A ∈ D(L).

Using −p′(A,−LA) � p′(A,LA), it is not hard to prove that L is p-dissi-
pative if L is a strictly p-dissipative superoperator.

DEFINITION. A p-contractive semi-group is a one-parameter superoperator
{Φt |t � 0} on M, such that p(ΦtA) � p(A) for all A ∈M.

Let us give the theorem regarding p-contractive semi-groups.

THEOREM. Let {Φt |t � 0} be a one-parameter semi-group of class (C0), and
let L be a generating superoperator of the semi-group. Then {Φt |t � 0} is a
p-contractive semi-group if and only if L is p-dissipative.

Let M+ be a positive cone. If ‖A‖M � C‖B‖M for some C > 0, and all
0 � A � B, then M+ is called the normal positive cone.
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THEOREM. Let M be a Banach space with normal positive cone M+, and let p

be a canonical half-norm on M. Then the following conditions are equivalent:

(1) L is a generating superoperator of contractive semi-group of class (C0).
(2) L is p-dissipative, D(L) is dense in M and R(zLI − L) = M for some

z > 0.

A positive attained norm is a norm of positive superoperator Φt , such that

‖Φt‖ = sup
{‖ΦtA‖M: A � 0, ‖A‖M � 1

}
.

A monotone norm is an operator norm such that ‖A‖M � ‖B‖M whenever
0 � A � B.

THEOREM. Let M be a Banach operator space with monotone norm. If Φt,

t � 0, are positive superoperators with positive attained norms ‖Φt‖, then the
following conditions are equivalent:

(1) L is a generator of positive contractive semi-group {Φt |t � 0} on M.
(2) L is p-dissipative, D(L) is dense in M and R(zLI − L) = M for some

z > 0.

As a result, generating superoperators of positive contractive semi-groups are
p-dissipative.

Dispersive generating superoperator

A half-norm of an ordered Banach space is called the canonical half-norm, if

p(A) = inf
{‖A+ B‖M: B ∈M+

}
.

If M is a Banach lattice, then the canonical half-norm is of the form p(A) =
‖A+‖, where A+ = sup(A, 0).

Let M be a Banach lattice, and let p be a canonical half-norm. A dispersive
superoperator is a p-dissipative superoperator on M.

A superoperator L is dispersive if and only if there exists ϕ ∈ M∗ with the
properties: ϕ � 0, ‖ϕ‖ � 1, (ϕ|A) = ‖A+‖, and (ϕ|LA) � 0.

THEOREM. Let M be a Banach lattice. If L is a linear superoperator on M,
then the following conditions are equivalent:

(1) L is a generating superoperator of positive contractive semi-group on M.
(2) L is dispersive, D(L) is dense in M and R(zLI − L) =M for some z > 0.

Let us give the basic theorem regarding generating superoperators of positive
semi-groups of class (C0), which for the moment need not be contractive.
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THEOREM. Let M be an ordered Banach operator space with monotone norm,
and let Φt, t � 0, be superoperators with the positive attained norms ‖Φt‖ �
M exp(σ t). Then L is a generating superoperator of positive semi-group {Φt |t �
0} if and only if the following conditions are satisfied:

(1) L is a closed superoperator.
(2) D(L) is dense in M.
(3) (σ,∞) ⊂ ρ(L) and p(R(z,L)nA) � Mp(A)/(z − σ)n for all z > σ and

n ∈ N, where p is a canonical half-norm.

This basic result can be considered as a natural generalization of the Hille–
Yosida theorem.



Chapter 14

Differential Equations for Quantum Observables

14.1. Quantum dynamics and operator differential equations

Physical theories consist of two parts, a kinematical structure describing the in-
stantaneous states and observables of the system, and a dynamical structure de-
scribing the change of these states and observables with time.

In the classical mechanics, the states are represented by distributions on a
differentiable manifold (phase-space) and the observables by functions over the
manifold. In the quantum mechanics, the states are given by density operators and
the observables by functions on an operator space. We can identify the states with
positive functionals over appropriate algebras of operators.

In quantum mechanics the dynamical description of system is given by su-
peroperators, and dynamical semi-groups of maps of the underlying kinematical
structure, which represent the motion of the system with time. In the conventional
formulations of quantum theories the dynamical semi-group is introduced in an
implicit manner. The natural description of the motion is in terms of the infini-
tesimal change of the system. The infinitesimal motion of a quantum system is
directly described by some form of superoperator formalism, which allows the
explicit definition of the system. In classical mechanics of non-Hamiltonian sys-
tems the infinitesimal change is defined by means of a vector field (or differential
operator). In quantum mechanics the infinitesimal change is defined by real su-
peroperator on some operator algebra. For Hamiltonian systems, this generating
superoperator is defined by some form of derivation of the algebra.

The basic problem is the integration of these infinitesimal descriptions to give
the dynamical semi-group. The integration problem (the Cauchy problem) in-
volves the characterization of the dynamical structure which reflects the absence,
or presence, of catastrophic behavior of the quantum system. The general problem
is to study the operator differential equation

dA(t)

dt
= LA(t)

under a variety of conditions and assumptions. In each example, the operator
A = A(0) describes an observable, or state, of the quantum system and will be

285
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represented by an element of some suitable operator space, or algebra, M. The
map t ∈ R → A(t) ∈M describes the motion of A, and L is a superoperator on
M, which generates the infinitesimal change of A. The dynamics is given by so-
lution of the operator differential equation. The existence of a “noncatastrophic”
time development of the system is equivalent to the existence of global solutions
of the equation of motion satisfying some boundary and initial conditions.

This is a chapter which reviews the basic facts of operator differential equations
used in non-Hamiltonian dynamics. A consistent description of the theory of dif-
ferential equations in abstract Banach spaces with accurate proofs can be found
in the books [87,38,90].

14.2. Definition of operator differential equations

Let us consider the operator differential equation

(1)
d

dt
At = LAt

with the linear superoperator L having an everywhere dense domain D(L) in a
Banach operator space M. Here At = A(t) is an unknown one-parameter op-
erator with values in the space M. The derivative A′(t) = dA(t)/dt is as the
following limit, in the operator norm of M,

lim
τ→0

∥∥τ−1[A(t + τ)− A(t)
]− A′(t)

∥∥
M = 0.

DEFINITION. A one-parameter operator A(t) is called a solution of differential
equation (1) on the segment [0, t ′] if it satisfies the conditions:

(1) The values of A(t) belong to the domain D(L) of the superoperator L for all
t ∈ [0, t ′].

(2) The strong derivative A′(t) = dA(t)/dt of the one-parameter operator A(t)

exists at every point t of the segment [0, t ′].
(3) The equation dA(t)/dt = LA(t) is satisfied for all t ∈ [0, t ′].

DEFINITION. An initial value problem, or Cauchy problem, on the segment [0, t ′]
is the problem of finding a solution A(t) of equation (1) on [0, t ′] satisfying the
initial condition: A(0) = A0 ∈M.

In this definition it was required that the solution of the equation satisfy the
equation for t = 0 also. This requirement can be weakened.

DEFINITION. A one-parameter operator A(t) is called a weak solution of the
differential equation (1) on the segment [0, t ′] if it satisfies the conditions:
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(1) A(t) for each t ∈ (0, t ′] belongs to the domain D(L) of the superoperator L.
(2) A(t) is strongly differentiable on (0, t ′].
(3) A(t) is continuous on [0, t ′].
(4) The equation dA(t)/dt = LA(t) is satisfied for all t ∈ (0, t ′].

We understand by the weakened Cauchy problem on [0, t ′] the problem of find-
ing a weak solution satisfying the initial condition A(0) = A0. Here the operator
A0 does not have to belong to the domain of superoperator L.

DEFINITION. A correctly formulated Cauchy problem is a Cauchy problem for
equation (1) on the segment [0, t ′], if the following conditions are satisfied.

(1) The unique solution of the Cauchy problem exists for arbitrary A0 ∈ D(L).
(2) This solution depends continuously on initial conditions in the sense that if

Ak(0) ∈ D(L) and

lim
k→∞

∥∥Ak(0)
∥∥
M = 0,

then

lim
k→∞

∥∥Ak(t)
∥∥
M = 0

for the corresponding solutions Ak(t) of (1) and for all t ∈ [0, t ′].

By virtue of the constancy of the superoperator L, the correctness on [0,∞),
follows from the correctness of the Cauchy problem on a single segment [0, t ′].

THEOREM. If the Cauchy problem for equation (1), in which the initial condition
is given by A(0) = A0 ∈ D(L), is correctly formulated, then its solution can
be presented by the equation A(t) = ΦtA0, where Φt is a strongly continuous
semi-group of superoperators at t > 0.

In general, Φt is not strongly continuous at t = 0. Moreover, the limit of ΦtA0
at t = 0 may not be exist.

If the Cauchy problem is correctly formulated, then the superoperator Φt is
defined on D(L) and is bounded. Therefore it can be extended to a bounded su-
peroperator, defined on the entire space M, which we also denote by Φt . The
superoperators Φt form a semi-group. A set of bounded superoperators Φt , de-
pending on the parameter t ∈ [0,∞), is called a semi-group if ΦtΦs = Φt+s for
all t � 0 and s � 0.

If A0 does not belong to the domain D(L) of the superoperator L, then the
operator A(t) = ΦtA0 may not be differentiable and its values may not belong to
D(L). In this case, we can call the operator A(t) = ΦtA0 a generalized solution
of equation (1).
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14.3. Equations with constant bounded superoperators

Suppose L is a bounded superoperator. Under this condition, the properties of the
solution of equation (1) are analogous to the properties of the solutions of a system
of linear differential equations, which can be considered as a linear equation in a
finite-dimensional Banach space.

A unique solution of the Cauchy problem exists for equation (1) with a constant
bounded superoperator L, and it can be written in the form

A(t) = ΦtA0 = etLA0.

The superoperator Φt = exp{tL} is defined by the series

(2)exp{tL} =
∞∑

n=0

tn

n! L
n,

which converges in the superoperator norm. Note that (L)0 = LI . Using
‖L1L2‖ � ‖L1‖‖L2‖, the bound of the norm of each term of (2) gives the in-
equality

(3)
∥∥exp{tL}∥∥ � exp

{
t‖L‖}.

The superoperators Φt = exp{tL}, t ∈ [0,∞), form a one-parameter semi-group
of bounded superoperators, since

Φt1Φt2 = et1Let2L = e(t1+t2)L = Φt1+t2 (t1, t2 � 0),

Φt=0 =
[
etL]

t=0 = LI .

Estimate (3) of the norm of the superoperator Φt is rough since it takes into ac-
count only the norm of the superoperator L and does not consider the distribution
of its spectrum. A more precise estimate is given by the following statement.

STATEMENT. If the real parts of all the points of the spectrum of the superoper-
ator L are less than the number σ , then

(4)
∥∥exp{tL}∥∥ � Meσst .

Conversely, if (4) is satisfied, then the real parts of the points of the spectrum of
L do not exceed σs , i.e., Re(z) � σs .

It is necessary for the boundedness of all solutions of equation (1) on the half-
axis t ∈ [0,∞), that the spectrum of the superoperator L lies in the closed left-
hand half-plane. It is sufficiently that it lie in the open left-hand half-plane.

In a Hilbert operator space, a criterion can be given generalizing the well-
known Lyapunov theorem.
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THEOREM (Lyapunov). The spectrum of the superoperator L on a Hilbert opera-
tor space lies in the open left-hand half-plane if and only if there exists a bounded
self-adjoint positive superoperator U such that the superoperator UL + L∗U is
negative.

In other words, it is necessary and sufficient that there exists a superoperator U
such that (At |UAt) � 0, and

d

dt
(At |UAt) � −γ (At |At) (γ > 0)

for an arbitrary solution At = A(t) of the operator differential equation.
Note that a bounded superoperator U on a Hilbert operator space is said to be

self-adjoint if (UA|A) = (A|UA).

14.4. Chronological multiplication

Let us consider the operator differential equation

(5)
d

dt
At = Lt At ,

where Lt is a one-parameter bounded superoperator, which depends continuously
on t . The solution of the Cauchy problem for equation (5) exists and is unique.
It can be obtained by the method of successive approximations applied to the
operator integral Volterra equation.

Instead of differential equation (5) with initial condition At = A at the time
t = 0, we can take the equivalent integral equation

(6)At = A+
t∫

0

dt1 Lt1At1 .

The operator At will be considered as A(t) = ΦtA, where Φt is a one-parameter
bounded superoperator. Then equation (6) has the form

(7)ΦtA = A+
t∫

0

dt1 Lt1Φt1A.

Substitution of (7) in the form

Φtn+1A = A+
tn+1∫
0

dtn LtnΦtnA
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into equation (7) gives the sum

ΦtA = A+
∞∑

n=1

t∫
0

dt1 Lt1

t1∫
0

dt2 Lt2 · · ·
tn−1∫
0

dtn LtnA,

which converges in the operator norm.
As a result, we obtain

(8)Φt = LI +
∞∑

n=1

t∫
0

dt1

t1∫
0

dt2 · · ·
tn−1∫
0

dtn Lt1Lt2 · · ·Ltn .

This is the Liouville decomposition formula for (7). This series is converged in
the superoperator norm.

In equation (8), each tk ∈ [0, t] satisfy 0 < tk < tk+1 < t , for all k ∈ N. In each
term of (8) the superoperators follow the chronological order. It is clear that the
result will be the same if we rename the integration variables t1 ↔ t2. Changing
the order of integration, we obtain

t∫
0

dt1

t1∫
0

dt2 Lt1Lt2 =
t∫

0

dt1

t∫
t1

dt2 Lt2Lt1 .

The initial expression can be presented in the form

t∫
0

dt1

t1∫
0

dt2 Lt1Lt2 =
1

2

t∫
0

dt1

( t1∫
0

dt2 Lt1Lt2 +
t∫

t1

dt2 Lt2Lt1

)
.

We introduce a new, more compact notation

t1∫
0

dt2 Lt1Lt2 +
t∫

t1

dt2 Lt2Lt1 =
t∫

0

dt2 T {Lt1Lt2},

where T is the chronological multiplication

T {Lt1Lt2} =
{
Lt1Lt2, t1 > t2;
Lt2Lt1, t2 > t1.

In general,

T {Lt1Lt2 . . .Ltn} = LtaLtb . . .Ltc , ta � tb � · · · � tc,
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and Ltk �= Ltl , Ltk Ltl �= Ltl Ltk . Using the symmetry T {Ltk Ltl } = T {Ltl Ltk },
and the fact that the number of all permutations is equal to n!, we obtain

(9)Φt = LI +
∞∑

n=1

1

n!
t∫

0

dt1

t∫
0

dt2 · · ·
t∫

0

dtn T {Lt1Lt2 · · ·Ltn}.

We introduce the following compact notation

(10)Φt = T

{ ∞∑
n=0

1

n!

( t∫
0

dτ Lτ

)n}
= T

{
exp

t∫
0

dτ Lτ

}
.

Using this classic notation [27], we assume that the chronological ordering should
be performed before the integration. For example,

T

{( t∫
0

dτ Lτ

)2}
=

t∫
0

dt1

t∫
0

dt2 T {Lt1Lt2}.

The temporal operations T {. . .} and
∫

dτ are noncommutative.
As a result, we obtain

(11)Φt = T

{
exp

t∫
0

dτ Lτ

}
.

This is the chronological exponential, or T -exponential. In mathematics, it is usu-
ally called the multiplicative Stieltjes integral. Formal expression (11) presents
explicit equation (9). This representation allows to write the solution of the
Cauchy problem by At = ΦtA with (11). If the superoperator Lt is constant,
then Φt = exp{tL}.

14.5. Equations with variable bounded superoperators

Let us consider the operator differential equation (5), where Lt is a one-parameter
superoperator which depends continuously on t . We assume that for each fixed t

this superoperator is the bounded superoperator on a Banach operator space M.
The solution of the Cauchy problem for this equation exists and is unique. This
solution can be written in the form A(t) = ΦtA0, where the superoperator Φt is
defined by (11).

The superoperator Φt can be considered as the solution of the Cauchy problem
for the superoperator differential equation

(12)
d

dt
Φt = LtΦt , Φ0 = LI
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in the space A(M) of all bounded superoperators acting on M.
A bounded inverse superoperator Φ−1

t exists for every t . This operator is the
solution of the Cauchy problem for the superoperator differential equation

d

dt
Φ−1

t = −LtΦ
−1
t , Φ−1

0 = LI ,

which is called the adjoint equation to (12).
If we consider a Cauchy problem for equation (5) in which the initial condition

is given not at the time t = 0, but at an arbitrary time t0 by A(t0) = A0, then its
solution can be written in the form

A(t) = ΦtΦ
−1
t0

A0 = Φt,t0A0.

The superoperator

Φt,τ = ΦtΦ
−1
τ

is called an evolution superoperator. This superoperator is also called the resolv-
ing superoperator, or propagator. It has the properties

Φt,sΦs,τ = Φt,τ , Φt,t = LI .

If Lt is constant, i.e., Lt = L, then Φt,τ = exp(t − τ)L.

DEFINITION. An evolution superoperator is a two-parameter superoperator Φt,s ,
0 � s � t , such that the following conditions are satisfied:

(1) Φt,sΦs,t0 = Φt,t0 for all 0 � t0 � s � t .
(2) Φt0,t0 = I for all t0 ∈ [0, t].
(3) Φt,s is a strongly continuous superoperator with respect to t and s.

Let Lt (t � 0) be uniformly bounded, i.e., ‖Lt‖ � M , then the estimate∥∥A(t)
∥∥
M � etσ

∥∥A(0)
∥∥

is valid for the solutions A(t) of equation (5).
For each A0 = A(0), the number

σ(A0) = lim
t→∞t−1 ln

∥∥A(t)
∥∥
M = lim

t→∞t−1 ln ‖ΦtA0‖M
is called the index of exponential growth of the solution A(t). Always σ(A0) � σ .
We call the least upper bound of the numbers σ , for all solutions of the equation,
the leading index σs , i.e., σs = sup{σ(A0): A0 ∈ D(L)}. It can be defined by the
equation

(13)σs = lim
t→∞ t−1 ln ‖Φt‖.
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We call the least upper bound of the numbers σ , for all generalized solutions
of the equation, the weakened leading index σw: σw = sup{σ(A0): A0 ∈ M}.
Here the element A does not have to belong to the domain D(L). Then σw can be
called the index of exponential growth of the weakened Cauchy problem. It can
be defined by the equation

σw = inf
t>0

(
t−1 ln ‖Φt‖

)
.

We define the special index of equation (5) by

σ ∗ = lim
t,(t−τ)→∞(t − τ)−1 ln ‖Φt,τ‖.

If the superoperator Lt is constant, then the leading and special indices coincide.
In the general case, the relation σs � σ ∗ holds between the leading and special
indices. For example, equation (5) with the superoperator

Lt = (sin ln t + cos ln t)LI

gives

σs = 1, σ ∗ = √2.

The value of the special index σ ∗ depends on the behavior of the superoperator
Lt at infinity. If the limit

L∞ = lim
t→∞Lt

exists, and the spectrum of the superoperator L∞ lies in the open left-hand half-
plane, then the special index is negative.

In a Hilbert operator space, we can give the following criterion for negativeness
of the special index.

THEOREM. Let M be an operator Hilbert space. If there exists a superoperator
Ut such that

0 < a1(At |At) � (At |UtAt ) � a2(At |At),

and

d

dt
(At |UAt) � −γ (At |At) (γ > 0)

for all solutions At = A(t) of equation (5), then the special index is negative, i.e.,
σ ∗ < 0.

Conversely, we can construct a superoperator Ut with the described properties
for each equation (5) with a negative special index. For example, the superoperator



294 Chapter 14. Differential Equations for Quantum Observables

Ut can be obtained by

Ut =
∞∫
t

dτ Φ∗
τ,t Φτ,t .

14.6. Operator equations with constant unbounded
superoperators

Suppose H is a Banach space and An are operators on H for every natural num-
ber n. We say that the sequence {An} is uniformly convergent with limit A if for
every ε > 0, there exists a natural number N = N(ε) such that for all x in H and
all n � N , we have ‖Anx − Ax‖H < ε.

Compare uniform convergence to the concept of pointwise convergence. The
sequence {An} converges pointwise with limit A if and only if for every x in H and
every ε > 0, there exists a natural number N = N(x, ε) such that for all n � N ,
we have ‖Anx −Ax‖H < ε. In the case of uniform convergence, N can only de-
pend on ε, while in the case of pointwise convergence N may depend on ε and x.
A sequence {An} of operators converges uniformly to a limiting operator A if the
speed of convergence of Anx to Ax does not depend on x. Therefore the uniform
convergence implies a pointwise convergence. The uniform convergence is a type
of convergence stronger than pointwise. The concept is important because several
properties of the operators An, such as continuity, differentiability and Riemann
integrability, are transferred to the limit A if the convergence is uniform.

DEFINITION. A correctly formulated Cauchy problem is called uniformly cor-
rected if it follows from Ak(0) ∈ D(L) and ‖Ak(0)‖M → 0 that the correspond-
ing solutions Ak(t) of (1) converge uniformly to 0 on every finite segment [0, t ′].

If the superoperator L is closed, then there exists a bounded resolvent superop-
erator R(z,L) = (zLI −L)−1. In this case, uniform correctness follows from the
existence and uniqueness of a continuously differentiable solution of the Cauchy
problem for arbitrary A0 ∈ D(L).

THEOREM. If the Cauchy problem is uniformly correct, then the semi-group
{Φt |t � 0} satisfies the condition

(14)lim
t→0+ΦtA0 = A0

for all A0 ∈M.
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For a uniformly correct Cauchy problem, the semi-group {Φt |t � 0} is
strongly continuous that is the operator ΦtA0 is continuous on (0,∞) for ar-
bitrary A0 ∈M. The semi-group {Φt |t � 0} belongs to the class (C0) if it is
strongly continuous at t > 0 and satisfies condition (14) for arbitrary A0 ∈M.

THEOREM. If the Cauchy problem is uniformly correct, then the semi-group
{Φt |t � 0} belongs to the class (C0).

In other words, we can say that all generalized solutions are continuous on
[0,∞) in this case. The limit (13) exists for an arbitrary strongly continuous semi-
group {Φt |t � 0}. If the semi-group belongs to the class (C0), then the estimate
‖Φt‖ � M exp{σst} is valid. Thus, for a uniformly correct Cauchy problem, the
orders of exponential growth of all solutions are bounded.

THEOREM. If the Cauchy problem is uniformly correct, then ‖Φt‖ � M exp{σst}.

If σs = 0, then the semi-group is bounded, i.e., ‖Φt‖ � M . In this case, we can
introduced a new norm in the space M, such that the superoperators Φt , t � 0,
have a norm not greater than one. If ‖Φt‖ � 1, then the semi-group is called
contractive.

14.7. Generating superoperator and its resolvent

For the semi-group {Φt |t � 0} the one-parameter operator A(t) = ΦtA must
be differentiable. Differentiability of this operator for arbitrary t follows from its
differentiability for t = 0. The linear superoperator

Φ ′
0A = lim

ε→0+ ε−1[ΦεA− A]
is defined on a set of operators A for which A(t) = ΦtA is differentiable at
zero. The superoperator Φ ′

0 is called the generating superoperator (or infinitesimal
generator) of the semi-group {Φt |t � 0}.

The theory of semi-groups of bounded linear superoperators on a Banach op-
erator space deals with the exponential superoperator functions. It is concerned
with the problem of determining the most general bounded linear superoperator
Φt , t � 0, which satisfies the equations

ΦtΦs = Φt+s (t, s � 0), Φ0 = LI .

The problem for semi-group of superoperators can be considered as a natural
generalization of the well-known problem for the bounded operators on infinite-
dimensional function space. For function spaces, this problem was investigated
by E. Hille and K. Yosida. They introduced the infinitesimal generator L of Φt ,
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and discussed the generation of Φt in terms of L. A characterization of the in-
finitesimal generator L in terms of the spectral property of L is described by
Hille–Yosida–Phillips theorem. The basic results of the superoperator semi-group
theory may be considered as a natural generalization of the Stone’s theorem for
one-parameter superoperator group on a Hilbert operator space.

If the semi-group belongs to the class (C0), then the domain D(L) of the infin-
itesimal generator L is everywhere dense.

THEOREM. Let L be a generating superoperator of a semi-group {Φt |t � 0} of
class (C0). Then L is closed and commutes with Φt on its domain D(L):

LΦt = ΦtL.

Moreover, the Cauchy problem for equation (1) is uniformly correct.

Thus, if we restrict ourselves to equations with closed superoperators L, then
we have the following statement. Note that an unbounded self-adjoint superoper-
ator is always closed.

STATEMENT. Let L be a closed superoperator. Then the class of operator equa-
tions (1) for which the Cauchy problem is uniformly correct coincides with the
class of equations for which L is a generating superoperator of a semi-group of
class (C0).

This explains the role which the study of semi-groups of class (C0) and their
generating superoperators plays in the theory of operator differential equations.

The spectrum of the infinitesimal generator L of a semi-group of class (C0) lies
always in some half-plane Re(z) � σs . The generating superoperators L can be
characterized by the properties of the resolvents R(z,L) = (zLI − L)−1.

THEOREM. In order to the closed superoperator L to be the infinitesimal gener-
ator of a semi-group of class (C0), it is necessary and sufficient that a real σs and
a positive M exist such that

(15)
∥∥R(z,L)n

∥∥ � M

(z− σs)n
(z > σs, n = 0, 1, 2, . . .).

The estimate ‖Φt‖ � M exp{σst} is valid.
If the superoperator L in equation (1) is closed, then conditions (15) are nec-

essary and sufficient for the uniform correctness of the Cauchy problem.

The test of the necessary and sufficient conditions (15) is difficult since all the
powers (n ∈ N) of the resolvent superoperator are used. Inequality (15) will be
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satisfied if

(16)
∥∥R(z,L)

∥∥ � 1

z− σs

(z > σs).

Note that condition (15) with n = 1 and M > 1 is not sufficient for the
correctness of the Cauchy problem. If estimate (16) holds, then the inequality
‖Φt‖ � exp{σst} is valid. In particular, if σs = 0, then ‖Φt‖ � 1 and the semi-
group is contractive.

Let us consider the operator differential equation

(17)
d

dt
A(t) = LtA(t)

with a superoperator Lt which depends on t . The dependence of Lt on t is
assumed to be smooth. In order to formulate conditions of smoothness for an un-
bounded one-parameter superoperator Lt , it is natural to assume that Lt is defined
for different t � 0 on the same subset of the operator space M. In connection with
this, the following assumption is made. The domain of the superoperator Lt is not
dependent on t :

D(Lt ) = D.

We can now formulate a set of conditions, which provide the correctness of the
Cauchy problem for an equation with a variable superoperator:

THEOREM. The Cauchy problem for equation (17) is correctly formulated if the
following conditions are satisfied:

(1) The superoperator Lt is the infinitesimal generator of a contractive semi-
group for every t ∈ [0, t ′] and the inequality∥∥R(z,Lt )

∥∥ �
[
1+ Re(z)

]−1 (
Re(z) � 0

)
is valid.

(2) The bounded superoperator LtL−1
s is strongly continuously differentiable

with respect to t for arbitrary s.

If these conditions are satisfied, then there exists a bounded evolution superop-
erator Φt,s (t � s), which is strongly continuous with respect to the variables t

and s, for 0 � s � t � t ′. For t = s, Φs,s = LI . The solution of the Cauchy
problem for equation (17) with the initial condition A(0) = A0 ∈ D is unique
and is given by the formula A(t) = Φt,0A0. If the initial condition is given for
t = s by A(s) = A0, then the solution has the form A(t) = Φt,sA0. The super-
operators Φt,s have the property Φt,τΦτ,s = Φt,s , where 0 � s � τ � t � t ′.
Generalized solutions ΦtA0 of equation (17) for arbitrary A0 ∈M are continuous
one-parameter operators for t ∈ [0, t ′].
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14.8. Equations in operator Hilbert spaces

In operator Hilbert spaces, the generating superoperators for several important
classes of semi-groups can be completely described. The description can be real-
ized in terms connected with the superoperators itself and not with its resolvent.

Let us give the basic statement regarding infinitesimal generators of a strongly
continuous contractive semi-group. In order to the superoperator L be a generator
of a strongly continuous contractive superoperator semi-group it is necessary and
sufficient that it be a maximal dissipative superoperator with an everywhere dense
domain o definition. We formulate this criterion again in the following theorem.

THEOREM. Let L be a closed superoperator L with an everywhere dense domain
D(L) in a Hilbert operator space. Then L is a generating superoperator of a
strongly continuous contractive semi-group of superoperators if and only if the
following conditions are satisfied

Re(LA|A) � 0, A ∈ D(L), Re(L∗B|B) � 0, B ∈ D(L∗).

This theorem describes strongly continuous semi-groups. Let us give the theo-
rem regarding semi-groups of class (C0).

THEOREM. If the superoperators L and L∗ have the same everywhere dense do-
main D(L∗) = D(L) in a Hilbert operator space, and the superoperator

ReL = (1/2)[L+ L∗]
is bounded, then L is the generating superoperator of a semi-group {Φt |t � 0} of
class (C0). The estimate ‖Φt‖ � exp{σst}, is valid, where σs is an upper bound
of the superoperator ReL.

In order to the superoperator L on an operator Hilbert space M to be the in-
finitesimal generator of a strongly continuous group of unitary superoperators, it
is necessary and sufficient that L = iΛ, where Λ is a self-adjoint superoperator.
Note that Λ is self-adjoint if (ΛA|B) = (A|ΛB) for all A,B ∈M.

Equations in an operator Hilbert space with basis

Let M be a separable operator Hilbert space. Then there is an operator basis {Ek}
for M. The solution of operator differential equations can be presented in the
form of expansion with respect to the basis.

Let us consider the linear differential operator equation

(18)
d

dt
|At) = L|At),
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where |At) is an unknown one-parameter operator with values in an operator
Hilbert space M. Now let an arbitrary denumerable basis |Ek) be given in the
space M. Then (Ek| can be considered as a basis for M∗. Equation (18) gives

(Ek| d
dt
|At) = (Ek|L|At).

Using

d

dt
|Ek) = 0,

∞∑
l=1

|El)(El | = I,

we obtain

d

dt
(Ek|At) =

∞∑
l=1

(Ek|L|El)(El |At).

As a result, we have

(19)
d

dt
ak(t) =

∞∑
l=1

Lklal(t),

where

ak(t) = (Ek|At) = Tr[E∗kAt ], Lkl = (Ek|L|El).

If ak(t) is the probability that a quantum system of interest is in state |Ek) at
time t and

Lkl = −cδkl + cMkl,

where cMkl is the probability per unit time of a transition from |El) to |Ek), then
(19) gives

(20)
d

dt
ak(t) = −cak(t)+ c

∞∑
l=1

Mklal(t).

A standard starting point for the discussion of various random walks and other
transport processes is this master equation. Equation (20) is equivalent to the
“gain-loss” of the master equation

(21)
d

dt
ak(t) = c

∞∑
l=1

[
Mklal(t)−Mlkak(t)

]
,

since transition probabilities have the normalization
∑∞

l=1 Mlk = 1. Equa-
tion (21) is known as the Pauli master equation.
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If an operator basis {|Ek)} consists of eigenelements of the superoperator L,
then

L|Ek) = |Ek)zk,

and the solution of equation (18) can be written in the form

|At) =
∞∑

k=1

|Ek)cke
zkt ,

where zk are eigenvalues of the superoperator L. The coefficients ck can be found
from the expansion

(22)|A0) =
∞∑

k=1

|Ek)ck.

The method of finding solutions in the form of their expansions with respect to a
basis of eigenelements of the superoperator L is called the Fourier method.

Now let an arbitrary basis {Ek} for M. Suppose A(t) = Ek(t) is the solution
of Cauchy problem for equation (18) in which the initial condition is given by
|A0) = |Ek). The system {|Ek(t))} is called a fundamental system of solutions
with respect to the basis {|Ek)}. The matrix-functions with the elements

pkl(t) =
(
Ek|El(t)

) = (Ek|ΦtEk)

is called the fundamental matrix of the equation in the basis {|Ek)}.
If |A0) is defined by (22), then the solution of the Cauchy problem with the

initial condition A(0) = A0 can be written in the form

|At) =
∞∑

k,l=1

|Ek)pkl(t)cl .

The functions pkl(t) satisfy the identity

∞∑
m=1

pkm(t)pml(s) = pkl(t + s).

If the superoperator Φt is such that

pkl(t) � 0,

∞∑
l=1

pkl(t) = 1,

then the numbers pkl(t) can be treated as the probabilities of the passage of quan-
tum system from the state |Ek) into the state |El). In this case, the fundamental
matrix describes the Markov process with a denumerable number of states.
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14.9. Equations in coordinate representation

Let us consider the operator basis |xy) = |P̂ (x, y)). Equation (18) gives

(xy| d
dt
|At) = (xy|L|At).

Using

d

dt
|xy) = d

dt

∣∣P̂ (x, y)
) = 0,

∫
dx dy |xy)(xy| = I,

we obtain

d

dt
(xy|At) =

∫
dx′ dy′ (xy|L|x′y′)(x′y′|At).

As a result, we have

d

dt
at (x, y) =

∫
dx′ dy′ L(x, y, x′, y′)at (x

′, y′),

where at (x, y) = (xy|At), and L(x, y, x′, y′) = (xy|L|x′y′). If (A|B) =
Tr[A∗B], then

at (x, y) = (xy|At) = Tr
[
P̂ ∗(x, y)At

] = Tr
[|y><x<|At

] = <x|At |y>,

L(x, y, x′, y′) = (xy|L|x′y′) = Tr
[
P̂ ∗(x, y)L

(
P̂ (x′, y′)

)]
.

Let P̂ (x, y) be a ket-bra operator. If |x> is a basis of a Hilbert space H, then
P̂ (x, y) is a basis of an associated operator Hilbert space H̄. Equation (18) for
A = P̂ (x, y) gives

d

dt
P̂t (x, y) = ∂

∂t
P̂t (x, y)+ L

(
P̂t (x, y)

)
,

where P̂t (x, y) = Φt(P̂ (x, y)). The initial condition is P̂t=0(x, y) = P̂ (x, y).
As a result, |P̂t (x, y)) is considered as a solution of equation (18) with the

condition

|A0) =
∣∣P̂ (x, y)

) = |xy).

The operator |P̂t (x, y)) is a fundamental solutions with respect to the basis {|xy)}.

STATEMENT. Let P̂ (x, y) be a basis of an operator Hilbert space H̄. Then
P̂t (x, y) = Φt(P̂ (x, y)) is a basis if and only if the superoperator L is Hamil-
tonian.
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Differentiation of the relation P̂t (x, y)P̂t (z, s) = δ(y, z)P̂t (x, s) with respect
to time t at t = 0 gives ZL(P̂ (x, y), P̂ (z, s)) = 0. This condition means that L
is a Hamiltonian superoperator.

As a result, the evolution of a quantum system is a map from a set of basis oper-
ators into itself if and only if the system is Hamiltonian. In general, the evolution
cannot be considered as a transformation of operator basis into basis.

If A0 has the expansion

|A0) =
∫

dx dy |xy)a0(x, y),

then the solution of equation (18) with the initial condition A(0) = A0 can be
written in the form

|At) =
∫

dx dy dx′ dy′ |xy) pt (x, y, x′, y′) a0(x
′, y′).

The functions pt(x, y, x′, y′) satisfy the identity∫
dx′ dy′ pt(x, y, x′, y′)ps(x

′, y′, x′′, y′′) = pt+s(x, y, x′′, y′′).

If the superoperator L is such that

pt(x, y, x′, y′) � 0,

∫
dx′ dy′ pt(x, y, x′, y′) = 1,

then pt(x, y, x′, y′) = (xy|P̂t (x
′, y′)) can be treated as the probabilities of the

passage of quantum system from the state |xy) into the state |x′y′). In this case,
the fundamental function describes the Markov process.

14.10. Example of operator differential equation

Let us consider the operator differential equation

d

dt
At = −H0 · At + (λ+ μ)P ◦ (At ·Q)− (λ− μ)Q ◦ (At · P)

+ dppQ · (Q · At)+ dqqP · (P · At)

− dpqP · (Q · At)− dqpQ · (P · At),

where H0 = (1/2m)P 2 + (mω2/2)Q2. The superoperator L has the form

L = −L−H0
− (λ+ μ)L+P L−Q + (λ− μ)L+QL−P

+ dppL−QL−Q + dqqL−P L−P − dpqL−P L−Q − dqpL−QL−P .

It is not hard to prove that L is a non-Hamiltonian superoperator.
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For Q and P , we obtain

LQ = 1

m
P + μQ− λQ, LP = −mω2Q− μP − λP.

Let us define the following matrices

A0 =
(

Q

P

)
, M =

(
μ− λ 1

m

−mω2 −μ− λ

)
.

In this case, the operator differential equation for At becomes

(23)
d

dt
At = MAt,

where LAt = MAt . The solution of (23) is

At = ΦtA0 =
∞∑

n=0

tn

n!L
nA0 =

∞∑
n=0

tn

n!M
nA0.

The superoperator Φt has the form

Φt = etM = e−λt

(
cos(ω0t)+ μ

ω0
sin(ω0t)

1
mω0

sin(ω0t)

−mω2

ω0
sin(ω0t) cos(ω0t)− μ

ω0
sin(ω0t)

)
,

where ω2
0 = ω2 − μ2. As a result, we obtain

Qt = e−λt

[
cos(ω0t)+ μ

ω0
sin(ω0t)

]
Q0 + 1

mω0
e−λt sin(ω0t)P0,

Pt = −mω2

ω0
e−λt sin(ω0t)Q0 + e−λt

[
cos(ω0t)− μ

ω0
sinh(ω0t)

]
P0.

These equations describe a solution of the operator differential equation (23).
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Chapter 15

Quantum Dynamical Semi-Group

15.1. Dynamical semi-groups

An axiomatic approach to quantum dynamics of non-Hamiltonian systems gives
the most general dynamical laws for quantum systems. These laws describe the
most general linear mapping of the set of states into itself. We can introduce the
semi-group laws as the fundamental dynamical postulate for non-Hamiltonian
systems. The axioms for a dynamical semi-group has been given by A. Kos-
sakowski and R.S. Ingarden [88,74]. The dynamical semi-groups are special ex-
amples of strongly continuous contractive semi-groups.

The state of the quantum system can be identified with the density operator,
i.e., with the self-adjoint, positive linear operator of unit trace. It is more natural
for this purpose to take the real Banach space K1

r (H) of trace-class operators.
A set of states can be considered as a positive cone K1

r+(H) of a Banach space
K1

r (H). We can also use a positive cone K2
r+(H) of the Hilbert space K2

r (H) of
Hilbert–Schmidt operators.

DEFINITION. A dynamical semi-group is a one-parameter semi-group {St |t � 0}
of linear superoperators St on K1

r+(H), such that the following requirements are
satisfied:

(1) St maps K1
r+(H) into itself for each t � 0.

(2) {St |t � 0} is a one-parameter semi-group on K1
r+(H).

(3) ‖St (ρ)‖1 = ‖ρ‖1 for all ρ ∈ K1
r+(H) and t � 0.

(4) w-limt→+0 St (ρ) = ρ for all ρ ∈ K1
r (H).

Requirement (2) express the mathematical statement that {St |t � 0} is a posi-
tive semi-group. Requirement (4) means that

(1)lim
t→+0

(Stρ|A) = (ρ|A)

305
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for any bounded linear operator A and ρ ∈ K1
r (H). Here (A|B) = Tr[A∗B]. In

this case, the weak limit in equation (1) is equivalent to the strong limit

lim
t→+0

∥∥St (ρ)− ρ
∥∥

1 = 0

for all ρ ∈ K1
r (H).

THEOREM. A set {St |t � 0} of superoperators on K1
r (H) is a dynamical semi-

group if and only if the following requirements are satisfied:

(1) {St |t � 0} is a one-parameter semi-group on K1
r (H).

(2) (Stρ|I ) = (ρ|I ) for all t � 0, and ρ ∈ K1
r (H).

(3) ‖St (ρ)‖1 � ‖ρ‖1 for all t � 0, and ρ ∈ K1
r (H).

(4) limt→+0(Stρ|A) = (ρ|A) for any bounded linear operator A and ρ ∈
K1

r (H).

It is not hard to see that these requirements are written for the whole space
K1

r (H), not only in its positive cone K1
r+(H). Requirement (2) expresses the state-

ment that St is a trace-preserving superoperator, i.e.,

Tr
[
St (ρ)

] = Tr[ρ]
for all t � 0, and ρ ∈ K1

r (H). Requirement (3) means that {St |t � 0} is a
contractive semi-group, i.e., ‖St‖ � 1 for t ∈ [0,∞). This theorem gives us a
complete description of dynamical semi-groups and it can be formulated in the
following form.

STATEMENT. A dynamical semi-group is a strongly continuous one-parameter
contractive semi-group of trace-preserving bounded linear superoperators on
K1

r (H).

Using the Hille–Yosida theorem to a dynamical semi-group {St |t � 0}, we ob-
tain that there exists a generating superoperator Λ on K1

r (H). The domain D(Λ)

of the superoperator Λ is dense in K1
r (H), and ΛSt = StΛ. Moreover, the super-

operator differential equation

d

dt
St = ΛSt

holds for all t � 0. Using ρs(t) = St (ρ), we see that ρs(t) is the solution of the
Cauchy problem for the operator equation

(2)
d

dt
ρs(t) = Λρs(t)
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in which the initial condition is given by ρs(0) = ρ ∈ D(Λ). The generator Λ is
called the Liouville superoperator, or Liouvillian. Equations of type (2) is called
the quantum Liouville equation, or the master equation, for non-Hamiltonian sys-
tems.

It is not hard to see that non-Hamiltonian quantum dynamics should be formu-
lated for density operators of mixed states, and cannot be reduced to pure states
only. A non-Hamiltonian superoperator Λ can have a Hamiltonian part ΛH = L−H
such that Λ = ΛH +D, where D is another non-Hamiltonian superoperator. Such
a decomposition is not unique.

Using the Hille–Yosida theorem, we can describe the properties of the super-
operator Λ.

THEOREM. Let Λ be a linear superoperator whose domain D(Λ) and rage R(Λ)

both lie in K1
r (H). Then Λ is a generating superoperator of a dynamical semi-

group if and only if the following requirements are satisfied:

(1) D(Λ) is dense in K1
r (H).

(2) R(zLI −Λ) = K1
r (H) for all z > 0.

(3) ‖(zLI −Λ)ρ‖1 � z‖ρ‖1 for all ρ ∈ D(Λ) and z > 0.

(4) Tr[Λ(ρ)] = 0 for all ρ ∈ D(Λ).

Requirement (2) expresses the statement that Λ is a maximal dissipative su-
peroperator for all ρ ∈ D(Λ). Requirement (3) means that Λ is a dissipative
superoperator for all ρ ∈ D(Λ).

15.2. Semi-scalar product and dynamical semi-groups

The necessary and sufficient conditions for Λ to be the generating superopera-
tor of a dynamical semi-group can also be formulated by semi-scalar product.
G. Lumer and R.S. Phillips have described contractive semi-groups by virtue of
the notion of semi-scalar product [101]. The infinitesimal generator of such a
semi-group is dissipative with respect to this product.

DEFINITION. Let M be a real (or complex) Banach operator space. A semi-
scalar product of elements A and B of M is a real (or complex) number [A|B]
with the following properties:

(1) [A|aB + bC] = a[A|B] + b[A|C] for all a, b ∈ R (or C) and A,B,C ∈M.

(2) [A|A] = ‖A‖2
M for all A ∈M.

(3) |[A|B]| � ‖A‖M‖B‖M for all A,B ∈M.
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LUMER THEOREM. To each pair A and B of a Banach space M, we can asso-
ciate a semi-scalar product [A|B].

Let M be a Banach operator space, and let A be an arbitrary element of M.
Then there exists a bounded linear functional ωA ∈M∗ such that

‖ωA‖ = ‖A‖M, ωA(A) = ‖A‖2
M.

It is not hard to see that ωA is a normalized tangent functional. Then the equation

[A|B] = ωB(A)

defines a semi-scalar product for all A,B ∈M.

DEFINITION. Let a Banach space M be endowed with a semi-scalar product
[A|B]. A linear superoperator Λ with domain D(Λ) and range R(Λ) both in M
is called dissipative with respect to [A|B] if Re[Λ(A)|A] � 0 for all A ∈ D(Λ).

Let M be a Hilbert operator space. Then a symmetric superoperator Λ such that
Re(Λ(A)|B) � 0 is dissipative with respect to the semi-scalar product [A|B] =
(A|B), where (A|B) is the scalar product of M.

PHILLIPS–LUMER THEOREM. Let Λ be a linear superoperator whose domain
D(Λ) and range R(Λ) lie in the same Banach operator space M. Then Λ is a
generating superoperator of contractive semi-group of class (C0) if and only if
the following requirements are satisfied:

(1) D(Λ) is dense in M.
(2) R(I −Λ) =M.
(3) Λ is a dissipative superoperator with respect to any semi-scalar product.

COROLLARY. Let Λ be a linear superoperator whose domain D(Λ) and range
R(Λ) lie in the same Banach operator space M, and let L be an adjoint superop-
erator. Then Λ is a generating superoperator of contractive semi-group of class
(C0) if and only if the following requirements are satisfied:

(1) D(Λ) is dense in M.
(2) Λ is closed.
(3) Λ and L are dissipative superoperators.

The Phillips–Lumer theorem gives us complete information about generating
superoperators of contractive semi-group of class (C0). Let us give the basic the-
orem regarding necessary and sufficient conditions for Λ to be the generator of
dynamical semi-group.
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THEOREM. Let Λ be a linear superoperator whose domain D(Λ) and range
R(Λ) lie in the same Banach space K1

r (H). Then Λ is a generating superoperator
of dynamical semi-group if and only if the following conditions are satisfied:

(1) D(Λ) is dense in K1
r (H).

(2) R(I −Λ) = K1
r (H).

(3) Λ is a dissipative superoperator with respect to semi-scalar product.
(4) Tr[Λ(ρ)] = 0 for all ρ ∈ D(Λ).

It is not hard to see the following property.

STATEMENT. Let Λ be a generating superoperator of contractive semi-group of
class (C0) on K1

r (H). Then Λ be a generating superoperator of dynamical semi-
group if and only if Tr[Λ(ρ)] = 0 for all ρ ∈ D(Λ).

Differentiation of the equality Tr[Stρ] = Tr[ρ] gives

Tr

[
d

dt
(Stρ)

]
= Tr[ΛStρ] = 0.

For t = 0, we obtain Tr[Λ(ρ)] = 0.

STATEMENT. A bounded linear superoperator Λ on K1
r (H) is a generating su-

peroperator of dynamical semi-group on K1
r (H) if and only if the following con-

ditions are satisfied:

(1) Λ is a dissipative superoperator.
(2) Tr[Λ(ρ)] = 0 for all ρ ∈ K1

r (H).

As a result, each generating superoperator of dynamical semi-group on K1
r (H)

is a dissipative superoperator.

15.3. Dynamical semi-groups and orthogonal projections

The necessary and sufficient conditions for generating superoperators of a dynam-
ical semi-group can be described by using a system of orthogonal projections [74].
Let {Pk} be a complete set of orthogonal projection operators Pk on closed sub-
spaces of a Hilbert space H, such that

(3)PkPl = δklPl, P ∗k = Pk, Tr Pk < ∞,

∞∑
k=1

Pk = I

for k, l ∈ N. This is the discrete orthogonal resolution of identity.
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THEOREM (Ingarden–Kossakowski). Let Λ be a bounded linear superoperator
on K1

r (H). Then Λ is a generating superoperator of a dynamical semi-groups on
K1

r (H) if and only if the conditions

(4)Λkk � 0, Λkl � 0 (k �= l),

∞∑
k=1

Λkl = 0,

are valid for any complete set {Pk} of orthogonal projections (3), where

(5)Λkl = (Pk|Λ|Pk) = Tr
[
PkΛ(Pl)

]
.

Conditions (4) are quantum analogues of the Kolmogorov’s conditions for
a discrete Markov process. An observable with a discrete spectrum defines a
complete set of orthogonal projections. Then the time evolution of quantum non-
Hamiltonian system can be considered as an infinite set of classical discrete
Markov processes corresponding to some observables with discrete spectrum.
As a result, the quantum non-Hamiltonian dynamics describes quantum Markov
processes.

Let us give the basic theorem regarding Hamiltonian quantum systems.

THEOREM. Let {St |t � 0} be a dynamical semi-group on K1
r (H), such that the

following requirements are satisfied:

(1) St is surjection, i.e., St is an epimorphism of K1
r (H).

(2) ‖St (ρ)‖1 = ‖ρ‖1 for all ρ ∈ K1
r (H) and t � 0.

Then there exists a strongly continuous one-parameter group {Ut | t ∈ R} of uni-
tary operators Ut on a Hilbert space H, such that St = LUt RU∗t for all t � 0.

Requirement (1) expresses the statement that the superoperator St is an epimor-
phism instead of endomorphism. Requirement (2) is expressed in the whole space
K1

r (H), not only in its positive cone K1
r+(H).

This theorem describes the conditions for a quantum system to be Hamiltonian.
By Stone’s theorem, there exists a self-adjoint operator H such that

Ut = exp
1

ih̄
H,

d

dt
Ut = 1

ih̄
HUt .

For ρs(t) = Stρ = UtρU∗t , where St = exp tL−H , we obtain

d

dt
ρs(t) = dUt

dt
ρU∗t + Utρ

dU∗t
dt

= 1

ih̄

(
HUtρU∗t − UtρU∗t H

)
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= 1

ih̄

(
Hρs(t)− ρs(t)H

)
.

As a result, the Liouvillian Λ is a globally Hamiltonian superoperator, and equa-
tion (2) can be presented in the form

d

dt
ρs(t) = L−H ρs(t).

This is the von Neumann equation.

15.4. Dynamical semi-groups for observables

We described the time evolution of the states of a system. The dynamical semi-
groups have been discussed for density operators. This is the Schrödinger dy-
namical representation. We can define a dynamical semi-group for observables
to describe the time evolution of the quantum observables. The axioms for a
dynamical semi-group can be considered in the so-called Heisenberg dynamical
representation.

To describe observables, we use the space K1∗
r (H) dual of K1

r (H). For any
bounded self-adjoint operator ρ ∈ K1

r (H), the correspondence ρ → (ρ|A) =
Tr[ρA] defines a continuous linear functional on K1

r (H). Conversely any contin-
uous linear functional on K1

r (H) has this form. If we denote by B(H) the Banach
space of all bounded operators, then K1∗

r (H) = [K1
r (H)]∗ = B(H). A state

is considered as an element of K1
r (H). The dual space K1∗

r (H) consists of all
bounded observables.

DEFINITION. Let {St |t � 0} be a dynamical semi-group on K1
r (H). A adjoint

(conjugated) dynamical semi-group of {St |t � 0} is a set of all linear superop-
erators Φt , on K1∗

r (H) = B(H) adjoint of St , with respect to the scalar product
(A|B) = Tr[A∗B], i.e.,(

Φt(A)|ρ) = (
A|St (ρ)

)
for all A ∈ B(H) and ρ ∈ K1

r (H).

The classic notation to denote that Φt is adjoint of St is Φt = S̄t . If A is a
self-adjoint operator, then

(A|ρ) = Tr[A∗ρ] = Tr[ρA] = (ρ|A).

As a result, St is an adjoint superoperator of Φt , such that (St (ρ)|A) = (ρ|Φt(A)).
We shall usually use the notation St = Φ̄t .

STATEMENT. Let St be a trace-preserving superoperator, and let Φt be an adjoint
superoperator of St . Then Φt is unit preserving, i.e., Φt(I ) = I .
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PROOF. Let St be a trace-preserving superoperator. Then Tr[Stρ] = Tr[ρ] for all
ρ ∈ K1

r (H). This equality can be rewritten in the form

(6)(Stρ|I ) = (ρ|I ).

If Φt is adjoint of St , then equation (6) gives (ρ|ΦtI) = (ρ|I ) for all ρ ∈ K1
r (H).

As a result, Φt is unit preserving: Φt(I ) = I . �

The axioms for a dynamical semi-group will be repeated here in the Heisenberg
dynamical representation.

STATEMENT. Let {St |t � 0} be a dynamical semi-group on K1
r (H). Then the

dynamical semi-group {Φt |t � 0} on M = B(H) adjoint of {St |t � 0} satisfies
the following conditions:

(1) Φt maps B+(H) into itself for each t � 0.
(2) {Φt |t � 0} is a one-parameter semi-group on B+(H).
(3) ‖ΦtA‖M � ‖A‖M for all A ∈ B+(H) and t � 0.
(4) w-limt→+0 ΦtA = A for all A ∈ B(H).

Requirement (4) means that

lim
t→+0

(ρ|ΦtA) = (ρ|A)

for all A ∈ B(H) and ρ ∈ K1
r (H), where (A|B) = Tr[A∗B].

As a result, we can give the following definition.

DEFINITION. Let M be an algebra of bounded operators. A dynamical semi-
group is a one-parameter semi-group {Φt |t � 0} on M such that the following
conditions are satisfied:

(1) Φt is a positive superoperators for each t � 0.
(2) {Φt |t � 0} is a contractive semi-group.
(3) {Φt |t � 0} is a semi-group of class (C0).

There exists a superoperator L on a domain D(L) ⊂M such that

lim
t→0+

∥∥LA− t−1(Φt − LI )A
∥∥
M = 0.

This is the generating superoperator of the dynamical semi-group {Φt |t � 0}.
Moreover, LΦt = ΦtL. The superoperator L will be called the Heisenberg su-
peroperator. The Liouville superoperator Λ is adjoint of L, i.e.,(

ρ|L(A)
) = (

Λ(ρ)|A).
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The classic notation to denote that Λ is adjoint of L is Λ = L̄.
Using A(t) = ΦtA, we see that A(t) is the solution of the Cauchy problem for

the operator differential equation

(7)
d

dt
A(t) = LA(t)

in which the initial condition is given by A(0) = A ∈ D(L). Equation (7) de-
scribes the time evolution of the observable A. We may also say that (7) is a dual
(conjugate) equation of the quantum Liouville equation.

If L is a globally Hamiltonian superoperator, then L = −L−H and equation (7)
has the form

d

dt
A(t) = − 1

ih̄

[
H,A(t)

]
,

where H ∈M is a self-adjoint operator. Note that the adjoint superoperator Λ of
L = −L−H is Λ = L−H . This is easy to show:

(ΛA|B) = Tr

[(
1

ih̄
[H,A]

)∗
B

]
= Tr

[(
1

ih̄
(HA− AH)

)∗
B

]

= Tr

[(−1

ih̄
(A∗H −HA∗)

)
B

]
= Tr

[(
1

ih̄
(HA∗B − A∗HB)

)]

= Tr

[
A∗

(
1

ih̄
(BH −HB)

)]
= Tr

[
A∗

(−L−H B
)] = (A|LB).

15.5. Quantum dynamical semi-groups on W ∗-algebras

It is important to describe the explicit structure of a generating superoperator of a
quantum dynamical semi-group. The structure is not known in general but impor-
tant partial results are available.

We consider as an algebra M of quantum observables, an abstract C∗-algebra
or W ∗-algebra. The time evolution of an observable is described by a dynamical
semi-group {Φt, t � 0} on M.

If M is a C∗-algebra, then we always assume that {Φt |t � 0} is a strongly
continuous semi-group for t � 0, i.e.,

lim
t→s

∥∥Φt(A)−Φs(A)
∥∥
M = 0

for all A ∈M and t, s > 0.
If M is a W ∗-algebra, then we assume that the following conditions are satis-

fied:
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(a) A→ Φt(A) is a ultraweakly (σ -weakly) continuous map for all t � 0, i.e.,

lim
k→∞‖Ak − A‖σ = 0 implies lim

k→∞
∥∥Φt(Ak)−Φt(A)

∥∥
σ
= 0

for all t � 0. If this requirement is satisfied, then the superoperator Φt is
called normal, or ultraweakly continuous.

(b) t → Φt(A) is a ultraweakly continuous map for all A ∈M, i.e.,

lim
t→s

∥∥Φt(A)−Φs(A)
∥∥

σ
= 0

for all A ∈M and t, s � 0.

Then we know that there exists a (bounded or unbounded) generating superop-
erator L defined on M, such that

lim
t→0

∥∥L(A)− t−1(Φt − LI )A
∥∥ = 0

for all A ∈ D(L). If M is a C∗-algebra, then ‖ ‖ = ‖ ‖M is an operator norm. If
M is a W ∗-algebra, then a ultraweak operator topology is used and ‖ ‖ = ‖ ‖σ .
The set D(L) is dense in M.

The axioms for a dynamical semi-group on a W ∗-algebra can be presented in
the following form.

DEFINITION. A dynamical semi-group is a one-parameter semi-group {Φt |t � 0}
of superoperators on a W ∗-algebra M, such that the following requirements are
satisfied:

(1) Φt is a positive superoperator for each t � 0.
(2) Φt(I ) = I for all t � 0.
(3) ΦtA→ A ultraweakly for t →+0.
(4) Φt is a ultraweakly continuous superoperator on M.

The purpose of quantum theory is to derived an explicit form for the generat-
ing superoperator of a dynamical semi-group. It is concerned with the problem
of determining the most general explicit form of this infinitesimal generator. The
problem was investigated by V. Gorini, A. Kossakowski, E.C.G. Sudarshan and
G. Lindblad around 1976. To describe this result, we have to introduce two re-
strictions in the class of dynamical semi-groups.

(1) We assume that the semi-group is norm continuous, that is the generator L
is a bounded superoperator. This means that requirement (3) is replaced by

lim
t→+0

‖Φt − LI‖ = 0.
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Then there exists a bounded superoperator L such that

Φt = exp tL, lim
t→+0

∥∥L− t−1(Φt − LI )
∥∥ = 0.

From the fact that the set of ultraweakly continuous superoperators on M is norm
closed, we obtain that L is a ultraweakly continuous superoperator.

(2) We assume that the one-parameter semi-group {Φt |t � 0} is not merely pos-
itive but completely positive (CP), i.e., we replace requirement (1) by the condition
Φt ∈ CP(M). The generating superoperator of completely positive semi-group
is completely dissipative.

15.6. Completely positive superoperators

Let M be a C∗-algebra, and consider the set Mn(M) of all n× n square arrays

[Aij ] =
⎛
⎜⎝

A11 A12 . . . A1n

A21 A22 . . . A2n

. . . . . . . . . . . .

An1 An2 . . . Ann

⎞
⎟⎠ ,

where the Aij are all in M. Such a square arrays is a n×n matrix over M. The set
Mn(M) of all n× n matrices with entries from M forms a C∗-algebra. Mn(M)

is called the n× n matrix operator algebra over a C∗-algebra M.
If Φt is a one-parameter superoperator on M, then there exists a superoperator

Φnt on Mn(M) defined by

Φnt (A⊗ Iij ) ≡ Φt(A)⊗ Iij ,

where Iij (i, j = 1, . . . , n) are matrix units spanning Mn(C). We write this as
Φnt = Φt ⊗ In.

DEFINITION. A positive superoperator is a superoperator Φt on M, such that
Φt(A

∗A) � 0 for all A ∈ D(Φt) ⊂M.

If Φt is positive, then Φt is a map from a positive cone M+ of M into itself.
We shall denote the set of all positive superoperators on M by P(M). If Φt is a
positive superoperator on M, then Φtn is not necessary positive. We can restrict
ourselves to maps Φt such that Φtn is always positive.

DEFINITION. A completely positive superoperator is a superoperator Φt from an
operator algebra M into itself, such that the superoperators Φnt on Mn(M) are
positive for all n ∈ N.
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We shall denote the set of all completely positive superoperators on M by
CP(M). There are positive superoperators which are not completely positive. If
Φt and Φs are completely positive superoperators on M, then Φt+s = ΦtΦs ∈
CP(M). Note that if Φt ∈ CP(M), then Φtn ∈ CP(Mn(M)) for each n ∈ N.

There is another equivalent definition for completely positive superoperators
that is often used.

DEFINITION. A completely positive superoperator is a superoperator Φt on a
C∗-algebra M, such that

(8)
n∑

k=1

n∑
l=1

B∗k Φt (A
∗
kAl)Bl � 0

for all Ak,Bk ∈M, k, l = 1, . . . , n, and all finite n ∈ N.

We can illustrate this concept with an example. Let M be a C∗-algebra, and let
Φt be an endomorphism of M. Then

Φt(AB) = Φt(A)Φt (B), Φt (A
∗) = (ΦtA)∗.

For Ak,Bl ∈M,

n∑
k=1

n∑
l=1

B∗k Φt (A
∗
kAl)Bl =

n∑
k=1

n∑
l=1

B∗k Φt (A
∗
k)Φt (Al)Bl

=
n∑

k=1

n∑
l=1

B∗k (ΦtAk)
∗Φ(Al)Bl

=
n∑

k=1

n∑
l=1

(
(ΦtAk)Bk

)∗(
Φ(Al)Bl

)

=
(

n∑
k=1

(ΦtAk)Bk

)∗( n∑
l=1

Φ(Al)Bl

)

=
∣∣∣∣∣

n∑
k=1

Φ(Ak)Bk

∣∣∣∣∣
2

� 0.

As a result, we have the following statement.

STATEMENT. If Φt is an endomorphism of a C∗-algebra M, then Φt is a com-
pletely positive superoperator, i.e., Φt ∈ Hom(M,M)⇒ Φt ∈ CP(M).

Note that for classical systems where the algebra of observables is commuta-
tive, positive maps are always completely positive.
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Let us give the basic theorem [148] regarding completely positive superoper-
ators on a C∗-algebra. This theorem gives us the following canonical form of
completely positive superoperators.

STINESPRING’S THEOREM. Let B(H) be a unital C∗-algebra of all bounded
operators on a Hilbert space H, and let M be a C∗-subalgebra of B(H). Then Φ

is a completely positive superoperator on M if and only if there exists a bounded
linear operator V on H such that

(9)Φ = LV ∗RV .

It is not hard to prove half of this theorem: if the superoperator Φ has the form

ΦA = LV ∗RV A = V ∗AV

for all A ∈M, then Φ is completely positive. For Ak,Bl ∈M,

n∑
k=1

n∑
l=1

B∗k Φ(A∗kAl)Bl =
n∑

k=1

n∑
l=1

B∗k V ∗(A∗kAl)V Bl

=
n∑

k=1

n∑
l=1

(AkV Bk)
∗(AlV Bl)

=
(

n∑
k=1

AkV Bk

)∗( n∑
l=1

AlV Bl

)

=
∣∣∣∣∣

n∑
k=1

AkV Bk

∣∣∣∣∣
2

� 0.

Note that the representation (9) is not unique. This is the Stinespring represen-
tation of completely positive superoperator on a C∗-algebra M. Let us give the
basic theorem regarding completely positive superoperators on a W ∗-algebra.

KRAUS THEOREM. Let B(H) be a W ∗-algebra of all bounded operators on a
Hilbert space H, and let M be a W ∗-subalgebra of B(H). Then Φ is a completely
positive superoperator on M if and only if the following conditions are satisfied:

(1) Φ is a ultraweakly continuous superoperator on M.
(2) There exists a set of bounded linear operators Vk ∈ M, such that the series∑∞

k=1 V ∗k Vk ∈M strongly converges in M.

(3) Φ can be represented in the form

Φ =
∞∑

k=1

LV ∗k RVk
.
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DEFINITION. Let M be an associative algebra of observables. A quantum oper-
ation, or Kraus operation, is a linear superoperator E on M that can be presented
in the form

EA =
∞∑

k=1

LVk
RV ∗k A =

∞∑
k=1

VkAV ∗k

for all A ∈M, and some Vk ∈M.

The operators Vk , which satisfy

∞∑
k=1

V ∗k Vk = I

in order to E be trace-preserving, completely specify the quantum operation. We
refer to the operators Vk as Kraus operators.

If M is an associative algebra and M(±) the Lie–Jordan algebra corresponding
to it, then we can obtain the following representation of the completely positive
superoperator (9). Using

LV = L+V +
ih̄

2
L−V ,

RV = L+V −
ih̄

2
L−V ,

we obtain the superoperator (9) in the form

(10)Φ = L+V ∗L
+
V +

h̄2

4
L−V ∗L

−
V +

ih̄

2

(
L−V ∗L

+
V − L+V ∗L

−
V

)
.

Another representations of Φ can be derived by using the mixed relations

L−AL+B − L+BL−A = L+A·B, L+BL+A − L+AL+B = −
h̄2

4
L−A·B,

L+AL−B + L+BL−A = L−A◦B, L+AL+B −
h̄2

4
L−BL−A = L+A◦B.

If V = aQ + bP , then the superoperator (10) is Weyl ordered. Then Φ is a
map that assigns to each Weyl operator exactly one Weyl operator.

In general, the superoperator (10) with V = V (Q,P ) is not a Weyl or-
dered superoperator. Suppose MW is an operator C∗-algebra of Weyl ordered
operators A(Q,P ). This algebra is commutative with respect to the prod-
uct A(Q,P ) ∗ B(Q,P ) = A(L+Q,L+P )A(L+Q,L+P )I . Then positive superopera-
tors on this operator algebra are always completely positive.
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15.7. Bipositive superoperators

Let M is an involutive operator algebra.

DEFINITION. A bipositive superoperator is a superoperator Φt on M, such that

(11)Φt(A
∗A) � Φt(A

∗)Φt (A)

for each t � 0, and A ∈M where A∗, A∗A ∈M.

We shall denote the set of all bipositive superoperators on M by CP2(M).

THEOREM. If Φt , t � 0, are completely positive superoperators on a C∗-algebra
M, then

Φt(A
∗A) � Φt(A

∗)
[
Φt(I )

]−1
Φt(A)

for all A ∈M.

The following corollary can be derived immediately from the theorem.

COROLLARY. Let Φt , t � 0, be completely positive superoperators on a C∗-
algebra M, such that Φt(I ) = I . Then Φt are bipositive superoperators.

Note that this property follows from equation (8) with k, l = 1, 2 and A1 = A,
B1 = I , A2 = I , B2 = −Φt(A).

Let us give the properties of bipositive superoperators.

(1) Let Φt be a bipositive superoperator such that ΦtJ = JΦt , where J is an
involution superoperator. Then Φt is positive. This is easily to show:

Φt(A
2) = Φt(A

∗A) � Φt(A
∗)Φt (A) = (ΦtA)∗(ΦtA) = |ΦtA|2 � 0.

As a result, if Φt ∈ CP2(M), then Φt ∈ P(M).
(2) If Φt is a bipositive superoperator on M and ΦtJ = JΦt , then

B∗Φt(A
∗A)B � 0

for all A,B ∈M. This is easy to show:

B∗Φt(A
∗A)B � B∗Φt(A

∗)Φt (A)B = B∗(ΦtA)∗Φt(A)B

= [
Φt(A)B

]∗
Φt(A)B = ∣∣Φt(A)B

∣∣2 � 0.

(3) If Φt ∈ CP2(M) and ΦtJ = JΦt , then
n∑

k=1

B∗k Φt (A
∗
kAk)Bk � 0

for all n.
(4) Let Φt be a bipositive superoperator. In general, Φt is not completely positive,

since inequality (8) is not satisfied.
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15.8. Completely dissipative superoperators

In this section, we consider completely positive and bipositive semi-groups, to-
gether with its infinitesimal generators.

Let L be a non-Hamiltonian superoperator on M. Then there exist A,B ∈M
such that

ZL(A,B) �= 0,

where

ZL(A,B) = L(AB)− L(A)B − AL(B).

If ZL(A,B) = 0 for all A,B ∈ D(L), then L is a locally Hamiltonian super-
operator. If L is a locally Hamiltonian superoperator on a W ∗-algebra, then L is
globally Hamiltonian.

A superoperator L on M is dissipative, if for each A ∈ D(L) there exists a
nonzero tangent functional ω at A, such that Re[ω(LA)] � 0. A superoperator L
is called accretive if Re[ω(LA)] � 0 for each A ∈ D(L).

Let us give the basic theorem regarding dissipative and non-Hamiltonian su-
peroperators for an operator algebra M.

THEOREM. Let M be a C∗-algebra with identity I , and let L be a superoperator
from D(L) ⊂M into M such that

(1) D(L) is an involutive subalgebra of M.
(2) I ∈ D(L).
(3) L(A∗) = (LA)∗.
(4) L(A∗A)− (LA∗)A− A∗L(A) � 0.

Then L is a dissipative superoperator.

There is again a terminology for a more general situation.

DEFINITION. A dissipative superoperator is a mapping L from an algebra M
into itself, such that the following requirements are satisfied:

(1) L is a real superoperator on D(L) ⊂M.
(2) The inequality ZL(A∗, A) � 0 is valid for all A ∈ D(L) such that A∗, A∗A ∈

D(L).

We shall denote the set of all dissipative superoperators on M by Dis(M).

Let Φt be a bipositive superoperator. Then

Φt(A
∗A)−Φt(A

∗)Φt (A) � 0.
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Differentiation of this inequality at t = 0 gives

L(A∗A)− L(A∗)A− A∗L(A) � 0

for all A ∈ D(L) ⊂M. A bounded superoperator L on M, which satisfies

L(I ) = 0, L(A∗) = (LA)∗, ZL(A∗, A) � 0,

is called dissipative. Hence the bipositivity of Φt = exp{tL} implies that L is
dissipative.

If Φt is a completely positive superoperator on a C∗-algebra M, then

Φt(A
∗A) � Φt(A

∗)
[
Φt(I )

]−1
Φt(A)

for all A ∈M. Differentiation of this inequality at t = 0 gives

L(A∗A)+ A∗L(I )A− L(A∗)A− A∗L(A) � 0.

For L(I ) �= 0, we can define the superoperator L′ = L − L+L(I )
such that

L′(I ) = 0, and

ZL′(A
∗, A) = L′(A∗A)− L′(A∗)A− A∗L′(A) � 0.

Let Φt = exp tL be a norm continuous semi-group on a W ∗-algebra M such
that Φt ∈ CP(M) and Φt(I ) = I . If L is a generating superoperator of Φt , then
we can define the superoperator Ln = L⊗ In on Mn(M) by

Ln(A⊗ Iij ) = L(A)⊗ Iij

for all A ∈M.

DEFINITION. A completely dissipative superoperator is a bounded superoperator
L on M, such that the following requirements are satisfied:

(1) L is a real superoperator on M.
(2) Ln is a dissipative superoperator on Mn(M) for all n.

Requirement (2) means that ZLn
(A∗, A) � 0 for all A ∈ Mn(M) and all n.

We shall denote the set of all completely dissipative superoperators on M by
CD(M). There exists the following equivalent definition of a completely dissipa-
tive superoperator.

DEFINITION. A completely dissipative superoperator is a superoperator L on
M, such that the following requirements are satisfied:

(1) L is a real superoperator.
(2) The inequality ZL(A∗k, Al) � 0 (k, l = 1, . . . , n) is valid for all n and Ak ∈

D(L), k = 1, . . . , n, where A∗k ∈ D(L) and A∗kAl ∈ D(L).
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We suppose that L is a superoperator from D(L) into M, such that the follow-
ing conditions are satisfied.

(a) L is a generating superoperator of a dynamical semi-group.
(b) L is a real superoperator (L(A∗) = (LA)∗).
(c) D(L) is closed with respect to involution: if A ∈ D(L), then A∗ ∈ D(L).

In the general case, the domain D(L) is not an involutive algebra.
Let us give the important theorem regarding bipositive superoperators.

THEOREM. Let L be a bounded real superoperator, and let Φt = exp tL be a
norm continuous semi-group on M. The following conditions are equivalent:

(1) Φt(A
∗A) � Φt(A

∗)Φt (A) for all A ∈M, and Φt(I ) = I .
(2) ZL(A,B) � 0 for all A,B ∈M, and L(I ) = 0.

PROOF. It is not hard to prove half of this theorem: (1) ⇒ (2). Let M be a
C∗-algebra. Differentiation of the inequality

Φt(A
∗A)−Φt(A

∗)Φt (A) � 0

gives

d

dt
Φt (A

∗A)−
(

d

dt
Φt (A

∗)
)

Φt(A)−Φt(A
∗)
(

d

dt
Φt (A)

)
� 0.

Using

lim
t→+0

∥∥Φt(A)− A
∥∥
M = 0, lim

t→+0

∥∥L(A)− t−1(Φt − LI )A
∥∥
M = 0,

we obtain at t →+0,

L(A∗A)− L(A∗)A− A∗L(A) � 0.

Then ZL(A∗, A) � 0. �

This theorem shows that {Φt |t � 0} is a bipositive semi-group if and only if
L is a dissipative superoperator. As a result, we can formulate this theorem in the
following form.

THEOREM. Let L be a bounded real superoperator on a W ∗-algebra, and let
Φt = exp tL be a norm continuous semi-group on M. Then Φt ∈ CP2(M), and
Φt(I ) = I if and only if L ∈ Dis(M), and L(I ) = 0.

This is the basic theorem regarding generating superoperators of bipositive
semi-group. Let us give the basic theorem regarding generating superoperators
of completely positive semi-group.
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THEOREM. Let L be a bounded real superoperator on a W ∗-algebra, and let
Φt = exp tL be a norm continuous semi-group on M. Then Φt ∈ CP(M), and
Φt(I ) = I if and only if L ∈ CD(M).

This theorem shows that {Φt |t � 0} is a completely positive semi-group if and
only if L is a completely dissipative superoperator, i.e., Φt ∈ CP(M) if and only
if L ∈ CD(M).

COROLLARY. A set {Φt |t � 0} is a norm continuous semi-group if and only if
Φt = exp tL, where L is a completely dissipative superoperator.

As a result, necessary and sufficient conditions for L to be an infinitesimal gen-
erator of a completely positive dynamical semi-group on M are obtained. These
conditions mean that L is completely dissipative. The purpose of the quantum
dynamics is to derive an explicit form for this generating superoperator.

15.9. Lindblad equation

The natural description of the motion is in terms of the infinitesimal change of
the system. The infinitesimal motion is described by some form of infinitesimal
generator. The problem of the non-Hamiltonian dynamics is to derive an explicit
form for this infinitesimal generator. It is concerned with the problem of deter-
mining the most general explicit form of this superoperator. The problem was
investigated by V. Gorini, A. Kossakowski, E.C.G. Sudarshan and G. Lindblad
for completely dissipative superoperators.

G. Lindblad has shown [95] that there exists a one-to-one correspondence
between the completely positive norm continuous semi-groups and completely
dissipative generating superoperators. The structural theorem of Lindblad gives
the most general form of a completely dissipative superoperator.

THEOREM. If L is a completely dissipative superoperator on a W ∗-algebra M,
then there exist a completely positive superoperator K, and a self-adjoint operator
H ∈M such that

(12)L = −L−H +K − L+K(I )
.

By Kraus theorem, completely positive superoperators K on a W ∗-algebra M
can be presented in the form

K(A) =
∞∑

k=1

V ∗k AVk: K(I ) =
∞∑

k=1

V ∗k Vk,

where K(I ) ∈M.
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THEOREM. The superoperators Φt = exp(tL) is completely positive if and only
if L has the form (12).

It is not hard to prove half of this theorem: if L has the form (12), then Φt =
exp(tL) is completely positive. The maps K and −(L−H + L+K(I )

) on M can be
considered as generating superoperators of the semi-groups

exp(tK), exp−t
(
L−H + L+K(I )

)
(t � 0).

These semi-groups are completely positive. Then, by the Trotter’s product for-
mula the semi-group

Φt = exp(tL) = lim
n→∞

(
etK/ne

−t (L−H+L+K(I )
)/n)n

is also completely positive. Moreover, L(I ) = 0 implies unity preservation
Φt(I ) = I .

STATEMENT. Let M be a C∗-algebra. If K is a completely positive superoper-
ator on M, and H ∈ M is self-adjoint superoperator, then L defined by (12) is
completely dissipative.

From these statements and the Kraus theorem follow the structural theorem of
Lindblad.

LINDBLAD THEOREM. A ultraweakly continuous superoperator L on a W ∗-al-
gebra M is completely dissipative if and only if it is of the form

(13)L(A) = − 1

ih̄
[H,A] + 1

2h̄

∞∑
k=1

(
V ∗k [A,Vk] + [V ∗k , A]Vk

)
,

where H,Vk,
∑

k V ∗k , V ∗k Vk ∈M.

Equation (13) can be presented in the form

L(A) = − 1

ih̄
[H,A] + 1

h̄

∞∑
k=1

(
V ∗k AVk − (V ∗k Vk) ◦ A

)
,

where A ◦ B = (1/2)(AB + BA). The form of L is not uniquely determined
by (13). Indeed, the equation remains invariant under the changes

Vk → Vk + akI, H → H + 1

2ih̄

∞∑
k=1

(a∗kVk − akV
∗
k ),

where ak are arbitrary complex numbers.
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COROLLARY. A generating superoperator L of a completely positive unity-
preserving semi-group {Φt = exp(tL)|t � 0} on M can be written by equa-
tion (13).

Using At = Φt(A), we obtain the equation

d

dt
At = LAt,

where L is defined by (13). This is the Lindblad equation for the quantum observ-
able A, or the quantum Markovian equation.

Some generalizations

The Lindblad theorem gives the explicit form of the generators of norm contin-
uous quantum dynamical semi-groups Φt = exp(tL) on a W ∗-algebra. There
exists the following more general statement for C∗-algebras.

THEOREM. Let L be a bounded real superoperator on a C∗-algebra M such that

L = LH + RH ∗ +K,

where H ∈ M, H ∗ is adjoint of H , and K is completely positive superoperator
on M. Then Φt = exp(tL) are completely positive superoperators on M.

The Lindblad theorem gives the general explicit form of equations of mo-
tion, when we introduce the following restrictions in the class of quantum non-
Hamiltonian systems:

(1) L and Λ are bounded superoperators.
(2) L and Λ are completely dissipative superoperators.

In the general case, the following condition can be realized.

(1) D(L) and D(Λ) are not involutive algebras.
(2) L and Λ are general non-Hamiltonian superoperators.

The Lindblad result has been extended by E.B. Davies [40] to a class of quan-
tum dynamical semi-group with unbounded generating superoperators.

Dual Lindblad equation

LINDBLAD THEOREM. Let L be a completely dissipative superoperator on a
W ∗-algebra M. Then Λ is an adjoint superoperator of L if and only if Λ is of the
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form

Λ = L−H +
i

2

∞∑
k=1

(−L−
V ∗k

LVk
+ L−Vk

RV ∗k
)
,

where H,Vk, V
∗
k ,

∑
k V ∗k Vk ∈M.

The Liouville superoperator Λ on the state ρ is

Λρ = 1

ih̄
[H, ρ] + 1

2h̄

∞∑
k=1

([Vkρ, V ∗k ] + [Vk, ρV ∗k ]
)
.

This expression gives an explicit form of the most general time evolution equation
with bounded completely dissipative Liouville superoperator

d

dt
ρs(t) = 1

ih̄

[
H, ρs(t)

]+ 1

2h̄

∞∑
k=1

([
Vkρs(t), V

∗
k

]+ [
Vk, ρs(t)V

∗
k

])
.

This equation describes a time evolution of density operators of non-Hamiltonian
systems in the Schrödinger dynamical representation. In general,

Λ(I) = 1

h̄

∞∑
k=1

[Vk, V ∗k ] �= 0,

and Tr[Λ(ρ)] = 0.

Formal derivation of Lindblad equation

The most general form for a completely positive map E is

E =
∞∑

k=0

LEk
RE∗k .

The operators Ek , which must satisfy the condition

(14)
∞∑

k=0

E∗kEk = I

in order to E be trace-preserving, completely specify the quantum operation. We
refer to the operators Ek as Kraus operators. Then the time evolution of quantum
non-Hamiltonian system can be described by the quantum operations

(15)ρs(t) = Stρ = Et ρ =
∞∑

k=1

EkρE∗k .
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Let us consider the description of the evolution in terms of the infinitesimal
change of the density operator ρ. We define the Kraus operators by

(16)E0 = 1+
(

1

ih̄
H − 1

2h̄
K

)
�t + · · · , Ek = Vk

√
�t

h̄
+ · · · (k > 1).

The normalization condition (14) for the Kraus operation requires

I +
(
−K +

∞∑
k=1

V ∗k Vk

)
�t

h̄
+ · · · = I.

Hence,

K =
∞∑

k=1

V ∗k Vk.

Substitution of (16) into (15) gives

ρs(�t) =
(

I +
(

1

ih̄
H − 1

2h̄
K

)
�t

)
ρ

(
I +

(
− 1

ih̄
H − 1

2h̄
K

)
�t

)

+ �t

h̄

∞∑
k=1

VkρV ∗k + · · ·

= ρ +�t

(
1

ih̄
[H, ρ] − 1

h̄

∞∑
k=1

(
VkρV ∗k − ρ ◦ (VkV

∗
k )
))+ · · ·

As a result, we obtain

d

dt
ρs(t) = 1

ih̄

[
H, ρs(t)

]+ 1

h̄

∞∑
k=1

(
Vkρs(t)V

∗
k − (VkV

∗
k ) ◦ ρs(t)

)
.

This is the Lindblad equation for the density operator ρs(t).

Integral Lindblad equation

The operators K = K(I ) and H generate a contractive semi-group of the opera-
tors

Wt = exp

(
1

ih̄
t H − 1

2
t K(I )

)
on a Hilbert space H. Instead of the Lindblad equation, we can take the equivalent
integral equation

(17)Φt(A) = W ∗
t AWt +

t∫
0

ds W ∗
t−sK

(
Φs(A)

)
Wt−s ,
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where W ∗
t is the adjoint operator

W ∗
t = exp

(
− 1

ih̄
t H − 1

2
t K(I )

)
.

Equation (17) is the integral Lindblad equation.
Using the superoperator Nt = LW ∗

t
RWt , integral equation (17) can be rewritten

as

Φt(A) = Nt (A)+
t∫

0

ds Nt−sKΦs(A).

Successive iterations leads to the series:

Φt(A) = Nt (A)+
t∫

0

ds Nt−s KN s(A)

(18)+
t∫

0

ds

s∫
0

dτ Nt−s KN s−τ KN τ (A)+ · · · ,

where t > s. Using T -exponential and the superoperator K̃s = N−sKN s , we can
write equation (18) in the compact form

Φt = Nt T exp

{ t∫
0

K̃s

}
.

Here T is the chronological multiplication such that

(19)T {K̃t K̃s} =
{
K̃t K̃s , t > s;
K̃sK̃t , s > t.

Note that in each term of the series the superoperators K̃s follow in chronological
order. Let |z) = |E(z)) be a basis of an operator space M. The matrix elements

(z|Φt |z′) =
(
E(z)|ΦtE(z′)

) = Tr
[
E∗(z)ΦtE(z′)

]
of the evolution superoperator Φt in the approximation (18), which is calculated
between operator basis elements E∗(z) and E(z), are the transition amplitudes in
the respective perturbation-theory order.

15.10. Example of Lindblad equation

The basic assumption is that the general form of a bounded completely dissipative
superoperator L given by the Lindblad equation is also valid for an unbounded
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completely dissipative superoperator L. Another simple condition imposed to the
operators H , Vk of the one-dimensional quantum system is that they are functions
of the basic operators Q and P of such kind that the obtained model is exactly
solvable [96,133]. This condition implies that Vk = Vk(Q,P ) are at most the first
degree polynomials in Q and P , and H = H(Q,P ) is at most a second degree
polynomial in Q and P . Then Vk and H are chosen in the forms:

(20)Vk = akP + bkQ, H = 1

2m
P 2 + mω2

2
Q2 + μ

2
(PQ+QP),

where ak, bk are complex numbers, k = 1, 2. It is easy to see, that

[Q,Vk] = ih̄ak, [P, Vk] = −ih̄bk,

[V ∗k ,Q] = −ih̄a∗k , [V ∗k , P ] = ih̄b∗k ,

L(Q) = 1

m
P + μQ+ i

2
Q

n=2∑
k=1

(akb
∗
k − a∗k bk),

L(P ) = −mω2Q− μP + i

2
P

n=2∑
k=1

(akb
∗
k − a∗k bk).

Using

λ = Im

(
n=2∑
k=1

akb
∗
k

)
= − Im

(
n=2∑
k=1

a∗k bk

)
,

we obtain

L(Q) = 1

m
P + μQ− λQ, L(P ) = −mω2Q− μP − λP.

Let us define the following matrices

A =
(

Q

P

)
, M =

(
μ− λ 1/m

−mω2 −μ− λ

)
.

In this case, the Lindblad equation for A becomes

d

dt
At = MAt, L(A) = MA,

where

At = ΦtA =
∞∑

n=0

tn

n!L
nA =

∞∑
n=0

tn

n!M
nA.

The matrix M can be presented in the form

M = N−1FN,
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where F is a diagonal matrix. Using

Φt =
∞∑

n=0

tn

n!M
n = N−1

( ∞∑
n=0

tn

n!F
n

)
N,

we obtain

Φt = N−1etF N.

Let ν be a complex parameter such that

ν2 = μ2 − ω2.

Then, we have

N =
(

mω2 μ+ ν

mω2 μ− ν

)
, N−1 = 1

2mω2ν

(−(μ− ν) μ+ ν

mω2 −mω2

)
,

and

F =
(−(λ+ ν) 0

0 −(λ− ν)

)
.

The superoperator Φt can be presented as

Φt = etM = N−1etF N

= e−λt

(
cosh(νt)+ (μ/ν) sinh(νt) (1/mν) sinh(νt)

−(mω2/ν) sinh(νt) cosh(νt)− (μ/ν) sinh(νt)

)
.

Here sinh and cosh are hyperbolic sine and cosine. Then the equation At = ΦtA

has the form(
Qt

Pt

)
= e−λt

(
cosh(νt)+ (μ/ν) sinh(νt) (1/mν) sinh(νt)

−(mω2/ν) sinh(νt) cosh(νt)− (μ/ν) sinh(νt)

)(
Q

P

)
.

As a result, we obtain

Qt = e−λt

(
cosh(νt)+ μ

ν
sinh(νt)

)
Q+ 1

mν
e−λt sinh(νt)P,

(21)Pt = −mω2

ν
e−λt sinh(νt)Q+ e−λt

(
cosh(νt)− μ

ν
sinh(νt)

)
P.

Let us consider Jacobian JL(Qt , Pt ) for the operators Qt = Φt(Q) and Pt =
Φt(P ). If equations (21) are presented in the form

Qt = a1(t)Q+ b1(t)P, Pt = a2(t)Q+ b2(t)P,

then
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JL(Qt , Pt ) = a1(t)b2(t)JL(Q, P )+ a2(t)b1(t)JL(P,Q)

= [
a1(t)b2(t)− a2(t)b1(t)

]
JL(Q, P ).

For equations (21),

a1(t)b2(t)− a2(t)b1(t) = det
(
N−1eF N

)
= e−λt

[
cosh2(νt)− μ2

ν2
sinh2(νt)+ ω2

ν2
sinh2(νt)

]
= e−λt .

As a result, we obtain

JL(Qt , Pt ) = det
(
N−1eF N

)
JL(Q, P ) = e−λtJL(Q, P ).

15.11. Gorini–Kossakowski–Sudarshan equation

Let K1
r (H) be a Banach space of trace-class operators on a Hilbert space H.

The superoperator Λ in the quantum Liouville equation can be considered as
the infinitesimal generator of a strongly continuous one-parameter semi-group
of positive trace-preserving superoperators St on K1(H). The adjoint superoper-
ator Φs is a completely positive (and automatically ultraweakly continuous and
identity preserving) map of B(H). These semi-groups are called the dynamical
semi-groups. A general form of the bounded generating superoperator L of norm
continuous dynamical semi-group on K1

r (H) with a separable Hilbert space H has
been given by the Lindblad theorem [95]. In the case of an N -level quantum non-
Hamiltonian system, the problem was investigated by V. Gorini, A. Kossakowski,
and E.C.G. Sudarshan [67]. The general form of the generating superoperator
of a completely positive dynamical semi-group of this systems has been estab-
lished [67]. In the case of N -level quantum system, dimH = N , and we have the
identification K1(H) = B(H) =M.

THEOREM. Let K be a completely positive superoperator on M, and let
{Ek, k = 1, . . . , N2} be a complete orthonormal set on M such that

(Ek|El) = Tr[E∗kEl] = δkl .

Then K can be uniquely written in the form

KA =
N2∑

k,l=1

cklEkAE∗l

for all A ∈M.
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Note that this important theorem comes from the Kraus theorem.
If A ∈M, then

|A) =
N2∑
k

|Ek)ak, ak = (Ek|A).

Using

N2∑
k=1

|Ek)(Ek| = I,

the trace Tr[A] can be presented in the form

Tr[A] = Tr[IA] =
N2∑
k=1

Tr
[|Ek)(Ek|A

] = N2∑
k=1

(Ek|A|Ek)

=
N2∑
k=1

Tr[E∗kAEk].

THEOREM. A linear superoperator L on M is an infinitesimal generator of a
completely positive dynamical semi-group on M if it can be written in the form

LA = − 1

ih̄
[H,A] + 1

2h̄

N2−1∑
k,l=1

ckl

([E∗k , A]El + E∗k [A,El]
)
,

where H ∗ = H is a self-adjoint operator with Tr[H ] = 0, ckl is a complex
positive matrix, and (Ek|El) = δkl , Tr[Ek] = 0, EN2 = √1/NI .

For a given L, the operator H is uniquely determined by the condition
Tr[H ] = 0, and ckl is uniquely determined by the choice of the operators {Ek}.
The conditions Tr[H ] = 0 and Tr[Ek] = 0 provide a canonical separation of the
generator into a Hamiltonian plus a non-Hamiltonian part.

THEOREM. A linear map Λ from M into itself is a generating superoperator of
a dynamical semi-group on M if it can be written in the form

(22)Λρ = 1

ih̄
[H, ρ] + 1

2h̄

N2−1∑
k,l=1

ckl

([Ek, ρE∗l ] + [Ekρ,E∗l ]
)
,

where H ∗ = H is a self-adjoint operator with Tr[H ] = 0, ckl is a complex
positive matrix, and (Ek|El) = δkl , Tr[Ek] = 0, EN2 = √1/NI .
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The superoperator (22) is the Liouville superoperator for the N -level quan-
tum system. Equation (2) with the superoperator (22) is called the Gorini–
Kossakowski–Sudarshan equation.

15.12. Two-level non-Hamiltonian quantum system

One can represent an arbitrary density operator ρ(t) for a two-level quantum sys-
tem in terms of Pauli matrices σμ:

ρ(t) = 1

2

3∑
μ=0

σμPμ(t),

where Pμ(t) = Tr[σμρ(t)] and P0(t) = 1. Here σμ are the Pauli matrices

(23)σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
,

(24)σ3 =
(

1 0
0 −1

)
, σ0 = I =

(
1 0
0 1

)
.

The pure state can be identified with the Bloch sphere

P 2
1 (t)+ P 2

2 (t)+ P 2
3 (t) = 1.

The mixed state is identified with the closed Bloch ball

P 2
1 (t)+ P 2

2 (t)+ P 2
3 (t) � 1.

Let us consider this two-level quantum system for a positive trace-preserving
semi-group. Suppose {Ek}, where k ∈ {0, 1, 2, 3}, is a complete orthonormal set
of the self-adjoint matrices:

E0 = 1√
2
I, E1 = 1

2
σ1, E2 = 1√

2
σ2, E3 = 1√

2
σ3.

The basic assumption imposed to the operators H and ρ(t) is that they are func-
tions of the Pauli matrices:

H =
3∑

k=1

Hkσk, ρ(t) = 1

2

(
P0I +

3∑
k=1

Pk(t)σk

)
,

where P0 = 1. Using the relations

σkσl = Iδkl + i

3∑
m=1

εklmσm, [σk, σl] = 2i

3∑
m=1

εklmσm,
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and εklmεijm = δkiδlj − δkj δli , we obtain

d

dt
Pk(t) =

3∑
l=1

(
2Hmεkml + 1

8
(Ckl + Clk)− 1

4
Cδkl

)
Pl(t)

− 1

4
εijk(Im Cij )P0,

where C = ∑3
m=1 Cmm and k, l ∈ {1, 2, 3}. This is the Gorini–Kossakowski–

Sudarshan equation for two-level system. We can rewrite this equation in the form

(25)
d

dt
Pμ(t) =

3∑
ν=0

ΛμνPν(t),

where μ, ν ∈ {0, 1, 2, 3} and the matrix Λμν is

[Λμν] =
⎛
⎜⎝

0 0 0 0
B1 −C(22) − C(33) C(12) − 2H3 C(13) + 2H2
B2 C(12) + 2H3 −C(11) − C(33) C(23) − 2H1
B3 C(13) − 2H2 C(23) + 2H1 −C(11) − C(22)

⎞
⎟⎠ ,

where

Bk = −1

4
εijk(Im Cij ), C(kl) = 1

8
(Ckl + Clk).

If the matrix Ckl and the operator H are not time-dependent, then equation (25)
has the solution

Pμ(t) =
3∑

ν=0

Eμν(t − t0)Pν(t0),

where the matrix [Eμν] has the form

[Eμν] =
⎛
⎜⎝

1 0 0 0
T1 R11 R12 R13
T2 R21 R22 R23
T3 R31 R32 R33

⎞
⎟⎠ .

The matrices T = [Tk(τ )] and R = [Rkl(τ )] of the matrix Eμν(τ ) are defined by

T = (
eτA − I

)
(τA)−1B =

∞∑
n=0

τn−1

n! An−1,

R = eτA =
∞∑

n=0

τn

n!A
n,
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where τ = t − t0 and the matrix A = [Akl] is

Akl = 2Hmεkml + 1

8
(Ckl + Clk)− 1

4
Cδkl.

If Ckl is a real matrix, then all Tk = 0, where k = 1, 2, 3.
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Chapter 16

Classical Non-Hamiltonian Dynamics

16.1. Introduction to classical dynamics

To motivate the basic concepts of the quantization of classical non-Hamiltonian
systems, we begin with an introduction of classical dynamics.

Classical system in Euclidean space Rn

Suppose that a classical system, whose position is determined by a point x in a
region M of Rn, moves in a field F(t, x). The motion of the system is described
by the equation

(1)
dx

dt
= F(t, x).

The points x ∈ M represent pure states in classical mechanics. A classical ob-
servable is a function on M.

Let M be a real linear space. The elements in a subset {ek, k ∈ N} of M
generate (or span) M if for every x ∈ M, we have x = ∑n

k=1 ekx
k for some

xk ∈ R. If M is a linear space, the elements in a subset {ek, k ∈ N} of M form
a basis for M if they generate M and are linearly independent. The number of
elements in a basis is the dimension of M.

Let {ek, k = 1, . . . , n} be a basis of M. Then

x = ekx
k, F (t, x) = ekF

k(t, x).

Here and subsequently we use the usual summation convention for repeated in-
dices ekx

k =∑n
k=1 ekx

k . Since F(t, x) is uniquely determined by its components
Fk , we can represent F(t, x) by the symbol Fk . If dek/dt = 0, then equation (1)
can be presented in the form

(2)
dxk

dt
= Fk(t, x).

If M is a set, we denote by M ×M the set of all ordered pairs x, y, where
x, y ∈ M, and M ×M will be called the direct product. A set M is called a

337
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metric space if there is defined a function d with domain M ×M and range in
the real field R such that

(1) d(x, y) � 0 and d(x, y) = 0 if and only if x = y,
(2) d(x, y) = d(y, x),
(3) d(x, z) � d(x, y)+ d(y, z) (the triangle inequality).

The function g is called the metric. We can represent the metric d by the numbers
gkl = d(ek, el). There exists the following scalar product (F,G) = gklF

kGl ,
where Fk , Gl are vector fields on M.

The points x determine the pure states of the classical system. The set of such
points constitutes the phase-space of the system, M, which in our case is the n-
dimensional Euclidean space with the metric gkl = δkl and the standard scalar
product.

Classical system on a manifold

The phase-space of the classical system discussed before is Euclidean space Rn.
However, this is not always the case. Some problems involve phase-space which
are more complicated manifolds.

A manifold is a topological space that is locally Euclidean. Every point x ∈M
has a neighborhood that is topologically the same as an open set in Rn. A manifold
is a topological space in which every point has a neighborhood which resembles
Euclidean space, but in which the global structure may be more complicated. The
spherical Earth is described using flat charts, collected in an atlas. Similarly, a
smooth manifold can be described using coordinate charts collected in a math-
ematical atlas. It is not generally possible to describe a manifold with just one
chart, because the global structure of the manifold is different from the simple
structure of the charts. For example, no single flat chart can properly represent the
entire Earth.

Let M be a smooth manifold which is endowed with a metric structure.
The metric tensor gkl(x) allows us to define the scalar product (F,G) =
gkl(x)F k(x)Gk(x), where Fk(x) and Gk(x) are vector fields. We can define the
covariant vector field

Fk(x) = gkl(x)F l(x).

The field F l(x) is called contravariant. In general, the metric tensor gkl(x) is not
symmetric. If the metric tensor gkl(x) is nondegenerate (det[gkl(x)] �= 0), then
there exists gkl(x) such that gkl(x)glm(x) = δk

m.
Let F be a vector field, and let H be a differentiable function. It is known that

the vector operators grad, div, curl can be presented by

grad H = ekg
kl∂lH,
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div F = ∂kFk,

curl F = eiε
ikl∂kFl,

where ∂k = ∂/∂xk , and εikl is Levi-Civita symbol. The condition curl F = 0 is
satisfied if and only if

∂kFl − ∂lFk = 0.

Let us consider a classical system on a manifold M endowed with a metric.
The motion of the system will be described by equations (2).

DEFINITION. A locally potential system is a classical system described by equa-
tion (2), such that the following conditions are satisfied

(3)∂lFk(t, x)− ∂kFl(t, x) = 0

for all x ∈M, and t � 0.

These conditions mean that the vector field Fk(t, x) = gkl(x)F l(t, x) is irrota-
tional. A system is nonpotential if there are x ∈ M such that conditions (3) are
not satisfied. A bosonic string on affine-metric manifold is an example of nonpo-
tential system [152].

DEFINITION. A dissipative system is a classical system described by equation (2)
such that the field Fk(t, x) is solenoidal, i.e.,

div F(t, x) = 0

for all x ∈M, and t � 0.

DEFINITION. A globally potential system is a classical system described by equa-
tion (2), such that there exists a unique single-valued function H = H(t, x), and

F(t, x) = grad H(t, x)

for all x ∈M, and t � 0.

The globally potential system is locally potential. The converse statement does
not hold in general. If M is simply connected, then a locally potential system
is globally potential. A region is simply connected if it is path-connected and
every path between two points can be continuously transformed into every other.
A region where any two points can be joined by a path is called path-connected.

A functional derivative is a generalization of the usual derivative. In a functional
derivative, instead of differentiating a function with respect to a variable, one
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differentiates a functional S[x(t)] with respect to a function xk(t):

δS[x(t)]
δxk(t)

= lim
ε→0

ε−1(S[x(t)+ εy(t)
]− S

[
x(t)

]) = 0.

It is well known that some differential equations are the result of functional dif-
ferentiation of the functional. A system of equations is called potential if there
exists a functional S[x(t)] such that the conditions δS[x(t)]/δxk(t) = 0 give
these equations.

Let us consider the differential equations

gkl(x)
d

dt
xk − Fk(x) = 0.

These equations are potential if and only if the following conditions are satisfied

(4)gkl(x)+ glk(x) = 0,

(5)
∂gkl(x)

∂xs
+ ∂gls(x)

∂xk
+ ∂gsk(x)

∂xl
= 0,

(6)
∂Fk(x)

∂xl
− ∂Fl(x)

∂xk
= 0.

Equation (4) expresses the statement that the metric gkl(x) is skew-symmetric (an-
tisymmetric). Requirement (5) is called the Jacobi identity for the metric gkl(x).
A manifold M is called a symplectic manifold, if for every x ∈ M, there is a
skew-symmetric metric such that the Jacobi identities are satisfied. Requirement
(6) is a statement that the vector field Fk(x) is irrotational, and the system is lo-
cally potential.

16.2. Systems on symplectic manifold

Symplectic manifold

We shall consider here an important class of manifolds in which the metric tensor
gkl(x) = ωkl(x), k, l = 1, . . . , 2n, is antisymmetric. These manifolds are called
symplectic [60].

DEFINITION. A symplectic manifold (M, ω) is a smooth manifold M endowed
with a closed nondegenerate differential 2-form ω.

In local coordinates, the form ω is defined by the equation

(7)ω = ωkl(x) dxk ∧ dxl.
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The nondegeneracy condition means that det[ωkl(x)] �= 0 at every point of M, so
that there exists an inverse (skew-symmetric) matrix Ψ kl(x) = ωkl(x). It follows
that the dimension of M is even.

The condition for ω to be closed, dω = 0, is expressed in local coordinates as

∂kωlm + ∂lωmk + ∂mωkl = 0.

This is the Jacobi identity for ωkl .
All symplectic manifolds have locally the same structure. A precise formu-

lation of this statement is given by the Darboux’s theorem: For any point x of
a symplectic manifold (M, ω) there exists a local coordinate system (q, p) =
(q1, . . . , qn, p1, . . . , pn) in a neighbourhood of x such that the symplectic form
ω has the canonical expression ω = dqk ∧ dpk . By this theorem, any statement,
which is invariant under symplectic transformations and has been proved for the
canonical coordinates, can be extended to all symplectic manifolds.

Symplectic manifolds have some specific topological properties. We shall note
here only one of them. Suppose (M, ω) is a compact symplectic manifold of
dimension 2n. Then the nth power ωn of the symplectic form ω is a volume form
on M. Moreover, it should be noted that all the powers of ω up to ωn must be
nonzero.

Let (M, ω) be a symplectic manifold with symplectic form (7). The tensors
ωkl(x) and Ψ kl(x) = ωkl(x) give rise to a correspondence between 1-forms
ω(F) = Fk(x)dxk and vector fields F = ekF

k(x) on M. A vector field F can be
considered as a first-order differential operator on M:

L = Fk∂k,

where ∂k = ∂/∂xk . Note that Fk(x) = L(xk).

The Hilbert space approach to classical dynamics

Let us consider a classical system on a symplectic manifold (M, ω). The motion
of the system will be described by the equations

(8)
dxk

dt
= Fk(x) (k = 1, . . . , 2n).

In general, these equations are nonlinear ordinary differential equations in a finite-
dimensional manifold. There is a standard method for rewriting such a system as
a linear equation on an infinite-dimensional space.

A classical observable is a function on M. We shall denote the linear space of
all smooth square-integrable functions on M by F(M). The scalar product

(9)(A,B) =
∫

dx
(
A(x)

)∗
B(x)
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is defined for all A,B ∈ F(M). Note that (A,A) � ∞, since A ∈ F(M) is
square-integrable.

If we consider a Cauchy problem for equation (8) in which the initial condition
is given by x0 at the time t = 0, then its solution can be written in the form
x(t) = ϕ(t, x0). We can define the operator ϕ∗t such that

ϕ∗t A(x0) = A
(
ϕ(t, x0)

)
.

Note that {ϕ∗t |t � 0} is a one-parameter semi-group, i.e., ϕ∗t ϕ∗s = ϕ∗t+s , for t, s �
0 and ϕ∗0 = I . The differentiation of the composite function A(ϕ(t, x0)) with
respect to t gives

d

dt
A
(
ϕ(t, x0)

) = dϕ(t, x0)

dt

∂A(ϕ(t, x0))

∂ϕ(t, x0)
= Fk(x)∂kA

(
ϕ(t, x0)

)
,

where we use equations (8). As a result, we obtain the equation

(10)
d

dt
ϕ∗t A(x0) = Lϕ∗t A(x0),

where L = Fk(x)∂k is a first order differential operator. If A = xk , then this
equation gives (8). As a result, equations (8) are special cases of (10). For A =
xkxl , equation (10) gives

d(xkxl)

dt
= Fk(x)xl + xkF l(x).

In general, we can consider equation (10), where L is a linear operator on
F(M). In this case, L is not necessary a first order differential operator. If
A = xk , and

L = Fk(x)∂k +Nkl(x)∂k∂l,

then equation (10) gives (8). For A = xkxl , equation (10) gives

d(xkxl)

dt
= Fk(x)xl + xkF l(x)+Nkl(x).

Then (10) is not equivalent to (8). As a result, equation (10) allows us to describe
wider class of classical systems than equation (8).

Let L be an operator on F(M). We define the superoperator δA, such that

δAL = [LA,L] = LAL− LLA,

where LA is an operator of multiplication by the function A(x) ∈ F(M), i.e.,
LAB = A(x)B(x). Here δA is a Lie left multiplication by the operator LA. In
classical dynamics, the superoperator δA allows us to define a differential operator
of order � k [83,84].
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DEFINITION. A differential operator of order � k on a commutative associative
algebra F(M) is an operator L such that

δA0δA1 . . . δAk
L = 0

for all A0, A1, . . . , Ak ∈ F(M).

A differential operator of order � 1 is defined by the condition[
LA, [LB,L]]X = 0.

For X = 1, this equation gives the Leibnitz rule

L(AB)− L(A)B − AL(B)+ ABL(1) = 0.

A differential operator of order � 2 satisfies the equation[
LA,

[
LB, [LC,L]]]X = 0.

For X = 1, we obtain

L(ABC)− L(AB)C − AL(BC)− BL(AC)

+ L(A)BC + AL(B)C + ABL(C)− ABCL(1) = 0.

This definition can be used for a commutative associative algebra. In the general
case, this definition cannot be used.

STATEMENT. The operator iL = iF k(x)∂k is self-adjoint with respect to (9) if
and only if the classical system is nondissipative. In general, the operator

(11)Λ = −L−Ω

is adjoint of L = Fk(x)∂k , where Ω is a left multiplication by the function
Ω(x) = ∂kF

k(x).

PROOF. Let Λ be an adjoint operator of L with respect to the scalar product (9).
Then (ΛA,B) = (A,LB). If iL = iF k(x)∂k , then an integration by parts proves
that

i

∫
dx A∗Fk(∂kB) =

∫
dx (iF k∂kA)∗B − i

∫
dx A∗(∂kF

k)B.

Then

(A, iLB) = (iLA,B)+ (iΩA,B).

Using (zA,B) = z∗(A,B), and (A, zB) = z(A,B), we obtain (11). �
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Locally Hamiltonian systems on symplectic manifold

Let us consider a classical system on a symplectic manifold (M, ω). The motion
of the system will be described by the equations

(12)
dxk

dt
= Fk(x) (k = 1, . . . , 2n).

A classical observable is a function on M. Let A be a smooth function on M. We
then have the equation

d

dt
A = LA,

where L = Fk(t, x)∂k is a first order differential operator. A classical system
(12) on a symplectic manifold (M, ω) is said to be locally Hamiltonian if the
corresponding 1-form ω(F) = ωklF

l(x) dxk is closed, i.e., dω(F ) = 0. In local
coordinates, this condition gives

(13)∂k

(
ωlm(x)Fm(x)

)− ∂l

(
ωkm(x)Fm(x)

) = 0.

DEFINITION. A locally Hamiltonian system is a classical system (12) on a sym-
plectic manifold (M2n, ω), such that equations (13) are satisfied for all x ∈M.

Globally Hamiltonian systems on symplectic manifold

A classical system (12) on a symplectic manifold (M, ω) is said to be globally
Hamiltonian, if the corresponding 1-form ω(F) = ωklF

l(x)dxk is exact, i.e.,
ω(F) = dH , where H is a function on M called the Hamiltonian function of the
system, or simply the Hamiltonian. Conversely, if H is a function on M, then the
system with the operator

L = ∂lHωkl∂k

associated with the 1-form dH is globally Hamiltonian.

DEFINITION. A globally Hamiltonian system is a classical system (12) on a sym-
plectic manifold (M2n, ω), such that

ωklF
l(x) = ∂kH

for all x ∈M.

Let us give a simple example of a locally Hamiltonian system which is not
globally Hamiltonian. Let M be a two-dimensional torus, ω = dq ∧ dp, where
0 � q � 2π , and 0 � p � 2π . The classical system with L = a∂q + b∂p, where
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a, b ∈ R, is a locally Hamiltonian system, but not globally Hamiltonian. It is easy
to see that this effect reflects on the topological properties of M, namely, on the
nonvanishing of the first cohomology group H 1(M, R).

Since operators L = Fk∂k are first order differential operators on M, one can
define their commutator, which makes them into a Lie algebra. The commutator
of two locally Hamiltonian operators is globally Hamiltonian, so that the globally
Hamiltonian operators form an ideal in the Lie algebra of locally Hamiltonian
operators.

In the conventional formulation of classical dynamics, it mostly deals with
globally Hamiltonian systems, so that the dynamics on M is determined by a
Hamiltonian H(x), and the equations of motion are written in local coordinates
as

ωkl(x)
d

dt
xl = ∂kH or

d

dt
xk = Ψ lk(x)∂lH.

Let M = Rn, ω = dqk ∧ dpk , and H = H(q, p). The equations of motion are
then the usual Hamilton’s equations

d

dt
qk = − ∂H

∂pk
,

d

dt
pk = ∂H

∂qk
.

These equations are induced by the Hamiltonian H .
Let A be a smooth function on M. We then have the equation

(14)
d

dt
A = ∂H

∂xk
Ψ kl(x)

∂A

∂xl
.

In local coordinates (q, p), equation (14) has the form

d

dt
A =

n∑
k=1

(
∂H

∂qk

∂A

∂pk
− ∂H

∂pk

∂A

∂ql

)
.

Non-Hamiltonian systems on symplectic manifold

A classical system (12) on a symplectic manifold (M, ω) is said to be non-
Hamiltonian if the corresponding 1-form ω(F) = ωklF

l(x) dxk is nonclosed

dω(F ) �= 0.

In local coordinates, this condition for the system to be a non-Hamiltonian system
means that there exists x ∈M and k, l such that

(15)∂k

(
ωlm(x)Fm(x)

)− ∂l

(
ωkm(x)Fm(x)

) �= 0.

DEFINITION. A non-Hamiltonian system is a classical system (12) on a symplec-
tic manifold (M2n, ω), such that inequality (15) is satisfied for some x ∈M, and
some k, l.
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The important non-Hamiltonian systems are dissipative, accretive and general-
ized dissipative systems.

DEFINITION. A generalized dissipative system on a symplectic manifold (M2n,

ω) is a classical system such that

Ω(t, x) = ∂kF
k(t, x) �= 0.

If Ω(t, x) < 0 for all x ∈M and t � 0, then the system is dissipative. If Ω > 0
for all x ∈M and t � 0, then the system is called accretive.

It is not hard to prove the following important theorem.

THEOREM. A generalized dissipative system on a symplectic manifold (M2n, ω)

is a non-Hamiltonian system on (M2n, ω).

If we consider the Euclidean space Rn, n � 2, instead of a symplectic manifold
(M2n, ω), then there exist a field F such that div F �= 0, and curl F = 0. For ex-
ample, the vector field F = xkek in Rn has curl F = 0 and div F = n. A classical
system on a symplectic manifold (M2n, ω) cannot be a dissipative Hamiltonian
system.

16.3. Systems on Poisson manifold

Poisson manifold and Lie–Jordan algebra

In the classical mechanics an observable is represented by a function. A mathe-
matical structure is obtained by taking a set of observables and equipping this set
with a structure by defining relations between these observables. The dynamical
structure can be given by operators on the set.

Let M be a manifold. A classical observable is a function on M. We shall
denote the linear space of all smooth functions on M by F(M). We say that
M is endowed with a Poisson structure if we are given an operation assigning to
every pair of functions A,B ∈ F(M) a new function {A,B} ∈ F(M), which is
linear in A and B, and satisfies the following requirements:

(1) the skew-symmetry condition {A,B} = −{B,A},
(2) the Jacobi identity {{A,B}, C} + {{B,C}, A} + {{C,A}, B} = 0,
(3) the Leibnitz rule {A,BC} = {A,B}C + B{A,C}.

Requirements (1) and (2) are the axioms of a Lie algebra. In this way, the space
F(M), together with the Poisson bracket becomes a Lie algebra. We can define
the Jordan multiplication A ◦ B = A(x)B(x), where AB is the usual pointwise
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product. Then requirement (3) expresses that the Lie operation { , } is connected
with the Jordan multiplication.

As a result, we define two bilinear multiplications on F(M) denoted by sym-
bols { , } and ◦, and satisfying the conditions:

(1) <F(M), { , }> is a Lie algebra:

{A,B} = −{B,A},{{A,B}, C}+ {{B,C}, A}+ {{C,A}, B} = 0.

(2) <F(M), ◦> is a special Jordan algebra:

A ◦ B = B ◦ A,(
(A ◦ A) ◦ B

) ◦ A = (A ◦ A) ◦ (B ◦ A).

(3) <F(M), ◦> is an associative Jordan algebra:

(A ◦ B) ◦ C − A ◦ (B ◦ C) = 0.

(4) { , } is a derivation on <F(M), ◦>:{
A, (B ◦ C)

} = {A,B} ◦ C + B ◦ {A,C}.
In this case, the Lie–Jordan algebra on F(M) is said to be defined. We shall

also assume that there exists a unity I in F(M) such that A ◦ I = A and
{A, I } = 0.

DEFINITION. A Poisson manifold is a manifold M equipped with two bilinear
operations { , } and ◦ from F(M) × F(M) into F(M) with the property that
<F(M), ◦, { , }> is a Lie–Jordan algebra.

Let us consider the Poisson bracket of the form

(16){A,B} = Ψ kl(x)∂kA(x)∂lB(x).

The skew-symmetry condition and the Jacobi identity give

Ψ kl(x) = −Ψ lk(x), Ψ ki∂iΨ
lm + Ψ li∂iΨ

mk + Ψ mi∂iΨ
kl = 0.

We note that Poisson brackets obey the Leibnitz rule and so is completely de-
termined by the Poisson brackets of the coordinates {xk, xl} = Ψ kl(x).

If det[Ψ kl(x)] = 0, then the Poisson structure is called degenerate. Note that
a general Poisson manifold with a degenerate Poisson structure is stratified into
symplectic submanifolds on which the tensor Ψ kl(x) is nondegenerate. For each
Poisson manifold there exists a family of symplectic manifolds. The fact that an
arbitrary Poisson manifold is stratified into symplectic submanifolds is somewhat
analogous to the decomposition of a finite-dimensional C∗-algebra as a direct sum
of matrix algebras.
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Derivations of Lie–Jordan algebra of classical observables

DEFINITION. A derivation of a Lie–Jordan algebra <F(M), ◦, { , }> is a linear
operator L on F(M) satisfying

L
({A,B}) = {

L(A), B
}+ {

A,L(B)
}
,

L(A ◦ B) = L(A) ◦ B + A ◦ L(B)

for all A,B in F(M). A derivation L is said to be inner if there exists H ∈ F(M)

such that

L(A) = {H,A}
for all A ∈ F(M). It is said to be outer if it is not of this form.

The set of all derivations of <F(M), ◦, { , }> forms a Lie–Jordan algebra
under the commutator

L1 · L2 = (L1L2 − L2L1),

and anticommutator

L1 ◦ L2 = 1

2
(L1L2 + L2L1).

Let P be a set of all complex polynomials in the real variables qk and pk , k =
1, . . . , n. This set forms a Lie–Jordan algebra <P, ◦, { , }> under the Poisson
bracket { , } and the pointwise multiplication ◦. We can give the basic theorem
regarding derivations of this Lie–Jordan algebra [190].

THEOREM (Wollenberg). Every derivation L of the algebra <P, ◦, { , }> is of
the form

LA = {H,A} + b

(
A−

n∑
k=1

akpk ◦ {qk,A} +
n∑

k=1

(1− ak)qk ◦ {pk,A}
)

,

where A in P , and ak, b in C.

As a result, an arbitrary derivation of <P, ◦, { , }> is a linear combination of
an inner derivation L−H = {H, . } and the explicitly determined outer derivation

Louter = L+1 −
n∑

k=1

akL
+
pk

L−qk
+

n∑
k=1

(1− ak)L
+
qk

L−pk
.
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However this decomposition is not unique. If L1 and L1 are any two outer deriva-
tions

LsA = A−
n∑

k=1

a
(s)
k pk ◦ ∂A

∂pk
−

n∑
k=1

(
1− a

(s)
k

)
qk ◦ ∂A

∂qk
(s = 1, 2),

then we have

(L1 − L2)A =
{

n∑
k=1

(
a

(2)
k − a

(1)
k

)
qkpk,A

}

for all A ∈ P . Therefore we can replace the outer derivation in the decomposition
by any other by redefining H .

COROLLARY. Every derivation L of <P, ◦, { , }> can be presented in the form

L =
n∑

k=1

((
L(qk)− qk ◦ L(1)

) ◦ ∂A

∂qk

+ (
L(pk)− pk ◦ L(1)

) ◦ ∂A

∂pk
+ L(1) ◦ A

)

for all A in P .
Note that

∂L(qk)

∂qk
+ ∂L(pk)

∂pk
= {

L(qk), pk
}+ {

qk,L(pk)
} = L

({qk, pk}) = L(1).

This corollary shows that L is completely determined by its values on the
canonical variables q and p.

COROLLARY. If L is a derivation of <P, ◦, { , }>, and L(1) = 0, then L is
inner.

As a result, each derivation L of <P, ◦, { , }> is inner if L(1) = 0.

16.4. Properties of locally Hamiltonian systems

In general, we can consider the equation

(17)
d

dt
A = LA,

where L is a linear operator. If L is a first-order differential operator, then L =
Fk(x)∂k .
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THEOREM. Let L be a linear first-order differential operator. Then the equations

(18)∂k

(
ωlm(x)Fm(x)

)− ∂l

(
ωkm(x)Fm(x)

) = 0

are equivalent to the relations

L
({xj , xi})+ {

xi,L(xj )
}− {

xj ,L(xi)
} = 0

for all x ∈M.

PROOF. If condition (18) is valid for all x ∈ M, then L is locally Hamiltonian.
Equations (18) can be written as(

∂kωlm(x)− ∂lωkm(x)
)
Fm(x)+ ωlm(x)∂kF

m(x)− ωkm(x)∂lF
m(x) = 0.

Equation

∂kωlm + ∂lωmk + ∂mωkl = 0

gives(−∂mωkl(x)
)
Fm(x)+ ωlm(x)∂kF

m(x)− ωkm(x)∂lF
m(x) = 0.

Then the tensor Ψ kl = Ψ kl(x) such that Ψ klωkm = Ψ lkωmk = δl
m gives

−Ψ kiΨ jl
(
∂mωkl(x)

)
Fm(x)+ Ψ ki∂kF

j (x)− Ψ jl∂lF
i(x) = 0.

Using

Ψ jl∂mωkl(x) = −ωkl(x)∂mΨ jl,

we obtain(
∂mΨ ji

)
Fm(x)+ Ψ ki∂kF

j (x)− Ψ jl∂lF
i(x) = 0.

For the Poisson bracket (16), we have

{xi, A} = Ψ il(x)∂lA(x), {xi, xj } = Ψ ij (x),

and

Fm
(
∂m{xj , xi})+ {

xi, F j
}− {

xj , F i
} = 0.

Substitution Fk = L(xk) gives

L
({xj , xi})+ {

xi,L(xj )
}− {

xj ,L(xi)
} = 0. �

THEOREM. Let L be a linear first-order differential operator. Then the following
conditions are equivalent.

(1) L is locally Hamiltonian.
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(2) The equations

L
({xj , xi})+ {

xi,L(xj )
}− {

xj ,L(xi)
} = 0

are valid for all x ∈M.
(3) The condition

JL{A,B} = L
({A,B})− {

L(A), B
}− {

A,L(B)
} = 0

is valid for all A,B ∈ F(M).

PROOF. The previous theorem proves (1) ⇒ (2). Using A = xj , B = xi and
{A,B} = −{B,A}, we prove (3) ⇒ (2). Using the equality

JL{A,B} = JL{xk, xl}∂kA∂lB

it is not hard to prove that (3) ⇒ (2) and (2) ⇒ (1). �

Note that these important theorems come from the simple form of the opera-
tor L. In the general case, L is not necessary a first order differential operator. If
we drop the condition that L be a first order differential operator, just retaining
JL{A,B} = 0, then we obtain the following general definitions.

DEFINITION. A locally Hamiltonian system is a classical system on a Poisson
manifold described by the equation

d

dt
A = LA,

such that the condition

JL{A,B} = L
({A,B})− {

L(A), B
}− {

A,L(B)
} = 0

is valid for all A,B ∈ F(M).

DEFINITION. A globally Hamiltonian system is a classical system on a Poisson
manifold, such that L is a first order operator of inner differentiation on a Lie–
Jordan algebra of classical observables.

DEFINITION. A classical system on a Poisson manifold is called a non-Hamilto-
nian system, if there exist observables A and B, such that the inequality

JL{A,B} �= 0

is valid.

In general, a classical system can be either Hamiltonian or non-Hamiltonian.
In order to determine a type of the system, it is not necessary to have the explicit
solution xk

t = ϕk(x, t) of equations of motion. For this purpose, we can consider
the properties of the operator L.
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16.5. Quantum Hamiltonian and non-Hamiltonian systems

Using definitions of Hamiltonian and non-Hamiltonians systems, we can define
corresponding quantum analogs.

We consider the operator differential equation

(19)
dAt

dt
= LAt

with the real superoperator L having an everywhere dense domain D(L) in an
operator algebra M such that D(L) is a subalgebra of M. In each example the
operator A corresponds to an observable of the quantum system and will be rep-
resented by an element of the operator algebra M.

DEFINITION. A quantum system is said to be locally Hamiltonian if the super-
operator L in equation (19) satisfies the conditions

JL(A,B) = L(A · B)− (LA) · B − A · (LB) = 0,

KL(A,B) = L(A ◦ B)− (LA) ◦ B − A ◦ (LB) = 0

for all A and B in D(L).

Using A · B = (1/ih̄)[A,B], A ◦ B = (1/2)[A,B]+, these conditions give

L
([A,B])− [

L(A), B
]− [

A,L(B)
] = 0,

L
([A,B]+

)− [
L(A), B

]
+ −

[
A,L(B)

]
+ = 0.

STATEMENT. A quantum system is locally Hamiltonian if the superoperator L in
equation (19) satisfies the conditions

(20)JL
(
Xk,Xl

) = 0, KL
(
Xk,Xl

) = 0

for all k, l = 1, . . . , n.

Here Xk , k = 1, . . . , 2n, are operators that correspond to the coordinates xk

in R2n:

π(xk) = Xk,

where Xk = Pk = π(pk) (k = 1, . . . , n), and Xn+k = Qk = π(qk) (k =
1, . . . , n).

DEFINITION. A quantum system is said to be non-Hamiltonian, if there exist A

and B in D(L) such that

JL(A,B) �= 0.
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Suppose A = A(X) = A(Q,P ) and B = B(X) = B(Q,P ) are some op-
erator functions. We note that the commutator obeys the Leibnitz rule and so is
completely determined by the commutators of the coordinate operators[

Xk,Xl
] = Ψ kl(X).

STATEMENT. A quantum system is non-Hamiltonian, if there exist Xk and Xl ,
such that

JL
(
Xk,Xl

) �= 0.

Note that JL(Xk,Xl) can be considered as a quantum analog of JL{xk, xl},
i.e., JL(Xk,Xl) = π(JL{xk, xl}).

DEFINITION. A quantum dissipative system is a quantum system, such that the
superoperator L in equation (19) satisfies the requirement

Ω(Q,P ) = −
n∑

k=1

JL(Qk, Pk) �= 0.

All quantum dissipative systems are non-Hamiltonian.

STATEMENT. If equation (19) describes a quantum non-Hamiltonian system,
then there exist A and B such that

ZL(A,B) = L(AB)− L(A)B − AL(B) �= 0.

It is not hard to prove this statement by using the relation

ZL(A,B) = KL(A,B)+ ih̄

2
JL(A,B).

In general, there exists a special class of quantum systems, such that KL(A,B)

�= 0 and JL(A,B) = 0. These systems will be called the exotic non-Hamiltonian
systems.

Note that

JL(A,B) = 1

ih̄

(
ZL(A,B)− ZL(B,A)

)
,

KL(A,B) = 1

2

(
ZL(A,B)+ ZL(B,A)

)
.

Therefore, if ZL(A,B) = 0 for all A and B, then JL(A,B) = KL(A,B) = 0.
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16.6. Hamiltonian and Liouvillian pictures

Classical statistical ensemble

Let us consider a set of independent classical systems identical in equations of
motion, but differing in their initial conditions with respect to coordinates and
momenta. The forces are supposed to be determined for every system by the
same law, being functions of the coordinates (q, p) = {q1, . . . , qn, p1, . . . , pn}
in a phase-space of the system, either alone or with the external parameters
a = {a1, . . . , am}. It is not necessary that these systems should be Hamiltonian.
The coordinates x = (q, p), which have different values in the different classical
systems, are considered. We can suppose that the systems are continuously dis-
tributed in the phase-space. An ensemble is a set of classical systems identical in
nature and subject to forces determined by identical laws [66], but distributed in
phase-space in any continuous way.

Let us consider the differential equation

(21)
d

dt
A(t, x) = LA(t, x)

with the linear differential operator L having an everywhere dense domain of
definition D(L) in a function space M. Here A(t, x) is an unknown classical
observable such that A(t, x) ∈ M for t � 0. A Cauchy problem is the prob-
lem of finding a solution A(t, x) of equation (21) satisfying the initial condition:
A(0, x) = A0(x) ∈M.

DEFINITION. A classical statistical ensemble is a set of classical systems iden-
tical in equations of motion (21), i.e., identical in the operator L, but differing in
their initial conditions A(0, x) = A0(x) ∈M.

Let us consider a statistical ensemble distributed in phase-space with the den-
sity �(t, x) � 0. We can define the normalized density function

ρ(t, x) = N−1(t)�(t, x), N(t) =
∫

dx �(t, x),

∫
dx ρ(t, x) = 1.

The ρ(t, x) can be interpreted as the probability distribution for finding the system
at the point x in phase-space.

The average quantity <A> is identified with the usual expectation value of the
observable A(t, x), corresponding to the given probability distribution

(22)<A>(t, a) =
∫

dx A(t, x, a)ρ(t, x).

The concept of an ensemble is considered as a postulate not needing further
justification. Let us note the reasonableness of the postulate. The main argument is
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the violent instability of motion. If we can determine exactly the initial condition
of a classical system, we make some prediction of its behavior at time t . But if
we make a tiny error, picking up a slightly different initial condition, very close
to the former, we would very quickly be off by an appreciable amount. This is a
result of the property that seems to be usual for most classical systems. In rough
(structurally stable) classical systems, on the other hand, we do not generally find
such violent sensitivity on the choice of initial conditions. An observation can
involve some kind of smoothing. Hence we cannot make a definite prediction
about the system, as we do not know its initial condition. We can predict only
the features that are common to all, or at least to most systems whose initial
condition is compatible. Hence we cannot predict definitely the outcome of a
given experiment. We may, however, predict the most probable or the average
(expectation) result of this experiment if we repeat it a large number of times
under the same conditions.

The introduction of statistical ensemble is necessary not only by our ignorance
of the exact initial conditions for a large number of particles. A statement like
“x = √

2 = 1.4142135623729866 . . .” would have a physical meaning only
if one could distinguish between it and the approximation of

√
2 by the first n

decimals for all n. This, however, is impossible, since n can always be chosen
so large that experimental distinction is not possible. Concepts that correspond
to impossible observations can be eliminated from theory. This is possible in this
case. Then, classical mechanics must be formulated statistically.

In classical mechanics, the statistical method should be used not only for sys-
tems of very many individual particles. It is necessary to use it in every case, even
that of a single particle in the simplest possible conditions [28]. This does not
require any new mathematics. We can use the law where the probability density
satisfies the classical Liouville equation.

We may now formulate the following basic postulate of classical mechanics.
The state of a classical system is completely specified at a given time by a certain
distribution function ρ(t, x), satisfying the normalization condition. The expec-
tation value <A>(a, t) of a classical observable A(t, x, a) in such a system is
calculated by equation (22).

Quantum statistical ensemble

Let us consider the operator differential equation

(23)
d

dt
At = LAt

with the linear superoperator L having an everywhere dense domain of definition
D(L) in an operator space M. Here At = A(t) is an unknown one-parameter
operator such that A(t) ∈ M for all t � 0. A Cauchy problem is the problem of
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finding a solution A(t) of equation (23) satisfying the initial condition: A(0) =
A0 ∈M.

DEFINITION. A quantum statistical ensemble is a set of quantum (non-Hamilto-
nian) systems identical in equations of motion (23), i.e., identical in the superop-
erator L, but differing in their initial condition A(0) = A0 ∈M.

This notion is a quantum (operator) generalization of the concept of the classi-
cal statistical ensemble.

Dynamical pictures in physics

There are two modes of description of a continuous medium, the Lagrangian and
Eulerian. In dynamics of continuous media the Lagrangian reference frame is a
way of looking at medium motion where the observer follows individual medium
particles as they move through space and time. The Eulerian reference frame is
a way of looking at medium motion that focuses on specific points in the space
through which the medium moves. Eulerian coordinates are a system of coordi-
nates in which properties of a medium are assigned to points in space at each
given time, without attempt to identify individual medium particles. Lagrangian
coordinates are a system of coordinates by which medium particles are identified
for all time by assigning them coordinates that do not vary in time.

A statistical ensemble can be considered as a special medium. The Liouvil-
lian picture is the Eulerian description of statistical ensemble. The Hamiltonian
picture is the Lagrangian description of statistical ensemble. In the quantum
mechanics, the Liouvillian picture corresponds to Schrödinger picture, and the
Hamiltonian description corresponds to Heisenberg picture.

Mechanics of Continuous Media Classical Mechanics Quantum Mechanics

Lagrangian Hamiltonian Heisenberg
Eulerian Liouvillian Schrödinger

Hamiltonian picture

The Hamiltonian description employs the coordinates x0 of a particle in the initial
state as the independent variables. In classical dynamics the Hamiltonian picture
is a way of looking at motion where the observer follows individual system as they
move through phase-space and time. The Hamiltonian picture is a description by
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which ensemble systems are identified for all time by assigning them initial coor-
dinates that do not vary in time. Plotting the phase-space position of an individual
system through time gives the phase-space trajectory of the system.

Suppose that a classical system, whose phase-space is determined by a point
x = (q, p) in a region M of 2n-dimensional phase-space R2n, moves in a vector
field F(x). The motion of the system is described by the equations

(24)
dxt

dt
= F(t, xt ).

The solution of a Cauchy problem in which the initial condition is given by x0
at the time t = 0 can be presented in the form xt = x(t) = ϕt (x0), where
ϕt is the semi-group of operators. A classical observable is a function on the
phase-space M. Now we shall consider the differentiation of an observable as a
composite function. In the Hamiltonian picture, A(t, xt ) is a composition of two
functions A(t, xt ) and xt = x(t). The time derivative of this composition function
is

d

dt
A(t, xt ) = ∂A(t, xt )

∂t
+ ∂A(t, xt )

∂xk
t

dxk
t

dt
.

Using equation (24), we obtain

(25)
d

dt
A(t, xt ) = ∂A(t, xt )

∂t
+ Fk(t, xt )

∂A(t, xt )

∂xk
t

.

This is the equation of motion for the classical observable A. The solution of a
Cauchy problem in which the initial condition is given by A = A(0, x0) at the
time t = 0 can be presented in the form At = ΦtA, where Φt is the semi-group
of operators. Note that Φt is an adjoint (dual) operator of ϕt , i.e., Φt = ϕ∗t and

ΦtA(x0) = ϕ∗t A(x0) = A(ϕtx0) = A(xt ).

A distribution function for each ensemble is a nonnegative real-valued function
ρ(t, x) with unit integral:

ρ(t, x) � 0, ρ(t, x)∗ = ρ(t, x),

∫
dx ρ(t, x) = 1

for all t � 0 and x ∈ M. The distribution functions represent states in classical
mechanics. In the Hamiltonian picture, the distribution ρ(t, xt ) can be considered
as an observable. Then

d

dt
ρ(t, xt ) = ∂ρ(t, xt )

∂t
+ Fk(xt )

∂ρ(t, xt )

∂xk
t

.

Moreover,

(26)
∫

dxt ρ(t, xt ) = 1
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for all t � 0. Differentiation of equation (26) with respect to t gives∫
dxt

(
Ω(t, xt )ρ(t, xt )+ dρ(t, xt )

dt

)
= 0,

where

(27)Ω(t, x) =
n∑

k=1

∂F k(t, x)

∂xk
.

As a result, we obtain

(28)
dρ(t, xt )

dt
+Ω(t, xt )ρ(t, xt ) = 0.

This is the Liouville equation in the Hamiltonian picture. If there exist points xt ∈
M such that Ω(t, xt ) < 0, then the system is called dissipative. If Ω(t, xt ) < 0,
the system is accretive. If there exist points xt such that Ω(t, xt ) �= 0, then the
classical system is called the generalized dissipative system.

For Hamiltonian systems, Ω(t, xt ) = 0, and

dρ(t, xt )

dt
= 0

for all t � 0. Then the distribution is constant in time

ρ(t, xt ) = ρ(0, x0) = const.

As a result, the distribution functions of Hamiltonian systems are integrals of mo-
tion. This is the principle of conservation of distribution for Hamiltonian systems.

In the general case, there exists an evolution of state in the Hamiltonian picture.
The distribution of non-Hamiltonian system can be nonconstant in time.

The expectation value is

<A> =
∫

dxt ρ(t, xt )A(t, xt ).

Differentiation of this equation with respect to t gives

d<A>

dt
=
∫

dxt

(
Ω(t, xt )ρ(t, xt )A(t, xt )+ dρ(t, xt )

dt
A(t, xt )

+ ρ(t, xt )
dA(t, xt )

dt

)
.

Using the Liouville equation, we obtain

d

dt
<A> = <

dA

dt
>.
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Let F(M) be a space of smooth functions on M. To each pair A,B of the
space F(M), we can associate a real number (A,B) defined by (9). Using the
scalar product, we can define the adjoint operator St by (ρ,ΦtA) = (Stρ,A).
Then∫

dx
(
ρ(t, x)

)∗
ΦtA(x) =

∫
dx

(
Stρ(t, x)

)∗
A(x).

In the Hamiltonian picture, we can define

(At , Bt )t =
∫

dxt

(
A(t, xt )

)∗
B(t, xt ).

In general, dxt �= dx0 and (A,B)t �= (A,B). Using dxtρ(t, xt ) = dx0 ρ(t, x0)

we obtain (ρt , At )t = (ρ0, At )0. Then At = A(xt ) = ΦtA(x0) gives

(ρt , At )t =
∫

dxt

(
ρ(t, xt )

)∗
A(xt ) =

∫
dxt ρ(t, xt )A(xt )

=
∫

dx0 ρ(t, x0)ΦtA(x0) =
∫

dx0
[
Stρ(t, x0)

]
A(x0)

= (Stρ,A0)0.

Liouvillian picture

In the Liouvillian picture the independent variables are the coordinates x of a point
in the ensemble. The Liouvillian picture is a way of looking at ensemble motion
that focuses on some points in the phase-space through which the ensemble sys-
tems move. In the Liouvillian picture, properties of an ensemble are assigned to
points in phase-space at each given time, without attempt to identify individual
system of the ensemble.

Let A(t, x) be a classical observable. In the Liouvillian picture, the evolution
equation of this observable is

d

dt
A(t, x) = ∂

∂t
A(t, x).

Here x is a fixed point of the phase-space, and dx/dt = 0.
Let ρ(t, x) be a distribution function. Then

dρ(t, x)

dt
= ∂ρ(t, x)

∂t
,

since x is a fixed point.
If the number of systems in the ensemble is constant, then we can write the

continuity equation for density ρ(t, x) in phase-space

∂

∂t
ρ(t, x)+ div

(
F(t, x)ρ(t, x)

) = 0.
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Applying chain rule, we obtain:

(29)
∂

∂t
ρ(t, x)+ Fk(t, x)

∂

∂xk
ρ(t, x) = −Ω(t, x)ρ(t, x),

where Ω(t, x) is defined by (27). The left-hand side of equation (29) is the full
(total time) derivative of the distribution function ρ(t, x). Equation (29) is the
Liouville equation in the Liouvillian picture. This is the continuity phase-space
equation in the Eulerian variables.

This Liouville equation can be presented in the form

(30)i
∂

∂t
ρ(t, x) = Λtρ(t, x),

where Λt is the Liouville operator

Λt = −i

(
Fk(t, x)

∂

∂xk
+Ω(t, x)

)
.

Note that the Liouville operator can be a starting point for non-Hamiltonian sta-
tistical mechanics. One can describe a system for which a Hamiltonian does not
exist, but for which a Liouville operator can be constructed. In other words, equa-
tion (30) can be taken as the basis of a theory even when Λ is not defined by
Λρ = {H, ρ}, where { , } is the Poisson bracket.



Chapter 17

Quantization of Dynamical Structure

17.1. Quantization in kinematics and dynamics

Classical and quantum theories consist of two parts, a kinematical structure, de-
scribing the initial observables and states of the system, and a dynamical structure
describing the evolution of these observables and states with time. Therefore main
requirement imposed on the quantization π is that it should satisfy the two fol-
lowing conditions:

(1) For a given kinematical structure, there are operations gq on the set of quan-
tum observables corresponding to the operations gc on the set of classical
observables.

(2) For a given dynamical structure, there are linear superoperators Lq , Λq on
the set of quantum observables corresponding to the linear operators Lc, Λc

on the set of classical observables.

Setting quantization in kinematics means establishing a map π assigning a
quantum observable A(X) to each classical observable A(x):

π
(
A(x)

) = A(X).

In the case of a system with n degrees of freedom, we consider the phase space
R2n such that x = (q, p). We can make correspond to the function xk , the operator
Xk:

π(xk) = Xk.

There exist natural requirements that must be satisfied by the quantization in kine-
matics. First of all, if

{xk, xl} = Ψ kl,

where Ψ kl are constants such that

{qk, ql} = {pk, pl} = 0, {qk, pl} = δk
l ,

361
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with corresponding sets of indices, then

1

ih̄

[
Xk,Xl

] = Ψ klI,

and we have

[
Qk,Ql

] = [
P k, P l

] = 0,
[
Qk, P l

] = ih̄δk
l I.

Setting quantization in dynamics means establishing a map π assigning a su-
peroperator L[L+X,L−X] to each operator L[L+x , L−x ]. As a result, we have

π
(
L
[
L+x , L−x

]) = L
[
L+X,L−X

]
.

Here L+x , L−x are operators on a set of classical observables, where L+
xk is a mul-

tiplication by xk , and L−
xk is a differentiation, such that

L+
xkA(x) = xk ◦ A(x), L−

xk =
{
xk,A(x)

}
.

In local coordinates (q, p), we have

L+
qkA(q, p) = qkA(q, p),

L−
qkA(q, p) = {

qk,A(q, p)
} = ∂

∂pk
A(q, p),

L+
pkA(q, p) = pkA(q, p),

L−
pkA(q, p) = {

pk,A(q, p)
} = − ∂

∂qk
A(q, p).

Note that L+X, L−X are superoperators on a set of quantum observables, where L+
Xk

is a Jordan left multiplication by Xk , and L−
Xk is a Lie left multiplication by Xk ,

such that

L+
XkA(X) = Xk ◦ A(X) = 1

2

(
XkA+ AXk

)
,

L−
XkA(X) = Xk · A(X) = 1

ih̄

(
XkA− AXk

)
.

There exist natural requirements that must be satisfied by the quantization in dy-
namics:

π
(
L+

xk

) = L+
Xk , π

(
L−

xk

) = L−
Xk .
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17.2. Quantization map for equations of motion

Let a classical system has n degrees of freedom, and its phase space be the real
linear space R2n. Classical observables are real-valued functions A(q, p), where
(q, p) ∈ R2n. Setting quantization means establishing a procedure assigning a
quantum observable A(Q,P ) to each classical observable A(q, p). Here a quan-
tum observable is a self-adjoint element of some operator algebra. In this case,
the function A(q, p) itself is called the symbol of the operator A(Q,P ). We shall
denote the linear space of all smooth functions on R2n by C∞(R2n). We assume
that evolution of the classical system is described by the differential equation

(1)
d

dt
A(q, p) = L

(
q, p,

∂

∂q
,

∂

∂p

)
A(q, p),

where L(q, p, ∂q, ∂p) is a linear differential operator on C∞(R2n).
In order to obtain equations of motion for quantum systems, one should specify

the rules making it possible to quantize classical equations of motion (1) and the
corresponding differential operators L(q, p, ∂q, ∂p). In defining these rules, one
often tries to write the equations of motion in a Hamiltonian form, i.e., in terms
of the Poisson bracket with a certain Hamilton function. However, in the general
case, it is difficult to determine whether the Hamilton function exists, and, if it
does, whether it is unique, and to find its explicit form if it exists and is unique.
Therefore, quantization is more conveniently carried out starting from equations
of motion.

Lie–Jordan algebras

Let the set of observables form a linear space M0 over the field of real numbers R.
For the observables from M0, we define two bilinear multiplication operations
denoted by symbols · and ◦, and satisfying the conditions:

(1) <M0, ·> is a Lie algebra:

A · B = −B · A, (A · B) · C + (B · C) · A+ (C · A) · B = 0;
(2) <M0, ◦> is a special Jordan algebra:

A ◦ B = B ◦ A,
(
(A ◦ A) ◦ B

) ◦ A = (A ◦ A) ◦ (B ◦ A);
(3) the Leibnitz rule:

A · (B ◦ C) = (A · B) ◦ C + B ◦ (A · C);
(4) the equation for associators:

(A ◦ B) ◦ C − A ◦ (B ◦ C) = h̄2

4

(
(A · B) · C − A · (B · C)

)
.
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In this case, the Lie–Jordan algebra is said to be defined. We shall also assume
that there exists a unity I in M0 such that A ◦ I = A and A · I = 0.

We denote as Mc a free Lie–Jordan algebra over the field R with unity 1 and
generators qk and pk , where k = 1, . . . , n and

(2)qk · pl = δkl1, qk · ql = 0, pk · pl = 0.

This is the Lie–Jordan algebra of classical observables. Note that a free algebra
is an algebra generated by finite linear combinations and finite powers of the ele-
ments {qk, pk: k = 1, . . . , n} and the identity 1.

For the classical observables A(q, p) and B(q, p), these operations can be de-
fined in terms of the Poisson bracket in R2n and the usual pointwise multiplication

A(q, p) · B(q, p) = {
A(q, p), B(q, p)

}
,

(3)A(q, p) ◦ B(q, p) = A(q, p)B(q, p).

We denote as Mq a free Lie–Jordan algebra over the field R with unity I and
generators Qk and Pk , where k = 1, . . . , n and

(4)Qk · Pl = δklI, Qk ·Ql = 0, Pk · Pl = 0.

This is the Lie–Jordan algebra of quantum observables. For the quantum ob-
servables A = A(Q,P ) and B = B(Q,P ), the operations of Lie and Jordan
multiplication are defined in the form

A(Q,P ) · B(Q,P ) = 1

ih̄
(AB − BA),

(5)A(Q,P ) ◦ B(Q,P ) = 1

2
(AB + BA).

Multiplication algebra for the Lie–Jordan algebra

For any element A ∈M, we define two operations of left (L±A) and two operations
of right (R±A ) multiplications by A, which map M into itself by the following
rules:

L+AC = A ◦ C, L−AC = A · C, R+AC = C ◦ A, R−AC = C · A
for all C ∈M. These maps are endomorphisms of the algebra M. A subalgebra
of the algebra of endomorphisms of M, generated by various L±A and R±A , is
called the multiplication algebra of the Lie–Jordan algebra M and is denoted by
A(M). Algebras generated by all operations of left and right multiplications of
the Lie–Jordan algebra coincide with A(M) since L±A = ±R±A .

The identities of a Lie–Jordan algebra lead to the relations for the multiplication
operations. To obtain them, one should use the linearization of these identities.
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THEOREM. Multiplication algebra A(M) for the Lie–Jordan algebra M is de-
fined by the following conditions

(1) the Lie relations

(6)L−A·B = L−AL−B − L−BL−A,

(2) the Jordan relations

L+(A◦B)◦C + L+BL+CL+A + L+AL+CL+B
(7)= L+A◦BL+C + L+B◦CL+A + L+A◦CL+B,

L+(A◦B)◦C + L+BL+CL+A + L+AL+CL+B
(8)= L+CL+A◦B + L+BL+A◦C + L+AL+B◦C,

L+CL+A◦B + L+BL+A◦C + L+AL+B◦C
(9)= L+A◦BL+C + L+B◦CLA + L+A◦CL+B,

(3) the mixed relations

(10)L+A·B = L−AL+B − L+BL−A, L−A◦B = L+AL−B + L+BL−A,

(11)L+A◦B = L+AL+B −
h̄2

4
L−BL−A, L+BL+A − L+AL+B = −

h̄2

4
L−A·B.

For the algebra Mc of classical observables h̄ = 0. If M =Mq , then h̄ �= 0.

The following corollaries follow from the relations.

COROLLARY 1. If the Jordan algebra <M, ◦> is generated by the set G =
{xk}, then the corresponding multiplication algebra is generated by the set
{L+xk

, L+xk◦xm
: xk, xm ∈ G}.

COROLLARY 2. If the Lie algebra <M, ·> is generated by the set G = {xk}, then
the corresponding multiplication algebra is generated by the set {L−xk

: xk ∈ G}.

COROLLARY 3. If the Lie–Jordan algebra M is generated by the set G = {xk},
then the corresponding multiplication algebra A(M) is generated by the set of
operators {L+xk

, L−xk
: xk ∈ G}.

Note that, in the latter statement, we use the set of operators {L+xk
, L−xk

: xk ∈ X},
and not the set {L+xk

, L+xk◦xl
, L−xk

: xk, xl ∈ X}, and this is due to first relation of
(11). These corollaries are valid for Mc and Mq .

Using the properties of generators (2) and relations (10), it is easy to prove the
following theorem.
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THEOREM. Let Mc be a Lie–Jordan algebra with unity 1 that is generated
by the set Gc = {qk, pk, 1: k = 1, . . . , n}, such that relations (2) are valid.
Then the corresponding multiplication algebra A(M) is generated by the set
{L±qk

, L±pk
, L±1 : qk, pk, 1 ∈ Gc}, such that the following commutation relations

are satisfied:

(12)
[
L±qk

, L∓pl

] = δklL
+
1 ,

(13)
[
L±qk

, L±ql

] = [
L±qk

, L±pl

] = [
L±pk

, L±pl

] = 0,

(14)
[
L∓qk

, L±ql

] = [
L∓pk

, L±pl

] = [
L±qk

, L±1
] = [

L±pk
, L±1

] = 0.

These relations define the Lie algebra generated by L±qk
, L±pk

, L±1 .

THEOREM. Let Mq be a Lie–Jordan algebra with unity I that is generated
by the set Gq = {Qk, Pk, I : k = 1, . . . , n}, such that relations (4) are valid.
Then the corresponding multiplication algebra A(M) is generated by the set
{L±Qk

, L±Pk
, L±I : Qk, Pk, I ∈ Gq}, such that the following commutation relations

are satisfied:

(15)
[
L±Qk

, L∓Pl

] = δklL
+
I ,

(16)
[
L±Qk

, L±Ql

] = [
L±Qk

, L±Pl

] = [
L±Pk

, L±Pl

] = 0,

(17)
[
L∓Qk

, L±Ql

] = [
L∓Pk

, L±Pl

] = [
L±Qk

, L±I
] = [

L±Pk
, L±I

] = 0.

Note that the given commutation relations for the generators of A(Mc) and
A(Mq) are the same.

Consider now an associative algebra P(Mc) and P(Mq) generated by finite
linear combinations and finite powers of the elements {L±qk

, L±pk
, L±1 : qk, pk,

1 ∈ Gc} and {L±Qk
, L±Pk

, L±1 : Qk, Pk, l ∈ Gq}, where equations (12)–(17) are
valid. The algebra P(M) is an associative algebra with respect to multiplication
(L1L2)A = L1(L2A) for all A ∈ M and L1,L2 ∈ P(M). Moreover, P(M) is
a Lie–Jordan algebra with respect to the multiplications

(18)L1 · L2 = L1L2 − L2L1, L1 ◦ L2 = L1L2 + L2L1.

The following statement follows immediately from the theorems.

STATEMENT. Any element L of the multiplication algebra P(Mc) of the Lie–
Jordan algebra Mc can be written as a polynomial L[L±qk

, L±pk
, L±1 ] in the oper-

ators {L±qk
, L±pk

, L±1 }.

There is analogous statement for quantum observables.
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STATEMENT. Any element L of the multiplication algebra P(Mq) of the Lie–
Jordan algebra Mq can be written as a polynomial L[L±Qk

, L±Pk
, L±I ] in the

superoperators {L±Qk
, L±Pk

, L±I }.

These statements allow us to formulate the Weyl quantization of classical equa-
tions of motion as a map from P(Mc) into P(Mq).

Weyl quantization

The correspondence between operators Â = A(Q,P ) and symbols A(q, p) is
completely defined by the formulas that express the symbols of operators QkÂ,
ÂQk , PkÂ, ÂPk in terms of the symbols of the operator Â. Weyl quantization πW

is said to be defined if these formulas have the form

(19)πW

((
qk + ih̄

2

∂

∂pk

)
A(q, p)

)
= QkÂ,

(20)πW

((
qk − ih̄

2

∂

∂pk

)
A(q, p)

)
= ÂQk,

(21)πW

((
pk − ih̄

2

∂

∂qk

)
A(q, p)

)
= PkÂ,

(22)πW

((
pk + ih̄

2

∂

∂qk

)
A(q, p)

)
= ÂPk

for any Â = πW(A(q, p)).
These formulas can be rewritten in the form

πW

(
∂

∂qk

A(q, p)

)
= − 1

ih̄

(
PkÂ− ÂPk

)
,

πW

(
∂

∂pk

A(q, p)

)
= 1

ih̄

(
QkÂ− ÂQk

)
,

πW

(
qkA(q, p)

) = 1

2

(
QkÂ+ ÂQk

)
,

(23)πW

(
pkA(q, p)

) = 1

2

(
PkÂ+ ÂPk

)
.

Equations (3) imply that the operators L−A and L+A acting on classical observ-
ables are defined by the formulas

L−AB(q, p) = {
A(q, p), B(q, p)

}
,

(24)L+AB(q, p) = A(q, p)B(q, p).
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By virtue of definition (5), the superoperators L−A and L+A are expressed as

L−QÂ = 1

ih̄

(
QÂ− ÂQ

)
, L−P Â = 1

ih̄

(
PÂ− ÂP

)
,

L+QÂ = 1

2

(
QÂ+ ÂQ

)
, L+P Â = 1

2

(
PÂ+ ÂP

)
.

Using L±q , L±p and L±Q, L±P , we rewrite formulas (23) in the form

πW

(
L±qk

A
) = L±Qk

Â, πW

(
L±pk

A
) = L±Pk

Â.

Since these relations are valid for all Â = πW(A), we can define the Weyl quan-
tization of the operators L±qk

and L±pk
in the following manner:

(25)πW

(
L±qk

) = L±Qk
, πW

(
L±pk

) = L±Pk
.

These relations define the Weyl quantization of the generators of the multiplica-
tion algebra P(Mc), where Mc is a Lie–Jordan algebra of classical observables.

From definition (24) for classical observables, we obtain

(26)L+qk
A(q, p) = qkA(q, p), L+pk

A(q, p) = pkA(q, p),

and

(27)L−qk
A(q, p) = ∂A(q, p)

∂pk

, L−pk
A(q, p) = −∂A(q, p)

∂qk

.

The operators (26) and (27) allow us to consider a linear polynomial differentia-
tion operator as an element of the multiplication algebra P(Mc). As a result, we
have the following theorem.

THEOREM. The linear polynomial differentiation operator L(q, p, ∂q, ∂p), act-
ing on the classical observables A(q, p) ∈Mc is an element of the multiplication
algebra P(Mc), and

L
(

q, p,
∂

∂q
,

∂

∂p

)
= L

[
L+q , L+p ,−L−p , L−q

]
.

The proof evidently follows from the definition of the operators L±qk
and L±pk

specified in (26) and (27).

COROLLARY. A classical observable A(q, p) ∈ Mc can be represented as an
element A(L+q , L+p ) of P(Mc).

By virtue of (25) and commutation relations (16), (17), the Weyl quantization
πW associates the differential operator L(q, p, ∂q, ∂p) on the function space and
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the operator L[L+Q,L+P ,−L−P , L−Q], acting on the operator space. Thus, the Weyl
quantization of differential equation (1) with polynomial operators is defined by
the formula

(28)πW

(
L
(

q, p,
∂

∂q
,

∂

∂p

))
= L

[
L+Q,L+P ,−L−P , L−Q

]
.

Since the commutation relations for the operators L±qk
, L±pk

and the superoper-

ators L±Qk
, L±Pk

coincide, the following theorem takes place.

THEOREM. In the Weyl quantization, ordering of generators L±Q, L±P in the su-

peroperator L[L+Q,L+P ,−L−P , L−Q] is uniquely determined by ordering of L±q , L±p
in the operator L[L+q , L+p ,−L−p , L−q ].

As a result, the quantization of equations of motion and differential operators is
a rule that assigns to each element L(q, p, ∂q, ∂p) of P(Mc) exactly one element
(superoperator) L[L+Q,L+P ,−L−P , L−Q] of P(Mq). If we use the Weyl quantiza-
tion for classical observables, then it is reasonable to use the Weyl quantization of
differential operators.

It can be easy verified that in this way we obtain the one-to-one correspondence
between the polynomial operators and L(q, p, ∂q, ∂p) and the superoperator
L[L+Q,L+P ,−L−P , L−Q] on Mq . We can extend this correspondence to differen-
tial operators (and superoperators) of a more general form. Let L(x, y) be a Weyl
symbol of operator L(q, p, ∂q, ∂p), i.e.,

L
[
L±q , L±p

] = 1

(2πh̄)2n

∫
da+ da− db+ db− L̃(a, b)Wc(a, b),

where

Wc(a, b) = exp
i

h̄

(
a±L±q + b±L±p

) (
a±, b± ∈ Rn

)
.

Here L̃(a, b) is a Fourier transform of L(x, y):

L
(
x±, y±

)
= 1

(2πh̄)2n

∫
da+ da− db+ db− L̃(a, b) exp

−i

h̄

(
a±x± + b±y±

)
.

Then the superoperator L[L±Q,L±P ] will be defined by

L
[
L±q , L±p

] = 1

(2πh̄)2n

∫
da+ da− db+ db− L̃(a, b)Wq(a, b),

where

Wq(a, b) = exp
i

h̄

(
a±L±Q + b±L±P

)
.
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17.3. Quantization of Lorenz-type systems

Consider an evolution equation for classical observable At(q, p) for a classical
dissipative Lorenz-type system of the form

d

dt
At (q, p) = (−σq1 + σp1)

∂At (q, p)

∂q1
+ (rq1 − p1 − q1p2)

∂At (q, p)

∂p1

(29)+ (σp2)
∂At (q, p)

∂q2
+ (−bp2 + q1p1)

∂At (q, p)

∂p2
.

This equation written for the observables x = q1, y = p1 and z = p2, describes
the dissipative Lorenz model

x′ = −σx + σy, y′ = rx − y − xz, z′ = −bz+ xy,

where x′ = dx(t)/dt . This model was proposed by E.N. Lorenz in [100], and it is
the most known classical dissipative system with a strange attractor. This system
demonstrates a chaotic behavior when parameters are chosen to be closed to the
value σ = 10, r = 28, b = 8/3.

The differential operator L for system (29) has the form

L(q, p, ∂q, ∂p) = (−σq1 + σp1)
∂

∂q1
+ (rq1 − p1 − q1p2)

∂

∂p1

(30)+ (σp2)
∂

∂q2
+ (−bp2 + q1p1)

∂

∂p2
.

Rewriting this operator in terms of L±
qk and L±

pk , we obtain

L
[
L+q , L+p ,−L−p , L−q

]
= −(−σL+q1

+ σL+p1

)
L−p1

+ (
rL+q1

− L+p1
− L+q1

L+p2

)
L−q1

− (
σL+p2

)
L−p2

+ (−bL+p2
+ L+q1

L+p1

)
L−q2

.

The Weyl quantization of this operator gives the superoperator

L
[
L+Q,L+P ,−L−P , L−Q

]
= −(−σL+Q1

+ σL+P1

)
L−P1

+ (
rL+Q1

− L+P1
− L+Q1

L+P2

)
L−Q1

− (
σL+P2

)
L−P2

+ (−bL+P2
+ L+Q1

L+P1

)
L−Q2

.

Using the definition of the operators L+A , L−A , we obtain the quantum Lorenz-type
equation [161–163]:

d

dt
Ât = i

h̄

[
σ(P 2

1 + P 2
2 )

2
− rQ2

1

2
, Ât

]
− iσ

h̄
Q1 ◦

[
P1, Ât

]
+ i

h̄
P1 ◦

[
Q1, Ât

]+ i

h̄
bP2 ◦

[
Q2, Ât

]
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+ i

h̄
Q1 ◦

(
P2 ◦

[
Q1, Ât

])− i

h̄
Q1 ◦

(
P1 ◦

[
Q2, Ât

])
.

We notice that the Weyl quantization leads just to the following form of the last
two terms: Qk ◦ (Pl ◦ [Qm, Â]), each of which is equal to Pl ◦ (Qk ◦ [Qm, Â]).
However, they are not equal to (Qk ◦ Pl) ◦ [Qm, Â], which follows from (11).

17.4. Quantization of Poisson bracket

Quantization and isomorphism of Lie–Jordan algebras

Let us consider a linear map π from <Pc, ◦, { , }> into <Pq, ◦, ·> such that

π
({A,B}) = 1

ih̄

[
π(A), π(B)

]
, π(A ◦ B) = π(A) ◦ π(B)

for all A,B ∈ Pc. This map provides a possible canonical quantization procedure
for classical systems. Such a map π defines a homomorphism of the Lie–Jordan
algebra <Pc, ◦, { , }> into the algebra <Pq, ◦, ·>. The algebras are isomorphic
if and only if the map π is a one-to-one mapping. To show that π is one-to-one,
you show that π(A) = π(B) implies A = B. An isomorphism maps the identity
onto the identity. Therefore, the condition π(1) = I can be used.

However, if two Lie algebras are isomorphic then so are their derivation alge-
bras. And if one Lie algebra has outer derivations and the other not, then they
cannot be isomorphic. We see that π cannot form an isomorphism of the Lie–
Jordan algebra Pc and the Lie–Jordan algebra Pq , since one algebra admits outer
derivations while the other does not.

STATEMENT. The quantization map π is not an isomorphism of the Lie–Jordan
algebra Pc and the Lie–Jordan algebra Pq .

Let us give the basic definitions and theorems regarding this statement.
Suppose Pc is a set of all complex polynomials in the real variables qk and

pk , k = 1, . . . , n. This set forms a Lie–Jordan algebra <Pc, ◦, { , }> under the
Poisson bracket and the pointwise multiplication ◦.

DEFINITION. A derivation of a Lie–Jordan algebra <Pc, ◦, { , }> is a linear
operator L on Pc satisfying the equation

L
({A,B}) = {

L(A), B
}+ {

A,L(B)
}
,

L(A ◦ B) = L(A) ◦ B + A ◦ L(B)
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for all A,B in Pc. A derivation L is said to be inner if there exists H ∈ Pc such
that

L(A) = {H,A}
for all A ∈ Pc. It is said to be outer if it is not of this form.

The set of all derivations Der(Pc) of Pc forms a Lie–Jordan algebra under the
multiplications (18). We can give the basic theorem regarding derivations of this
Lie–Jordan algebra.

THEOREM (Wollenberg). Every derivation L of Pc is of the form

LA = {H,A} + b

(
A−

n∑
k=1

akpk ◦ {qk,A} +
n∑

k=1

(1− ak)qk ◦ {pk,A}
)

,

where A in P , and ak, b in C.

As a result, an arbitrary derivation of Pc is a linear combination of an inner
derivation {H, ·} and an explicitly determined outer derivation

Louter = L+1 −
n∑

k=1

akL
+
pk

L−qk
+

n∑
k=1

(1− ak)L
+
qk

L−pk
.

As a result, the Lie–Jordan algebra Pc admits outer derivations. Note that

π(Louter) = L+I −
n∑

k=1

akL
+
Pk

L−Qk
+

n∑
k=1

(1− ak)L
+
Qk

L−Pk
,

but π({H,A}) �= (1/ih̄)[π(H), π(A)].
Consider now an associative algebra Pq over C generated by finite linear com-

binations and finite powers of elements Q, P where QP − PQ = ih̄I . Then Pq

is a Lie–Jordan algebra with respect to the commutator A ·B = (1/ih̄)[A,B] and
anticommutator A ◦ B = (1/2)(AB + BA) for A, B in Pq .

DEFINITION. A derivation of a Lie–Jordan algebra <Pq, ◦, ·> is a linear oper-
ator L on Pq satisfying

L(A · B) = (LA) · B + A · (LB),

L(A ◦ B) = L(A) ◦ B + A ◦ L(B)

for all A,B in Pq . A derivation L is said to be inner if there exists an H ∈ Pq

such that

L(A) = H · A = 1

ih̄
[H,A]

for all A ∈ Pq . It is said to be outer if it is not of this form.
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We can give the basic theorem regarding derivations of this algebra.

THEOREM. Each derivation of the Lie–Jordan algebra Pq is inner.

As a result, the Lie–Jordan algebra Pq does not admit outer derivations.

Weyl quantization of Poisson bracket and commutator

The following statement is well known.

STATEMENT. If π is a Weyl quantization, then the inequality

π
({A,B}) �= 1

ih̄

[
π(A), π(B)

]
is valid for a wide class of smooth square-integrable functions A(q, p) and
B(q, p).

As a result, the Weyl quantization π is not a map that assigns to a Poisson
bracket exactly one commutator. The same is true for the inverse operation.

The Weyl symbol of the commutator [A,B] has the form

([A,B])
W

(p, q) = −2iAW (p, q)

(
sin

h̄P
2

)
BW(p, q).

Here P is the operator

P = ←−
∂p
−→
∂q −←−

∂q
−→
∂p =

←−−
∂

∂p

−−→
∂

∂q
−
←−−
∂

∂q

−−→
∂

∂p
,

such that AWPBW = −{AW,BW }.
Weyl quantization can not be considered as a map of a Poisson bracket into

a commutator. Therefore, it is interesting to obtain a quantum analog of Poisson
bracket on R2n.

A classical observable is a function on R2n. We shall denote the linear space
of all smooth functions on R2n by C∞(R2n). We say that R2n is endowed with a
Poisson structure if we are given an operation assigning to every pair of functions
A,B ∈ C∞(R2n) a new function {A,B} ∈ C∞(R2n), which is linear in A and B

and satisfies the following conditions:

(1) the skew-symmetry, {A,B} = −{B,A},
(2) the Jacobi identity, {{A,B}, C} + {{B,C}, A} + {{C,A}, B} = 0,
(3) the Leibnitz rule, {A,BC} = {A,B}C + B{A,C}.

Requirements (1) and (2) are the axioms of a Lie algebra. In this way, the space
C∞(R2n), together with the Poisson bracket becomes a Lie algebra. We can define
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the Jordan multiplication

A ◦ B = A(x)B(x),

where AB is the usual pointwise multiplication. Then requirement (3) expresses
that the Lie operation { , } is connected with the Jordan multiplication. As a result,
we define two bilinear multiplications on C∞(R2n) denoted by symbols { , }
and ◦. In this case, the Lie–Jordan algebra <C∞(R2n), ◦, { , }> on C∞(R2n) is
said to be defined.

In local coordinates (q, p) = (q1, . . . , qn, p1, . . . , pn), the expression

(31){A,B} =
n∑

k=1

(
∂A

∂qk

∂B

∂pk

− ∂A

∂pk

∂B

∂qk

)

determines the standard Poisson bracket for A,B ∈ C∞(R2m).
In order to derive a quantum analog of this bracket, we should rewrite equation

(31) by using the multiplication operators L±qk
and L±pk

. To realize this represen-
tation, we consider the following equivalent form of (31). Using the relations

∂A

∂qk

∂B

∂pk

= ∂

∂qk

(
A

∂B

∂pk

)
− A

∂

∂qk

∂B

∂pk

,

∂A

∂pk

∂B

∂qk

= ∂

∂pk

(
A

∂B

∂qk

)
− A

∂

∂pk

∂B

∂qk

,

we obtain

{A,B} =
n∑

k=1

(
∂

∂qk

(
A

∂

∂pk

B

)
− ∂

∂pk

(
A

∂

∂qk

B

))

(32)−
n∑

k=1

A

(
∂

∂qk

∂

∂pk

− ∂

∂pk

∂

∂qk

)
B.

If B = B(q, p) is a smooth function, then

∂

∂qk

∂B

∂pk

− ∂

∂pk

∂B

∂qk

= 0 (k = 1, . . . , n)

and the Poisson bracket can be defined by

(33){A,B} =
n∑

k=1

(
∂

∂qk

(
A

∂

∂pk

B

)
− ∂

∂pk

(
A

∂

∂qk

B

))
.

Let us consider the operator L+A such that

L+A(q,p)B(q, p) = A(q, p) ◦ B(q, p) = A(q, p)B(q, p)

for all A,B in C∞(R2n). It is not hard to prove the following theorem.



17.4. Quantization of Poisson bracket 375

THEOREM. Let A(q, p) be an element of C∞(R2n). Then every operator L+A(q,p)

on C∞(R2n) is of the form

(34)L+
A(q,p)

= A
(
L+q , L+p

)
.

This theorem is proved by using the equation

(35)L+A◦B = L+AL+B −
h̄

4
L−BL−A

with h̄ = 0.
The following corollary follows immediately from this theorem.

COROLLARY. Every pointwise multiplication C∞(R2n) is of the form

(36)A(q, p)B(q, p) = A
(
L+q , L+p

)
B(q, p)

for all A,B ∈ C∞(R2n).

PROOF. Using the theorem, we have

A(q, p)B(q, p) = L+
A(q,p)

B(q, p) = A
(
L+q , L+p

)
B(q, p). �

As a result, we obtain the following important statement.

STATEMENT. Let A(q, p) be an element of C∞(R2n). Then A(q, p) can be rep-
resented in the form

(37)A(q, p) = A
(
L+q , L+p

)
1.

PROOF. If B(q, p) = 1, then (36) gives (37). �

Substitution of equation (37) in the form

B(q, p) = B
(
L+q , L+p

)
1

into equation (36) gives

(38)A(q, p)B(q, p) = A
(
L+q , L+p

)
B
(
L+q , L+p

)
1.

As a result, the pointwise multiplication of A,B ∈ C∞(R2n) is represented as a
multiplication of operators A(L+q , L+p ) and B(L+q , L+p ).

In quantum mechanics, a quantum analog of equation (37) is valid in the form

A(Q,P ) = A
(
L+Q,L+P

)
I,
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where A(Q,P ) is a Weyl-ordered operator. Let us consider a quantum analog of
(38). In general, we have

A(Q,P )B(Q,P ) �= A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
I

for usual multiplication AB of operators. Therefore we define the following new
multiplicative binary operation for a set of operators. The multiplication ∗ defined
by the formula

A(Q,P ) ∗ B(Q,P ) = A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
I

is called the Weyl product. This binary operation assigns to the Weyl-ordered op-
erators A(Q,P ) and B(Q,P ) exactly one Weyl-ordered operator.

Equation (33) has differential operators. The operators L−q and L−p are first
order differential operators such that

L−qk
B(q, p) = {qk, B} = ∂B

∂pk

, L−pk
B(q, p) = {pk, B} = − ∂B

∂pk

.

Let us give the basic theorem regarding Poisson bracket.

THEOREM. Let A(q, p) be an element of C∞(R2n). Then every operator L−
A(q,p)

on C∞(R2n) is of the form

(39)L−A(q,p) =
n∑

k=1

(
L−qk

A
(
L+q , L+p

)
L−pk

− L−pk
A
(
L+q , L+p

)
L−qk

)
.

PROOF. Using (36) and the operators L−q and L−p , we obtain the relations

(40)A(q, p)
∂

∂pk

B(q, p) = A
(
L+q , L+p

)
L−qk

B(q, p),

(41)A(q, p)
∂

∂qk

B(q, p) = −A
(
L+q , L+p

)
L−pk

B(q, p).

Substitution of (40) and (41) into (33) gives

{A,B} =
n∑

k=1

(−L−pk
A
(
L+q , L+p

)
L−qk

B(q, p)

(42)+ L−qk
A
(
L+q , L+p

)
L−pk

B(q, p)
)
.

The Poisson brackets can be presented in the form

(43){A,B} = L−A(q,p)B(q, p).

As a result, equations (42) and (43) give (39). �
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We can present the Poisson bracket by the equation

{A,B} = L−
A(q,p)

L+
B(q,p)

1,

where L−A(q,p) is determined by (39) and L+B(q,p) by equation (34). As a result,
we obtain the following theorem.

THEOREM. Let A(q, p) and B(q, p) be elements of C∞(R2n). Then each Pois-
son bracket {A(q, p), B(q, p)} on C∞(R2n) is of the form

L−A(q,p)L
+
B(q,p)1 =

n∑
k=1

(
L−qk

A
(
L+q , L+p

)
L−pk

B
(
L+q , L+p

)
− L−pk

A
(
L+q , L+p

)
L−qk

B
(
L+q , L+p

))
1.

The Weyl quantization is realized by the rules

πW

(
L±qk

) = L±Qk
, πW

(
L±pk

) = L±Pk
,

πW

(
L
[
L±q , L±p

]) = L
[
L±Q,L±P

]
,

where Â = πW(A), πW(1) = I , and

L−QÂ = 1

ih̄

[
Q, Â

] = 1

ih̄

(
QÂ− ÂQ

)
, L+QÂ = 1

2

(
QÂ+ ÂQ

)
.

As a result, the Weyl quantization maps the Poisson bracket into the relation

πW

({
A(q, p), B(q, p)

}) = n∑
k=1

(
L−Qk

A
(
L+Q,L+P

)
L−Pk

B
(
L+Q,L+P

)
(44)− L−Pk

A
(
L+Q,L+P

)
L−Qk

B
(
L+q , L+P

))
I.

This is the quantum analog of the Poisson bracket.
In the general case, the right hand side of equation (44) cannot be presented as

a commutator, and

π
({

A(q, p), B(q, p)
}) = π

(
L−

A(q,p)
B(q, p)

) �= L−
A(Q,P )

B(Q,P ),

where A(Q,P ) = πW(A(q, p)) and B(Q,P ) = πW(B(q, p)), since h̄ �= 0 in
relation (35).

17.5. Discontinuous functions and nonassociative operators

For discontinuous functions B(q, p) such that

(45)
∂

∂qk

∂B(q, p)

∂pk

�= ∂

∂pk

∂B(q, p)

∂qk

,
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we should take into account the second sum of (32). Using(
∂

∂qk

∂

∂pk

− ∂

∂pk

∂

∂qk

)
B(q, p) = −(L−pk

L−qk
− L−qk

L−pk

)
B(q, p),

inequality (45) can be presented in the form

(46)
(
L−pk

L−qk
− L−qk

L−pk

)
B(q, p) �= 0.

In this case, the Poisson bracket (32) is defined by the equation

{A,B} = L−
A(q,p)

B(q, p),

where

L−A(q,p) = {A, ·} =
n∑

k=1

(
L−qk

A
(
L+q , L+p

)
L−pk

− L−pk
A
(
L+q , L+p

)
L−qk

)

(47)+
n∑

k=1

A
(
L+q , L+p

)(
L−pk

L−qk
− L−qk

L−pk

)
.

Let B(q, p) be a discontinuous function on R2n. If B̂ = B(Q,P ) is an operator
that corresponds to B(q, p), then the Weyl quantization of inequality (46) gives

(48)
(
L−Pk

L−Qk
− L−Qk

L−Pk

)
B(Q,P ) �= 0.

This relation can be represented through associators.

THEOREM. Let B(q, p) be a discontinuous function on R2n, and let B̂ =
B(Q,P ) be an operator that corresponds to B(q, p). Then the inequality

−(P,Q, B̂
)+ (

P, B̂,Q
)− (

Q, B̂, P
)+ (

Q,P, B̂
) �= 0

should be valid for the operator B̂.

PROOF.(
L−Pk

L−Qk
− L−Qk

L−Pk

)
B̂ = − 1

h̄2

([
P,

[
Q, B̂

]]− [
Q,

[
P, B̂

]])
= − 1

h̄2

(
P
(
QB̂

)− P
(
B̂Q

)− (
QB̂

)
P + (

B̂Q
)
P

−Q
(
P B̂

)+Q
(
B̂P

)+ (
P B̂

)
Q− (

B̂P
)
Q
)

= − 1

h̄2

(−(P,Q, B̂
)+ (

P, B̂,Q
)− (

Q, B̂, P
)

+ (
Q,P, B̂

))
. �
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If B̂ is an associative operator, then

−(P,Q, B̂
)+ (

P, B̂,Q
)− (

Q, B̂, P
)+ (

Q,P, B̂
) = 0,

and (
L−Pk

L−Qk
− L−Qk

L−Pk

)
B̂ = 0.

As a result, we obtain that an associative operator cannot describe a discontinuous
function. Then the quantization should be a rule that assigns to each discontinuous
function exactly one nonassociative operator. A consistent formulation of the rule
is an open question. We illustrate this problem by the following remarks. It is well
known that the function

B(q, p) =
{

q2−p2

q2+p2 , q2 + p2 �= 0,

0, q2 + p2 = 0

has the following derivatives at (q, p) = (0, 0):

∂

∂qk

∂B(q, p)

∂pk

= 1,
∂

∂pk

∂B(q, p)

∂qk

= −1.

Let B̂ = B(Q,P ) be an operator that corresponds to this function. In the matrix
representation, the operator B̂ is described by the matrix

bkl = <k|B̂|l>.

In the general case, the multiplication of infinite matrices is not associative

(AB)C �= A(BC),

or

(49)
∞∑
l=1

( ∞∑
k=1

aikbkl

)
clj �=

∞∑
k=1

aik

( ∞∑
l=1

bklclj

)
.

This can be easy demonstrated by the following example. If akl = ckl = 1 for all
k and l, then inequality (49) gives

∞∑
l=1

( ∞∑
k=1

bkl

)
�=

∞∑
k=1

( ∞∑
l=1

bkl

)
.

As an example of a matrix satisfying this condition, we can take

bkl =

⎧⎪⎪⎨
⎪⎪⎩

(k−l)

2k+l−2
(k+l−3)!

(k−1)(l−1)
, k, l > 1,

2−(k−1), k > 1, l = 1,

−2−(l−1), l > 1, k = 1,

0, k = l = 1.
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In this case, we have

∞∑
l=1

( ∞∑
k=1

bkl

)
= 1,

∞∑
k=1

( ∞∑
l=1

bkl

)
= −1.

As a result, the operator B̂ can be nonassociative.
Let B(q, p) be a discontinuous function. If the functions

∂B(q, p)

∂qk

= −{pk, B(q, p)
}
,

∂B(q, p)

∂pk

= {
qk, B(q, p)

}
are continuous, then {A(q, p), B(q, p)} is a continuous function for all A(q, p) ∈
C∞(R2n). In this case, the operator B(Q,P ) = π(B(q, p)) can be considered as
an element of an operator commutant-associative algebra and a Valya algebra. We
say that M is a commutant-associative algebra if the commutant of this algebra
is an associative subalgebra. A commutant of M is a subalgebra of M generated
by all commutators [A,B], where A,B ∈ M. If M is a commutant-associative
algebra, then M(−) is a Valya algebra. We say that M is a Valya algebra if the
commutant M′ of this algebra is a Lie subalgebra. A Valya algebra is a gener-
alization of a Lie algebra. Let us give the important examples regarding Valya
algebras.

(1) Every finite Valya algebra is the tangent algebra of an analytic local
commutant-associative loop (Valya loop) as each finite Lie algebra is the tangent
algebra of an analytic local group (Lie group).

(2) A bilinear operation for the differential 1-forms

α = αk(x) dxk, β = βk(x) dxk

on a symplectic manifold (M, ω) can be introduced by the rule

(α, β) = dΨ (α, β)+ Ψ (dα, β)+ Ψ (α, dβ),

where (α, β) is 1-form, and Ψ (α, β) = Ψ klαkβl . A set of all nonclosed 1-forms,
together with this operation, is a Lie algebra. If α and β are closed 1-forms, then
dα = dβ = 0 and

(50)(α, β) = dΨ (α, β).

A set of all closed 1-forms, together with the bracket (50), form a Lie algebra.
A set of all nonclosed 1-forms together with the bilinear operation (50) is a Valya
algebra, and it is not a Lie algebra.

For other examples of Valya algebra and loop see [157].



Chapter 18

Quantum Dynamics of States

18.1. Evolution equation for normalized operator

Trace equation

Let A be an operator, and let Tr[A] <∞ be a trace of A. Using

Tr[A] =
∫

dx <x|A|x>,
d|x>

dt
= 0,

we obtain

d

dt
Tr[At ] = Tr

[
d

dt
At

]
.

Using dAt/dt = LAt , we have

d

dt
Tr[At ] = Tr[LAt ],

and Tr[At ] = const if Tr[LAt ] = 0.

Trace-preserving equation

The observables of a quantum system are identified with self-adjoint linear oper-
ators. The state of the quantum system is identified with the density operator, i.e.,
with the self-adjoint, nonnegative, linear operator of unit trace. Then the state can
be considered as an observable with unit trace.

Let At = Φt(A) be an operator that satisfy the equation

(1)
d

dt
At = ∂

∂t
At + L(At ).

In general, the operator At is not an observable of unit trace for all t > 0, and
Tr[At ] �= 1 for some t > 0. We can define the operator

(2)Āt = 1

Tr[At ]At .

381
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It is not hard to prove that Āt is an operator with unit trace Tr[Āt ] = 1 for all
t � 0. Differentiation of (2) with respect to t gives

(3)
d

dt
Āt = ∂

∂t
Āt + L

(
Āt

)− Āt Tr
[
L
(
Āt

)]
,

This equation will be rewritten in the form

d

dt
Āt = ∂

∂t
Āt + L̃

(
Āt

)
,

where

L̃(A) = L(A)− A Tr
[
L(A)

]
.

Equation (3) is called the trace-preserving evolution equation in the Heisenberg
picture. If Tr[L(A)] = 0 for all A ∈ D(L), then L̃(A) = L(A). For example,
L = (1/ih̄)[H,A] gives L̃ = L. Note, that

Tr
[
L̃
(
Āt

)] = 0

for all t � 0.
In general, Āt �= Φt(Ā). Using At = ΦtA, we obtain Āt = Φ̂t Ā, where Φ̂t is

a nonlinear superoperator such that

Φ̂t Ā =
(
Tr[ΦtĀ]

)−1
ΦtĀ =

(
Tr[ΦtA]

)−1
ΦtA,

where Ā = A/ Tr[A].

Density operator in the Heisenberg picture

Suppose ρ is a density operator. In general, Tr[Φtρ] �= 1. Then Φtρ cannot be
considered as a density operator at t > 0. Let us define the operator

ρH (t) = ρ̄t = 1

Tr[Φtρ]Φtρ.

If ρH (t) is nonnegative for all t � 0 and L is a real superoperator, then ρH (t) is a
density operator in the Heisenberg picture. The operator ρH (t) can be considered
as an observable. The equation determining the evolution of any such operator
ρH (t) is

d

dt
ρH (t) = ∂

∂t
ρH (t)+ L̃

(
ρH (t)

)
,

or

d

dt
ρH (t) = ∂

∂t
ρH (t)+ L

(
ρH (t)

)− ρH (t) Tr
[
L
(
ρH (t)

)]
.

In general, dρH (t)/dt �= 0.
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18.2. Quantization for Hamiltonian picture

Suppose that a classical system, whose pure state is determined by a point (q, p)

in 2n-dimensional phase-space R2n, is described by the equation

(4)
d

dt
�(t, qt , pt ) = −Ω(qt , pt )�(t, qt , pt ),

where

Ω(q, p) = −
n∑

k=1

JL
[
qk, pk

]
,

JL
[
qk, pk

] = L
({

qk, pk
})− {

L
(
qk
)
, pk

}− {
qk,L

(
pk
)}

.

Equation (4) is the classical Liouville equation in the Hamiltonian picture. Note
that this equation can be presented in the form

(5)
d

dt
�(t, qt , pt ) = −Ω

[
L+qt

, L+pt

]
�(t, qt , pt ),

If the classical system is Hamiltonian, then Ω(q, p) = 0 and �(t, qt , pt ) is an
integral of motion.

The Weyl quantization of equation (5) gives

(6)
d

dt
�t = −Ω

[
L+Q,L+P

]
�t ,

where �t = π(�(t, qt , pt )), and

Ω
[
L+Q,L+P

] = π
(
Ω
[
L+q , L+p

])
.

Note that

Ω
[
L+Q,L+P

]
I = Ω(Q,P ) = π

(
Ω(q, p)

) = − n∑
k=1

JL(Qk, Pk).

Equation (6) is the quantum Liouville equation in the Heisenberg picture. The
quantum system is dissipative if the right hand side of (6) is not equal to zero.

In general, Tr[�t ] �= 1. Let us define the following operator of unit trace:

ρt = �̄t = �t

Tr[�t ] .
Then equation (6) gives

d

dt
ρt = −Ω

[
L+Q,L+P

]
ρt + ρt Tr

[
Ω
[
L+Q,L+P

]
ρt

]
.

This nonlinear equation can be presented in the form

d

dt
ρt = −Ω̃

[
L+Q,L+P

]
ρt ,
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where

Ω̃
[
L+Q,L+P

] = Ω
[
L+Q,L+P

]− Tr
[
Ω
[
L+Q,L+P

]
ρt

]
LI .

This equation is the trace-preserving quantum Liouville equation in the Heisen-
berg picture.

If Lt is a constant superoperator (Lt = L), then the formal solution of this
equation can be written in the form

ρt = 1

Tr[Et ρ0]Et ρ0.

For quantum Hamiltonian systems,

JL(Qk, Pk) = 0, Ω
[
L+Q,L+P

] = 0, Et = LI ,

and equation (6) gives

d

dt
ρt = 0.

As a result, ρt is not changed in time, ρt = ρ0. Then the density operators of
Hamiltonian systems are integrals of motion.

18.3. Expectation values for non-Hamiltonian systems

Expectation values and evolution of density operator

The state of a quantum system is identified with the density operator. The expec-
tation value of an observable A on a state ρ is then computed with the formula

<A> = (ρ|A) = Tr[ρA].
Here we have not mentioned time and have completely ignored the time evolution
of the state. If the system is Hamiltonian, then the density operator is an integral
of motion, and the time evolution of ρ can be ignored. For dissipative quantum
systems,

d

dt
ρH (t) �= 0,

where ρH (t) be a density operator in the Heisenberg picture. Then the expectation
value of an observable At on a state ρt = ρH (t) can be defined by the formula

(7)<At>t = (ρt |At) = Tr[ρtAt ].
In the conventional formulations of quantum theories, the expectation value of

an observable At at t �= 0 is computed on a state ρ0 at t = 0 by the formula

<At> = (ρ0|At) = Tr[ρ0At ].



18.3. Expectation values for non-Hamiltonian systems 385

If the systems is Hamiltonian, then ρt = ρ0. In the general case, ρt �= ρ0. As a
result, the expectation value at t �= 0 must be defined by an observable At at the
instant t and by a state ρt at the same instant t �= 0.

STATEMENT. If At is an observable of a dissipative quantum system, then

d

dt
<At>t = <At

d ln ρt

dt
>t +<

dAt

dt
>t .

PROOF. Differentiation of (7) with respect to t gives

d

dt
<At>t = d

dt
Tr[ρtAt ] = Tr

[
d

dt
(ρtAt )

]

= Tr

[(
d

dt
ρt

)
At + ρt

(
d

dt
At

)]
= <At

d ln ρt

dt
>t +<

dAt

dt
>t .

�

The following corollary follows immediately from the statement.

COROLLARY. If At is an observable of a quantum Hamiltonian system, then

d

dt
<At>t = <

d

dt
At>t .

The following properties of the expectation value (7) are satisfied:

(1) <aAt + bBt>t = a<At>t + b<Bt>t .
(2) <At>

∗
t = <A∗t >t .

(3) <I>t = 1.
(4) <0>t = 0.

These properties of the expectation value <At>t for At = Φt(A) give the
following properties of the superoperator Φt :

(1) Φt(aA+ bB) = aΦt(A)+ bΦt(B).
(2) Φt(A)∗ = Φt(A

∗).
(3) Φt(I ) = 1.
(4) Φt(0) = 0.

Let L be a generating superoperator for Φt . The properties of Φt give the fol-
lowing conditions for L:

(1) L(aAt + bBt ) = aL(At )+ bL(Bt ).
(2) L(At )

∗ = L(A∗t ).
(3) L(I ) = 0.
(4) L(0) = 0.

Using LΦt = ΦtL, we can consider these properties for t = 0.
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Dual equation for density operator

The expectation value (7) can be presented in the form

<At>t = (ρt |At) = (Et ρ|ΦtA) = (Φ̄tEt ρ|A),

where Φ̄t is adjoint of Φt . If Ω(Q,P ) = 0, then Et = LI for all t � 0 and
<At>t = Tr[Φ̄tρA].

Let us define the following density operator

(8)ρs(t) = Φ̄tρt = Φ̄tEt ρ0.

Differentiation of (8) gives

d

dt
ρs(t) = d

dt

(
Φ̄tρt

) = dΦ̄t

dt
ρt + Φ̄t

d

dt
ρt .

We can use the equations

dΦ̄t

dt
= Φ̄t L̄,

d

dt
ρt = −Ω̃ρt .

As a result, we obtain

(9)
d

dt
ρs(t) = Φ̄t L̄ρt − Φ̄t Ω̃ρt .

If Φ̄−1
t is left inverse of Φ̄t , then equation (9) has the form

(10)
d

dt
ρs(t) = L̄sρs(t)− Ω̄sρs(t),

where Ls = Φ̄t L̄Φ̄−1
t , and Ω̄s = Φ̄t Ω̃Φ̄−1

t . Using Φ̄t L̄ = L̄Φ̄t , we obtain
L̄s = L̄. If Ω̃ = 0, then equation (10) gives

(11)
d

dt
ρs(t) = L̄ρs(t),

where L̄ is an adjoint superoperator of L. As a result, we obtain that equation (11)
is a special case of (10) for nondissipative quantum systems. In the conventional
formulation of quantum mechanics, equation (11) is used for quantum dissipative
systems. Note that this is connected with some problems in quantum theory.

Alpha-pi problem

In the quantum theory of non-Hamiltonian systems, there exists the following
problem. Let αq be a map from a set of superoperators into a set of adjoint su-
peroperators, and let αc be a map from a set of operators into a set of adjoint
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operators. In general, we have the inequality

παc �= αqπ,

where π is a quantization map. In order to have the equality παc = αqπ , it should
be used as an additional requirement for quantization procedure.

We illustrate this problem in the following remarks. If a classical observable
A(q, p) in the Hamiltonian picture is described by the equation

d

dt
A(q, p) = LcA(q, p),

then the quantization π gives

d

dt
A(Q,P ) = LqA(Q,P ),

where

π(Lc) = Lq, π
(
A(q, p)

) = A(Q,P ).

We suppose that a classical state ρ(t, q, p) in the Liouville picture is described
by

d

dt
ρ(t, q, p) = Λcρ(t, q, p),

and the quantization π gives

d

dt
ρ(t,Q, P ) = Λqρ(t,Q, P ),

where

π(Λc) = Λq, π
(
ρ(t, q, p)

) = ρ(t,Q, P ).

If Λc is an adjoint operator of Lc,

Λc = αc(Lc) = L̄c,

then in general we have

Λq �= L̄q,

where L̄q = αq(Lq), i.e.,

π
(
αc(Lc)

) �= αq

(
π(Lc)

)
.

As a result, we can have two quantum Liouville equation that are not equivalent.
This appearance of two nonequivalent equations for one quantum non-Hamil-
tonian system we call the απ-problem.
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Let us explain the used notations. Here Λc is adjoint of Lc if

(12)(ΛcA|B) = (A|LcB)

for all A,B ∈Mc. For Mc = L2(R
2n),

(A|B) =
∫

dq dp
(
A(q, p)

)∗
B(q, p).

If Mq is a Liouville space, then (A|B) = Tr[A∗B]. If condition (12) is valid,
then we write

Λc = αc(Lc), Λq = αq(Lq).

DEFINITION. If the Liouville picture (LP) is adjoint to Hamiltonian, and the
Heisenberg picture (HS) is obtained by quantization of the Hamiltonian picture,
then there exist two following Schrödinger pictures:

(1) the “QL”-Schrödinger picture that is obtained by the quantization of the LP;
(2) the “AH”-Schrödinger picture that is adjoint of HP.

In general, these Schrödinger pictures are not equivalent. The problem of the non-
equivalence of these pictures is called the απ-problem.

The απ-problem can be solved if we use the “Weyl representation” of quantum
dynamics. In particular, all equation in quantum theory must be ordered by the
same ordering rule that is used for observables.

In the “Weyl representation” of quantum kinematics, a set of quantum observ-
ables is considered as a Lie–Jordan algebra of Weyl ordered operators. In order
to all operators be Weyl ordered, the Weyl multiplication must be used instead of
usual multiplication. Each algebraic operation on a set of quantum observables
must assign to Weyl ordered operators exactly one Weyl ordered operator.

In the “Weyl representation” of quantum dynamics, all evolution superopera-
tors must be real Weyl ordered superoperators. The time evolution of quantum
systems must be described by superoperators that assign to each Weyl ordered
operator exactly one Weyl ordered operator.

Dual equation for observable

Let us define the operator

As(t) = Φ̄tAt = Φ̄tΦtA.

Differentiation of As(t) gives

d

dt
As(t) = d

dt

(
Φ̄tAt

) = dΦ̄t

dt
At + Φ̄t

dAt

dt
.
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If

dΦ̄t

dt
= ∂

∂t
Φ̄t + Φ̄t L̄,

then

d

dt
As(t) = ∂

∂t
As(t)+ Φ̄t

(
L̄(At )

)+ Φ̄t

(
L(At )

)
.

Let Φ̄−1
t be a left inverse superoperator of Φ̄t , i.e., Φ̄−1

t (Φ̄t (A)) = A for all
A ∈ H̄. Then we can define the superoperators

Ls = Φ̄tLΦ̄−1
t , L̄s = Φ̄t L̄Φ̄−1

t = L̄.

In this case,

(13)
d

dt
As(t) = ∂

∂t
As(t)+ L̄s(As)+ Ls(As).

This is the Heisenberg equation in the Schrödinger picture. If L is a Hamiltonian
superoperator, then L̄ = −L, Ls = L, and equation (13) give

d

dt
As(t) = ∂

∂t
As(t).

This equation describes the time evolution of quantum observable of Hamiltonian
system in the Schrödinger picture.

18.4. Adjoint and inverse superoperators

Adjoint superoperator

Let L be a bounded superoperator on M. The adjoint of L is the superoperator L̄
defined by (L̄A|B) = (A|LB). The scalar product (A|B) = Tr[A∗B] gives the
condition

Tr
[
(L̄A)∗B

] = Tr
[
A∗L(B)

]
for all A,B ∈ M. If L is a real superoperator, then (LA)∗ = L(A∗). Using the
Leibnitz defect

ZL(A∗, B) = L(A∗B)− L(A∗)B − A∗L(B),

we obtain

Tr
[
A∗L(B)

] = Tr
[−L(A∗)B + L(A∗B)− ZL(A∗, B)

]
.

It is not hard to see that L̄ �= −L.
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STATEMENT. Let L be a bounded locally Hamiltonian superoperator (ZL(A,B)

= 0). If the condition

Tr
[
L(A)

] = 0

is valid for all A ∈M, then L̄ = −L.

If Φt is a norm continuous superoperator, i.e.,

lim
t→0+ ‖Φt − LI‖ = 0,

then there exists a bounded generating superoperator L such that

Φt = exp(tL), lim
t→0+

∥∥t−1(Φt − LI )− L
∥∥ = 0.

The superoperator Φ̄t is adjoint of Φt if

(Φ̄tA|B) = (A|ΦtB).

If L is Hamiltonian, then L̄ = −L, and the superoperator Φ̄t = exp(tL̄), is
inverse of Φt such that

Φ̄t = Φ−1
t = exp(−tL).

In the general case, we have the inequalities

Φ̄t �= Φ−1
t , L̄ �= −L.

An adjoint superoperator Φ̄t of Φt is not inverse of Φt .

Inverse superoperator

Let us consider the linear operator differential equation

d

dt
At = LtAt ,

where Lt is a one-parameter superoperator which depends continuously on t . We
assume that for each fixed t this superoperator is the bounded superoperator on
a Banach space M. The solution of the Cauchy problem for this equation exists
and is unique. This solution can be written in the form At = ΦtA, where the
superoperator Φt is the sum of the series

Φt = T

{
exp

t∫
0

dτLτ

}
.
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If Lt is a constant superoperator (Lt = L), then Φt = exp(tL). The superoperator
Φt can be considered as the solution of the Cauchy problem

(14)
d

dt
Φt = LΦt, Φ0 = LI

for this differential equation in the space A(M) of all bounded superoperators
acting on M.

A bounded inverse superoperator Φ−1
t exists for every t . This superoperator is

the solution of the Cauchy problem for the superoperator differential equation

d

dt
Φ−1

t = −LΦ−1
t , Φ−1

0 = LI ,

which is called the adjoint equation of (14).
As a result, for non-Hamiltonian superoperator L, we can define the superop-

erator

Φ−1
t = exp(−tL).

The superoperator Φ−1
t is a bounded norm continuous superoperator. It is not hard

to prove that Φ−1
t is inverse of Φt , and

(15)Φ−1
t Φt = ΦtΦ

−1
t = LI .

In general,

Φ−1
t �= Φ̄t .

Using (Φ̄tA|Φ̄tB) = (A|ΦtΦ̄tB), it is not hard to prove that

(16)(Φ̄tA|Φ̄tB) �= (A|B),

where (Φ̄tA|B) = (A|ΦtB) for all A,B ∈M. Equations (15) and (16) give

ΦtΦ̄t �= LI , ΦtΦ
−1
t = LI .

The Stone’s theorem states that, if Φ̄t is a superoperator such that ΦtΦ̄t = LI ,
then L is Hamiltonian.

As a result, an adjoint superoperator Φ̄t of Φt = exp(tL) is inverse if and
only if the generating superoperator L is Hamiltonian. An inverse superoperator
Φ−1

t of Φt = exp(tL) is adjoint if and only if the generating superoperator L is
Hamiltonian.
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18.5. Adjoint Lie–Jordan superoperator functions

Lie superoperator functions

Let M be an operator algebra. We define the Lie left superoperators L−A on M by

L−AB = A · B = 1

ih̄
(AB − BA).

STATEMENT. If Q and P are self-adjoint operators such that

(17)Q · P = I, Q ·Q = P · P = 0,

then L−Q and L−P are commutative superoperators, i.e.,

(18)L−QL−P = L−P L−Q.

PROOF. Using

L−AL−B = L−BL−A + L−A·B,

and Q · P = I , we obtain

L−QL−P = L−P L−Q + L−I .

The relation L−I A = (1/ih̄)(A− A) = 0 gives (18). �

It is not hard to prove that

L−Qk
L−Ql

= L−Ql
L−Qk

, L−Pk
L−Pl

= L−Pl
L−Pk

,

if Qk ·Ql = Pk · Pl = 0.

STATEMENT. Let L[L−Q,L−P ] be a superoperator function. Then L[L−Q,L−P ] is

a function of the commutative variables L−Q, and L−P . In particular, we have

L[L−Q,L−P ] = L[L−P , L−Q].

Let M be an operator algebra. We shall denote the linear space of all super-
operator functions L[L−Q,L−P ] on M by A−(M). The element of A−(M) will
be called the Lie superoperator function. For L1,L2 ∈ A−(M) we define the
product L1L2 as the superoperator functions (L1L2)A = L1(L2A) for A ∈ M.
With this definition of multiplication, A−(M) becomes a commutative algebra
of Lie superoperator functions.
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STATEMENT. Let A be a self-adjoint operator. If L̄−A = αq(L−A) is adjoint of L−A ,
then

L̄−A = −L−A.

PROOF. Let M be an operator algebra, together with the scalar product (A|B) =
Tr[A∗B]. If A∗ = A ∈M, then(

L̄−AB|C) = Tr
[(

L̄−AB
)∗

C
] = − Tr

[(
L−AB

)∗
C
]

= − Tr
[
(A · B)∗C

] = 1

ih̄
Tr
[
(AB − BA)∗C

]
= 1

ih̄
Tr[B∗AC − AB∗C]

= 1

ih̄
Tr[B∗AC − B∗CA] = Tr

[
B∗(A · C)

] = (B|L−AC). �

This statement gives

L̄−Q = −L−Q, L̄−P = −L−P .

Let L = L[L−Q,L−P ] be a superoperator polynomial. If there is a positive integer
n such that

L
[
zL−Q, zL−P

] = znL
[
L−Q,L−P

]
,

then L[L−Q,L−P ] is called the homogeneous polynomial of the order n.

COROLLARY. Let L = L[L−Q,L−P ] be a homogeneous superoperator polynomial
of the order n. Then the superoperator

L̄ = αq(L) = (−1)n+1L
[
L−Q,L−P

]
is adjoint of L[L−Q,L−P ].
Jordan superoperator functions

Let M be an operator algebra. We define the Jordan left superoperators L+A on M
by

L+AB = A ◦ B = 1

2
(AB + BA).

STATEMENT. If Q and P are self-adjoint operators and relations (17) are valid,
then L+Q and L+P are commutative superoperators, i.e.,

(19)L+QL+P = L+P L+Q.
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PROOF. Using

L+AL+B = L+BL+A +
h̄2

4
L−A·B,

and Q · P = I , we obtain

L+QL+P = L+P L+Q +
h̄2

4
L−I ,

then the relation L−I = 0 gives (19). �

It is not hard to prove that

L+Qk
L+Ql

= L+Ql
L+Qk

, L+Pk
L+Pl

= L+Pl
L+Pk

,

if Qk ·Ql = Pk · Pl = 0.

STATEMENT. Let L[L+Q,L+P ] be a superoperator function. Then L[L+Q,L+P ] is

a function of the commutative variables L+Q, and L+P . In particular, we have

L[L+Q,L+P ] = L[L+P , L+Q].

Let M be an operator algebra. We shall denote the linear space of all super-
operator functions L[L+Q,L+P ] on M by A+(M). The element of A+(M) will
be called the Jordan superoperator function. For L1,L2 ∈ A+(M) we define the
product L1L2 as the superoperator functions (L1L2)A = L1(L2A) for A ∈ M.
With this definition of multiplication, A+(M) becomes a commutative algebra
of Jordan superoperator functions.

STATEMENT. Let A ∈M be a self-adjoint operator. If L̄+A = αq(L+A) is adjoint
of L+A , then

L̄+A = L+A.

PROOF. Let M be an operator algebra, together with the scalar product (A|B) =
Tr[A∗B]. Then(

L̄+AB|C) = Tr
[(

L̄+AB
)∗

C
] = Tr

[(
L+AB

)∗
C
]

= Tr
[
(A ◦ B)∗C

] = 1

2
Tr[B∗AC + AB∗C]

= 1

2
Tr[B∗AC + B∗CA]

= Tr
[
B∗(A ◦ C)

] = (B|L+AC). �



18.5. Adjoint Lie–Jordan superoperator functions 395

This statement gives

L̄+Q = L+Q, L̄+P = L+P .

COROLLARY. Let L = L[L+Q,L+P ] be a superoperator polynomial. Then the su-
peroperator

L̄ = L
[
L+Q,L+P

]
is adjoint of L[L+Q,L+P ].

This corollary gives that all elements of A+(M) are self-adjoint.

Adjoint superoperator functions

Let us give the basic theorem regarding adjoint superoperators.

THEOREM. Let J = J [L+Q,L+P ] be a Jordan superoperator function, and let

Pn = Pn[L−Q,L−P ] be a homogeneous Lie superoperator polynomial of the or-
der n. Then

L̄ = αq(L) = (−1)nPn

[
L−Q,L−P

]
J
[
L+Q,L+P

]
is an adjoint superoperator of the superoperator

L = J
[
L+Q,L+P

]
Pn

[
L−Q,L−P

]
.

PROOF. If L̄ = (−1)nPnJ , then

(L̄B|C) = (−1)n(PnJB|C).

Using (−1)n(PnBJ |C) = (BJ ,PnC), where BJ = JB, we obtain

(L̄B|C) = (JB|PnC).

The equation (JB|Cn) = (B,JCn), where Cn = PnC, gives

(L̄B|C) = (B|LC).

This ends the proof. �

The following corollary follows immediately from the theorem.

COROLLARY. Let L be a superoperator function of the form

(20)L
[
L+Q,L+P , L−Q,L−P

] =∑
n=0

Jn

[
L+Q,L+P

]
Pn

[
L−Q,L−P

]
,
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where Jn[L+Q,L+P ] are Jordan superoperator functions, and Pn[L−Q,L−P ] are ho-

mogeneous Lie superoperator polynomial of the order n. If L̄ is an adjoint of the
superoperator (20), then

L̄ =
∑
n=0

(−1)nPn

[
L−Q,L−P

]
Jn

[
L+Q,L+P

]
.

Example of adjoint superoperator function

Let us consider a classical system. If

dq

dt
= G(q, p),

dp

dt
= F(q, p),

then

(21)
d

dt
A(q, p) =

(
G(q, p)

∂

∂q
+ F(q, p)

∂

∂p

)
A(q, p).

Using the operators

L−BA(q, p) = {
B(q, p),A(q, p)

}
,

L+BA = B(q, p)A(q, p),

equation (21) can be presented in the form

d

dt
A(q, p) = L

[
L+q , L+p , L−q , L−p

]
A(q, p),

where

L
[
L+q , L+p , L−q , L−p

] = −G
[
L+q , L+p

]
L−p + F

[
L+q , L+p

]
L−q .

The Weyl quantization of this equation gives

d

dt
A(Q,P ) = L

[
L+Q,L+P , L−Q,L−P

]
A(Q,P ),

where

(22)L
[
L+Q,L+P , L−Q,L−P

] = −G
[
L+Q,L+P

]
L−P + F

[
L+Q,L+P

]
L−Q,

and L−BA = (1/ih̄)(BA − AB), L+BA = (1/2)(BA + AB). The superoperator
(22) is homogeneous with respect to L−Q and L−P of the order n = 1. It is not hard
to prove that the superoperator

(23)L̄ = L−P G
[
L+Q,L+P

]− L−QF
[
L+Q,L+P

]
is adjoint of (22).
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Note that L̄ can be presented as −L−Ω . To prove this, we use the relation

L−AL+B = L+A·B + L+BL−A
in the form

L−QL+P = L+P L−Q + L+I , L−P L+Q = L+QL−P − L+I .

Then the adjoint superoperator (23) will be presented as

L̄ = G
[
L+Q,L+P

]
L−P − F

[
L+Q,L+P

]
L−Q −Ω

[
L+Q,L+P

]
,

where Ω[L+Q,L+P ] is a Jordan superoperator function. If instead of q and p we

use L+Q and L+P , then the function

Ω(q, p) = ∂G(q, p)

∂q
+ ∂F (q, p)

∂p

gives Ω[L+Q,L+P ]. As a result, we have

αq(L) = L̄ = −L−Ω
[
L+Q,L+P

]
.

If L is a Hamiltonian superoperator, then Ω[L+Q,L+P ] = 0 and L̄ = −L.

18.6. Weyl multiplication and Weyl scalar product

Weyl multiplication

Let π be a Weyl quantization, and let A(q, p), B(q, p) be real-valued functions
on R2n. In general,

π(AB) �= π(A)π(B).

Then π(A)π(B) may not belong to a set of Weyl ordered operator, if π(A) and
π(B) are Weyl ordered. Moreover, π(A)π(B) is not a self-adjoint operator, and
it is not an observable.

Let M be a set of all observables, and let A,B be elements of M. In
general, the operator AB is not an element of M. Then the scalar product
(A|B) = Tr[AB], and the trace operation Tr[AB] is not defined on M. Using
Tr[AB] = Tr[BA], we can define

(24)(A|B) = Tr[A ◦ B],
where A ◦ B = (1/2)(AB + BA). If A,B ∈M, then A ◦ B ∈M.

We shall denote the linear space of all Weyl ordered self-adjoint operators
by MW . In general, a linear space MW , together with the binary operation A ◦B
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cannot be considered as an algebra. If A and B are Weyl ordered operators, then,
in general, A ◦ B is not Weyl ordered. As a result, the scalar product (24) cannot
be defined on MW by this equation.

If Q,P are self-adjoint operators such that

(25)Q · P = I, Q ·Q = P · P = 0,

then we can define an element A of MW as an operator function A(Q,P ) by the
equation

A(Q,P ) = A
(
L+Q,L+P

)
I.

As a result,

MW = {
A(Q,P ): A(Q,P ) = A

(
L+Q,L+P

)
I
}
.

For A(Q,P ), B(Q,P ) ∈MW , we define the product A(Q,P ) ∗B(Q,P ) as the
Weyl ordered self-adjoint operator such that

A(Q,P ) ∗ B(Q,P ) = A
(
L+Q,L+P

)
B(Q,P )

= A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
I.

This operation of multiplication is called the Weyl multiplication. If A,B ∈MW ,
then A ∗ B ∈MW is an observable.

In general, AB is not observable even if A and B are observable. Concepts
that correspond to impossible observation like “the product of observables that
is not observable” should be eliminated from theory. We should use the Weyl
multiplication.

The Weyl multiplication is a rule that assigns to each pair of Weyl ordered
operators A(Q,P ), B(Q,P ) exactly one Weyl ordered operator C(Q,P ) such
that

C
(
L+Q,L+P

) = A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
,

i.e., C(Q,P ) = A(L+Q,L+P )B(L+Q,L+P )I .
In the general case,

A(Q,P )B(Q,P ) �= A(Q,P ) ∗ B(Q,P ).

Note that from A ∈MW it does not follow that An ∈MW . In general,

A(Q,P )2 �= A(Q,P ) ∗ A(Q,P ).

Using L+QL+P = L+P L+Q, it is not hard to prove that

A(Q,P ) ∗ B(Q,P ) = B(Q,P ) ∗ A(Q,P )

for all A(Q,P ) and B(Q,P ) in MW . With this definition of multiplication, MW

becomes an algebra.
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STATEMENT. A linear space MW , together with the binary operation

A(Q,P ) ∗ B(Q,P ) = A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
I

is a commutative associative operator algebra of Weyl ordered operators.

Note that this important statement comes from the properties of Jordan super-
operator functions.

Weyl representation of quantum mechanics

Setting quantization of kinematics means establishing a general rule assigning
a quantum observable A(Q,P ) to each classical observable A(q, p). However,
quantization π is not uniquely defined by π(q) = Q and π(p) = P . To remove
the ambiguity, we apply certain ordering (quantization) rule, i.e., we fix a method
by which to each function A(q, p) of the numbers q, p there is a uniquely as-
signed function A(Q,P ) of the operators Q,P . If only functions of this type are
used in quantum mechanics, no ambiguity will arise.

There exists a natural requirement that must be satisfied in the quantum theory.
All quantum observables must be ordered by an ordering rule. This rule defines
the representation of the theory. If only ordered operators of this type are used
in quantum theory, then no ambiguity will arise. The Weyl ordering realizes the
Weyl representation of quantum mechanics in the algebraic approach. In order to
all operators be Weyl ordered, the Weyl multiplication must be used instead of
usual multiplication.

A unary operation on a set of quantum observables must assign to each element
of MW exactly one element of MW . A binary operation on a set of quantum
observables must be a map from MW ×MW into MW . The time evolution of
quantum systems must be described by superoperators that are maps from MW

into itself.

Weyl scalar product

The scalar product on MW can be defined by

(A|B)W = Tr[A ∗ B] = Tr
[
A
(
L+Q,L+P

)
B
(
L+Q,L+P

)
I
]
.

This product will be called the Weyl scalar product.

STATEMENT. If A,B ∈MW , then

(A|B)W = (A|B).
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PROOF. Suppose L is a Jordan superoperator function, and B is in MW . Then
(LB)∗ = LB, L̄ = L and

Tr
[
(LB)C

] = Tr
[
B(LC)

]
.

Let A(L+Q,L+P ) be a Jordan superoperator function. Then

(A|B)W = Tr
[
A(Q,P ) ∗ B(Q,P )

] = Tr
[
A
(
L+Q,L+P

)
B(Q,P )

]
= Tr

[
IA

(
L+Q,L+P

)
B(Q,P )

] = Tr
[(

A
(
L+Q,L+P

)
I
)
B(Q,P )

]
= Tr

[
A(Q,P )B(Q,P )

] = (A|B). �

As a result, the Weyl scalar product is equivalent to the usual scalar product in
a Hilbert operator space. Then MW can be considered as a Liouville space. Note
that the Weyl multiplication is not equivalent to the usual multiplication (and to
the Jordan product) of operators.

It is not hard to prove the following properties of the Weyl product:

Tr[A ∗ B] = Tr[B ∗ A],
Tr[A ∗ B ∗ C] = Tr[B ∗ C ∗ A] = Tr[C ∗ A ∗ B].

Using A ∗ B = B ∗ A, we have

Tr[A ∗ B ∗ C] = Tr[B ∗ A ∗ C].
For the usual multiplication of operators, we can obtain Tr[ABC] �= Tr[BAC].
As a result, we have the following statement.

STATEMENT. If A,B,C ∈MW , then

Tr[A ∗ B] = Tr[AB].
In the general case, there exists the inequality

Tr[A ∗ B ∗ C] �= Tr[ABC].

This statement shows that if the Weyl ordered operators are used, then we
should generalize the expectation values, the variance, and the correlators.

18.7. Weyl expectation value and Weyl correlators

Weyl expectation value

The observables of a quantum system can be considered as the elements of an op-
erator algebra MW . The state of the system can be identified with a Weyl ordered
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density operator, i.e., with a positive element ρ ∈ MW with unit trace. The ex-
pectation value of an observable A ∈MW on a state ρ ∈MW is then computed
with the formula

<A>W = (ρ|A)W = (ρ|A) = Tr[ρA] = <A>.

Note that from A ∈ MW it does not follow that A2 ∈ MW . In general, A2 /∈
MW , and

A ∗ A �= A2.

As a result, <A2> should be replaced by <A ∗ A>. The mean square of an
observable A is the expectation <A ∗ A>W . In general,

<A ∗ A>W �= <A2>.

The variance DWA of A ∈ MW should be defined as the mean square <(A −
aI)∗ (A−aI)>W of the difference A−aI , where a = <A>W is the expectation
of A. The following formula then holds

DWA = <A ∗ A>W −<A>2
W .

In the general case, DWA �= DA = <A2>−<A>2.
Note that Q ∗ Q = Q2 and P ∗ P = P 2. Then operators Q2 and P 2 are

elements of MW , and

ΔWQ =
√

<Q2>W −<Q>2
W =

√
<Q2>−<Q>2 = ΔQ,

ΔWP =
√

<P 2>W −<P>2
W =

√
<P 2>−<P>2 = ΔP.

As a result, the Heisenberg uncertainty principle ΔQΔP � h̄/2 on MW has the
form

ΔWQΔW P � h̄

2
.

In the general case, we have ΔWA �= ΔA, and ΔWAΔWB �= ΔAΔB.

Weyl correlators

If the observables A ∈ MW and B ∈ MW are mutually independent in MW ,
then

(26)<A ∗ B>W = <A>W<B>W.

Note that from (26) it does not follow that

<AB> = <A><B>, <BA> = <B><A>.
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For A,B ∈MW , the Weyl correlation coefficient is

CW(A,B) = (DWADWB)−1/2<(A− aI) ∗ (B − bI)>W ,

where a = <A>W , and b = <B>W . The correlation coefficient is an elementary
measure of dependence between the observables A,B ∈MW . If the observables
A and B are independent, then by using (26), we obtain

CW(A,B) = 0.

Note that from CW(A,B) = 0 it does not follow that C(A,B) = 0.
In general,

<A ∗ B>W = <B ∗ A>W, <A ∗ B>W �= <AB>.

Moreover, AB is not an observable, and A ∗ B is an observable. As a result, the
correlator (A;B) = <AB>, where A,B ∈ MW , cannot be used in the general
case. If A ∈MW , then we must define the Weyl correlator

(A;B)W = <A ∗ B>W,

where we can use <A ∗ B>W = <A ∗ B>. The Weyl λ-correlator should be
defined by

<A;B>λ,ρ = Tr
[
A ∗ ρλ ∗ B ∗ ρ1−λ

]
.

Using the fact that MW is commutative, we have

Tr
[
A ∗ ρλ ∗ B ∗ ρ1−λ

] = Tr
[
A ∗ B ∗ ρλ ∗ ρ1−λ

]
,

where ρλ∗ρ1−λ �= ρ, in general. The canonical correlator on MW will be defined
by

<A;B>λ =
1∫

0

dλ Tr
[
A ∗ ρλ ∗ B ∗ ρ1−λ

]
.

Weyl expectation and Wigner distribution function

Using the Wigner distribution function ρW(q, p), the expectation value <A> =
Tr[ρA] can be written in the form

(27)<A> =
∫

dq dp A(q, p)ρW (q, p),

where A(q, p) is a symbol of the Weyl ordered operator A.
We may be interested in the expectation values of certain powers of the ob-

servable A. For example, the mean square of an observable A is the expecta-
tion <A2>. In general, the operator A2 is not in the Weyl ordered form, so
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that equation (27) cannot be directly applied to it. If, however, we bring it into
this form by means of the commutation relations to find its Weyl symbol, then
symb(A2) �= (symb A)2. Therefore,

<A2> �=
∫

dq dp
(
A(q, p)

)2
ρW(q, p).

If we use the Weyl expectation value, then

<A2>W = <A ∗ A>W =
∫

dp dq
(
A(q, p)

)2
ρW(q, p).

The Weyl representation involves only concepts that are common to both quan-
tum and classical mechanics.

Derivation superoperator of order � k on MW

Let A(MW) be a set of all superoperators on MW . We define the Lie multiplica-
tion on A(MW) by

[LA∗,L] = LA∗L− LLA∗,

where LA∗ is a left Weyl multiplication by A, i.e.,

LA∗B = A ∗ B.

It allows us to define a derivation superoperator of order � k.

DEFINITION. A derivation superoperator of order � k on a commutative asso-
ciative algebra MW is a superoperator L such that[

LA0∗, [LA1∗, . . . [LAk∗,L . . .]] = 0

for all A0, A1, . . . , Ak ∈MW .

The derivation of order � k on MW is also called the locally Hamiltonian
superoperator of order � k.

A derivation superoperator of order � 1 is defined by the condition[
LA∗, [LB∗,L]

]
X = 0.

For X = I , this equation gives the Leibnitz rule

L(A ∗ B)− (LA) ∗ B − A ∗ (LB)+ A ∗ B ∗ L(I ) = 0.

Note that if L(I ) = 0, then L is a globally Hamiltonian superoperator on MW .
A derivation superoperator of order � 2 satisfies the equation[

LA∗,
[
LB∗, [LC∗,L]

]]
X = 0.
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For X = I , we have

L(A ∗ B ∗ C)− L(A ∗ B) ∗ C − A ∗ L(B ∗ C)− B ∗ L(A ∗ C)

+ L(A) ∗ B ∗ C + A ∗ L(B) ∗ C + A ∗ B ∗ L(C)

− A ∗ B ∗ C ∗ L(I ) = 0.

We shall denote the linear space of all derivation of order � k on MW

by Ak(MW). It is a common practice to call the elements of Derk(MW) =
Ak(MW)/Ak−1(MW) derivations of order k. An element of Derk(MW) is also
called the locally Hamiltonian superoperator of order k.

18.8. Evolution of state in the Schrödinger picture

Quantization for the Liouvillian picture

Let us consider the Weyl quantization of classical equations in the Liouvillian
picture. Then we obtain operator equations in the Schrödinger picture.

In the Liouvillian picture, the time evolution of a classical observable A(t, q, p)

is described by the equation

d

dt
A(t, q, p) = ∂

∂t
A(t, q, p).

The Weyl quantization of this equation gives

(28)
d

dt
As(t) = ∂

∂t
As(t),

where As(t) = π(A(t, q, p)) = A(t,Q, P ).
Suppose that a classical system, whose pure state is determined by a point

(q, p) in 2n-dimensional phase-space R2n, is described by the equation

(29)
∂

∂t
�(t, q, p) = −L�(t, q, p)−Ω(q, p)�(t, q, p),

where

Ω(q, p) = −
n∑

k=1

JL
[
qk, pk

]
,

JL
[
qk, pk

] = L
({

qk, pk
})− {

L
(
qk
)
, pk

}− {
qk,L

(
pk
)}

.

This is the classical Liouville equation in the Liouvillian picture.
The Weyl quantization of this Liouville equation gives

(30)
∂

∂t
�s(t) = Λt�s(t),
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where �s(t) = π(�(t, q, p)), and

Λt = −π
(
L+Ω

[
L+q , L+p

])
.

The superoperator Λt is called the Liouville superoperator. Note, that this quan-
tum Liouville equation is directly derived by the Weyl quantization of the classical
Liouville equation. The formal solution of (30) can be written by (chronological)
T -exponent:

(31)�s(t) = St�s(0), St = T

{
exp

t∫
0

d τΛτ

}
.

If Λt = Λ is a constant superoperator, then St = exp(tΛ). This is the evolution
superoperator for �s(t). In general, Tr[�s(t)] �= 1.

Trace-preserving equation in the Schrödinger picture

We define the density operator with unit trace by

ρs(t) = 1

Tr[�s(t)]�s(t).

Differentiation of ρs(t) with respect to t gives

(32)
d

dt
ρs(t) = Λtρs(t)− ρs(t) Tr

[
Λtρs(t)

]
.

This is the trace-preserving quantum Liouville equation in the Schrödinger pic-
ture. This equation is nonlinear with respect to the density operator.

We define the following nonlinear Liouville superoperator

Λ̆t = Λt − Tr
[
Λtρs(t)

]
LI = Λt −<Λ̄t (I )>tLI ,

where Λ̄t is adjoint of Λt . Here <A>t is an expectation value with respect to
ρs(t), such that

<A>t =
(
ρs(t)|A

) = Tr
[
ρs(t)A

]
.

Then equation (32) can be written in the form

d

dt
ρs(t) = Λ̆tρs(t).

This equation is nonlinear. Note that the formal solution cannot be presented in
the form

ρs(t) = S̆tρs, S̆t = T

{
exp

t∫
0

d τΛ̆τ

}
.
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If St is an evolution superoperator for �s(t) (see equation (31)), then

ρs(t) = S̆tρs =
(
Tr[Stρs]

)−1
Stρs.

Here S̆t is an evolution superoperator for ρs(t).

Schrödinger equation

If Λ is a globally Hamiltonian superoperator, then the quantum Liouville equation
has the form

(33)
d

dt
�s(t) = L−H �s(t).

Using Tr[L−H �s] = 0, we have Λ̆t = Λt = L−H . Then ρs(t) = �s(t). A formal
solution of (33) can be written in the form

�s(t) = St�s(0), St = exp
(
tL−H

)
.

Using

L−H =
1

ih̄
(LH − RH ), LH RH = RH LH ,

we obtain

St = LUt RU∗t , Ut = exp

{
1

ih̄
tH

}
.

If �s(0) is a pure state at t = 0, i.e., �s(0) = |Ψ ><Ψ |, then �s(t) at t>0 is a
pure state, and

�s(t) = |Ψ (t)><Ψ (t)|,
where |Ψ (t)> = Ut |Ψ >.

If Λt is a globally Hamiltonian superoperator, then the following properties are
satisfied:

(1) Ut is a unitary operator U∗t Ut = UtU
∗
t = I .

(2) St is a trace preserving superoperator Tr[�s(t)] = Tr[�s].
(3) S̆t is a linear superoperator, and S̆t = St .
(4) S̆t = St is a map from a set of pure state into itself. For quantum Hamiltonian

systems, pure states evolve into pure states.

Differentiation of the ket-vector |Ψ (t)> with respect to t gives

(34)
d

dt
|Ψ (t)> = − i

h̄
H |Ψ (t)>.

This is the Schrödinger equation.
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In the coordinate representation, equation (34) gives

(35)
d

dt
<q|Ψ (t)> = − i

h̄
<q|H |Ψ (t)>.

Using∫
dq ′ |q ′><q ′| = I,

we obtain

∂

∂t
Ψ (q, t) = − i

h̄

∫
dq ′H(q, q ′)Ψ (q ′, t),

where Ψ (q, t) = <q|Ψ (t)> is the wave function, and H(q, q ′) = <q|H |q ′>
is a kernel of the Hamilton operator H . If H(q, q ′) = Ĥ (q)δ(q − q ′), then the
Schrodinger equation has the form

∂

∂t
Ψ (q, t) = − i

h̄
Ĥ (q)Ψ (q, t).

This is the Schrödinger equation in the coordinate representation.
The Schrödinger equations provide a quantitative description of the rate of

change of the pure states of quantum Hamiltonian systems.
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Chapter 19

Dynamical Deformation of Algebras of Observables

19.1. Evolution as a map

The dynamical structure of Hamiltonian systems is given by one-parameter
groups of automorphisms of the underlying kinematical structure, which repre-
sent the motion of the systems with time. In classical Hamiltonian mechanics one
has a group of diffeomorphisms on a smooth manifold. In quantum dynamics of
Hamiltonian systems, we use a group of unitary operators on a Hilbert space. The
time development can be given by a strongly continuous one-parameter group
of automorphisms of a C∗-algebra. It is conventional to describe symmetries
of systems by group of automorphism of the basic kinematical structures. In
non-Hamiltonian quantum mechanics, we cannot use automorphisms and endo-
morphisms to describe dynamics.

Endomorphism of groupoid

In the quantum mechanics, the observables are given by operators. Let M be a
set of the all initial observables of the quantum systems at the time t = 0. Let us
denote by Mt the set of the observables of the systems at any later time t > 0.
The set M, together with a single binary operation on M, is called a groupoid.
This is still rather to wide concept. The dynamical structure of the quantum system
can be given by a map Φt from M into Mt , which represents the motion of the
system with time.

Let us give more mathematically precise the idea that two groupoids M and
Mt , are structurally the same or isomorphic. Clearly that M and Mt are iso-
morphic if the groupoids are identical except for the names of the elements and
operations.

(1) To each element A ∈M is assigned its counterpart At ∈Mt .
(2) Two different elements A and B in M should have two different counterparts

At = ΦtA and Bt = ΦtB, that is, the map Φt must be one-to-one.
(3) Every element of Mt must be counterpart of some element of M, that is, Φt

must be onto Mt .

409
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(4) If the groupoids are to be structurally the same and if we denote the groupoid
operation of M by g and that of Mt by gt , then the counterpart of g(A,B)

should be gt (At , Bt ), i.e., Φt(g(A,B)) must be gt (ΦtA,ΦtB).

Usually we drop the notations g and gt for the operations and use multiplicative
notations.

Requirement (2) express the mathematical statement that Φt is a monomor-
phism. A homomorphism Φt of M into Mt that is a one-to-one map is a
monomorphism. Requirement (3) is a statement that Φt is an epimorphism. A ho-
momorphism Φt of M into Mt is an epimorphism if it is onto Mt .

Suppose Mt ⊂M and gt = g. Then an isomorphism of a groupoid M with a
groupoid Mt is a one-to-one map Φt from M onto Mt such that for all A and B

in M,

Φt(AB) = Φt(A)Φt (B).

The groupoids M and Mt are then isomorphic. An isomorphism of a groupoid
onto itself is an automorphism of the groupoid.

An isomorphism of a groupoid M with a groupoid Mt was defined as a one-
to-one map Φt of M onto Mt such that for all A and B in M, Φt(AB) =
Φt(A)Φt (B), where Mt ⊂ M and gt = g. If we drop the condition that Φt be
one-to-one and onto, just retaining Φt(AB) = Φt(A)Φt (B), the map Φt is then a
homomorphism. This requirement is the only one that distinguishes a homomor-
phism from just any map of M into Mt . It asserts that Φt is a structure-relating
map. The algebraic structure of M is completely determined by the binary oper-
ation on M, and that of Mt is completely determined by the operation on Mt .
The homomorphism condition thus relates the structure of M to that of Mt .

If Mt ⊂M and gt = g, then an isomorphism Φt of a ring M with a ring Mt

is a one-to-one mapping M onto Mt such that for all A and B in M,

Φt(AB) = Φt(A)Φt (B), Φt (A+ B) = Φt(A)+Φt(B).

The rings M and Mt are then isomorphic.

Time evolution is not endomorphism of an operator ring

Let M be an operator ring. If the equation

(1)
d

dt
At = LAt

describes a non-Hamiltonian quantum system, then there exist A and B in M
such that

ZL(A,B) = L(AB)− L(A)B − AL(B) �= 0.
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Formally, the solution of the operator differential equation is At = ΦtA, where
Φt = exp{tL}. Differentiation of the homomorphism condition

Φt(AB) = Φt(A)Φt (B)

with respect to t gives

dΦt(AB)

dt
= dΦt(A)

dt
Φt (B)+Φt(A)

dΦt (B)

dt

for all A,B ∈ D(Φt). For t = 0, we obtain

L(AB) = L(A)B + AL(B)

for all A,B ∈ D(L) such that AB ∈ D(L). This equation means that the quantum
system is locally Hamiltonian and ZL(A,B) = 0. Therefore, in non-Hamiltonian
quantum dynamics, we cannot use endomorphisms of M, together with a multi-
plicative operation gt = g.

Environment-induced noncommutativity

An endomorphism of an involutive unital operator algebra M is a bounded super-
operator Φt such that the following conditions are satisfied:

(1) Φt(aA+ bB) = aΦt(A)+ bΦt(B) for all A,B ∈M, and a, b ∈ C.
(2) Φt(0) = 0.
(3) Φt(I ) = 1.
(4) Φt(A)∗ = Φt(A

∗) for all A ∈M such that A∗ ∈M.
(5) Φt(AB) = Φt(A)Φt (B) for all A,B ∈M.

These relations are satisfied for quantum Hamiltonian dynamics. The time evo-
lution of quantum non-Hamiltonian systems is not an endomorphism of algebras
of observables if gt = g. If the time evolution of the non-Hamiltonian system is
an endomorphism of a linear operator space, then

(1) Φt(A+ B) = Φt(A)+Φt(B) for all A,B ∈M,
(2) Φt(cA) = cΦt (A) for all A ∈M and c ∈ C,
(3) Φt(0) = 0.

In general, Φt is not an endomorphism of the linear space. It is well-known that
strange attractors of classical non-Hamiltonian systems are not linear spaces. In
quantum theory, there are analogous situations for quantum analogs of (regular or
strange) attractors.

STATEMENT. A time evolution Φt of observables of a quantum non-Hamiltonian
system is not an endomorphism with respect to Lie, Jordan and associative multi-
plications. There exist observables A,B ∈M such that

Φt(AB) �= Φt(A)Φt (B),
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Φt(A · B) �= Φt(A) ·Φt(B),

Φt (A ◦ B) �= Φt(A) ◦Φt(B).

The map Φt is an endomorphism of M with respect to multiplicative binary op-
erations gt = g (in Lie, Jordan and associative algebras) if and only if the system
is locally Hamiltonian.

In general, the time evolution described by Φt is not an endomorphism with
respect to multiplication in M. There exist observables A and B such that

ΔΦt(A,B) = Φt(AB)−Φt(A)Φt (B) �= 0.

If L is a constant superoperator, then

ΔΦt(A,B) = tZL(A,B)+ · · · .
It is easy to see, that if ΔΦt(A,B) = 0 for all t > 0, then ZL(A,B) = 0.

In quantum non-Hamiltonian dynamics, there exists an effect of appearing non-
commutativity.

(1) Let A,B be commutative observables ([A,B] = 0). In general, the evolution
gives [At, Bt ] = [Φt(A),Φt (B)] �= 0.

(2) If [ρ1(0), ρ2(0)] = 0, we can have [ρ1(t), ρ2(t)] �= 0 for t > 0. This is the
“environment-induced noncommutativity” [119].

In general, the time evolution cannot be considered as an endomorphism of an
operator algebra. The time evolution of non-Hamiltonian systems is not an en-
domorphism of a linear space structure, since these exist strange attractors that
cannot be considered as linear spaces. It is possible to generalize a kinematical
structure such that it will be “invariant” with respect to time evolution. This gen-
eralization should be connected with a notion of one-parameter operations and
t-deformation of the underlying algebraic structure.

19.2. Rule of term-by-term differentiation

Suppose that a quantum system is described by equation (1). If we consider a
Cauchy problem for this equation in which the initial condition is given by A at
the time t = 0, then its solution can be written in the form At = Φt(A). The
rule of term-by-term differentiation (the Leibnitz rule) with respect to time has
the form

d

dt
g(At , Bt ) = g

(
dAt

dt
, Bt

)
+ g

(
At,

dBt

dt

)
,

where g is a binary operation on M. If M is a Lie algebra, then the operation
g(A,B) = A · B = (1/ih̄)[A,B]. This Leibnitz rule is a generalization of the
rule for the derivative of the multiplication of two functions.
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STATEMENT. If the rule of term-by-term differentiation (Leibnitz rule) with re-
spect to time and the canonical commutation relations[

Qk(t), Pl(t)
] = ih̄δklI,

(2)
[
Qk(t),Ql(t)

] = [
Pk(t), Pl(t)

] = 0, k, l = 1, . . . , n,

are valid for all t > 0, then the quantum Helmholtz conditions

JL
(
Qk(t), Pl(t)

) = JL
(
Qk(t),Ql(t)

) = JL
(
Pk(t), Pl(t)

) = 0

are satisfied for all t > 0, and the superoperator L is locally Hamiltonian.

PROOF. Differentiation of the first relation in (2) with respect to time t gives

d

dt

[
Qk(t), Pl(t)

] = 0.

The rule of term-by-term differentiation for the commutator [Qk(t), Pl(t)] has the
form

d

dt

[
Qk(t), Pl(t)

] = [
d

dt
Qk(t), Pl(t)

]
+
[
Qk(t),

d

dt
Pl(t)

]
.

Consequently, we have[
d

dt
Qk(t), Pl(t)

]
+
[
Qk(t),

d

dt
Pl(t)

]
= 0.

Using the equations of motion

dQk(t)

dt
= L

(
Qk(t)

)
,

dPk(t)

dt
= L

(
Pk(t)

)
,

we obtain[
L
(
Qk(t)

)
, Pl(t)

]+ [
Qk(t),L

(
Pl(t)

)] = 0.

If L(I ) = 0, then

L
([

Qk(t), Pl(t)
])− [

L
(
Qk(t)

)
, Pl(t)

]− [
Qk(t),L

(
Pl(t)

)] = 0.

As a result, JL(Qk(t), Pl(t)) = 0. Similarly, considering other canonical com-
mutation relations (2), we obtain all of the identities

JL
(
Xk(t),Xl(t)

) = 0,

where Xk = Qk, Pk . Then, the quantum system is locally Hamiltonian. �

As a result, if the rule of term-by-term differentiations and the canonical com-
mutation relations are valid for all t � 0, then L is locally Hamiltonian. For
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quantum non-Hamiltonian systems, either the canonical commutation relations or
the Leibnitz rule for multiplication is not valid.

It is interesting to find a generalization [ , ]t of the commutator [ , ], such that
the commutation relations[

Qk(t),Ql(t)
]
t
= 0,

[
Pk(t), Pl(t)

]
t
= 0,

[
Qk(t), Pl(t)

]
t
= ih̄δkl

are satisfied for all t � 0. This operation [ , ]t can be called the t-invariant com-
mutator for quantum non-Hamiltonian system. The canonical commutation rela-
tions are satisfied for quantum Hamiltonian systems. Then, we have [At, Bt ]t =
[At, Bt ], for all A,B ∈M and t > 0 if and only if JL(At , Bt ) = 0.

If L is a bounded generating superoperator of the one-parameter semi-group

Φt = exp{tL} =
∞∑

n=0

tn

n!L
n = LI + tL+ · · · (t > 0),

then [ , ]t can be presented by

(3)[A,B]t = [A,B] + JL[A,B]t + · · · ,
where JL[A,B] = L([A,B]) − [L(A), B] − [A,L(B)] = ih̄JL(A,B). Differ-
entiation of equation (3) with respect to time t gives

d

dt
[A,B]t = JL[A,B] + · · · .

For t = 0, we obtain(
d

dt
[A,B]t

)
t=0

= JL[A,B].

As a result, the Jacobian JL[A,B] = ih̄JL(A,B) is an infinitesimal commutator.

19.3. Time evolution of binary operations

Suppose M is a set of the all initial observables of the quantum systems at the time
t = 0. Let us denote by Mt the set of the observables of the systems at any later
time t > 0. We assume that Mt ⊂M. The map Φt from M into Mt describes the
motion of A ∈ M . Here Φt is a one-parameter superoperator from M into Mt .

A set M , together with a single binary operation g on M , is a groupoid M =
<M,g>. If the groupoid operation of Mt is gt = g, then we obtain the statement
that Φt is not an endomorphism of M = <M,g> The time evolution of non-
Hamiltonian system is not endomorphism with respect to operation g:

Φt

(
g(A,B)

) �= g
(
Φt(A),Φt (B)

)
.
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Let us denote the groupoid operation on Mt by gt . In general, gt �= gs if
t �= s. A set Mt , together with a single binary operation gt on Mt , is a groupoid
Mt = <Mt, gt>. Then gt is a one-parameter binary operation. If the groupoids
<M,g> and <Mt, gt> are to be structurally the same, then the counterpart of
g(A,B) should be gt (At , Bt ), i.e., Φt(g(A,B)) must be gt (ΦtA,ΦtB).

DEFINITION. Suppose Φt is a map from a set M into a set Mt for each fixed
t ∈ R, and At = ΦtA, Bt = ΦtB are in Mt . A one-parameter binary operation
on a set Mt is a mapping gt : Mt ×Mt → Mt that assigns to each ordered pair of
elements At, Bt ∈ Mt some element gt (At , Bt ) of the set Mt .

The following are examples of some one-parameter binary operations.
(1) Suppose M = <M,g0> is an associative operator algebra, and M is a

underlying linear space. If L is a bounded linear superoperator on M, then we
can define a one-parameter binary operation on Mt = M of the form

gt (A,B) = g0(A,B)+ tZL(A,B),

where

ZL(A,B) = L
(
g0(A,B)

)− g0
(
L(A), B

)− g0
(
A,L(B)

)
.

This is the Leibnitz defect. Note that

dgt (A,B)

dt
= ZL(A,B).

As a result, Mt = <M,gt> is an operator algebra for each fixed t .
(2) Let Φt be a bounded superoperator on a linear operator space M. For each

fixed t � 0, we can consider subspace Mt = {ΦtA: A ∈ M} of M, together
with a one-parameter binary operation gt such that

gt (At , Bt ) =
∞∑

k=1

tk−1 Gk(At , Bt ),

where At = ΦtA, Bt = ΦtB, and {Gk, k ∈ N} is an infinite set of binary opera-
tions Gk on Mt .

(3) Suppose M is an associative operator algebra, and M is a underlying linear
space. We can consider a one-parameter binary operation on M of the form

gλ = λ(AB + BA)+ (1− λ)(AB − BA),

where λ ∈ [0, 1]. For λ = 0, we have g0(A,B) = AB −BA. For λ = 1, we have
g1(A,B) = AB + BA. If λ = 1/2, then g1/2(A,B) = AB. Note that

dgλ(A,B)

dλ
= 2BA.
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As a result, we have the algebra Mλ = <M,gλ> such that M0 = M(−) and
M1 = M(+) and M1/2 = M. Then Mλ is a generalization of the associative
algebra M and the Lie–Jordan algebra M(±).

DEFINITION. A map Φt of a groupoid <M, g> into a groupoid <Mt , gt> is a
one-parameter homomorphism if

(4)Φt

(
g(A,B)

) = gt (ΦtA,ΦtB)

for all elements A and B in M.

We shall denote the set of all one-parameter homomorphisms from Ms into
Mt by Hom(Ms ,Mt ). The binary operation gt can be considered as a superop-
erator from Mt ×Mt into Mt that assigns to each pair At, Bt of Mt exactly
one operator Ct = gt (At , Bt ) of Mt . If there exist A,B,C ∈ M0 such that
ΦtA = At , ΦtB = Bt and ΦtC = Ct , then in general g(A,B) �= C. If
g(A,B) = C, then Φt is a one-parameter endomorphism.

If ΦtΦs = Φt+s and Φ0 = LI , then

gt gs = gt+s , g0 = g.

As a result, the binary operations gt , t > 0, form a one-parameter semi-group.
Let t → Φt and t → gt be continuous maps (superoperators). Differentiation

of equation (4) with respect to t gives

dΦt(g(A,B))

dt
= gt

(
dΦt(A)

dt
,Φt (B)

)
+ gt

(
Φt(A),

dΦt(B)

dt

)

(5)+ dgt

dt

(
Φt(A),Φt (B)

)
for all A,B ∈ D(Φt).

If gt = g, then dgt/dt = 0 and equation (5) has the form

(6)
dΦt(g(A,B))

dt
= g

(
dΦt(A)

dt
,Φt (B)

)
+ g

(
Φt(A),

dΦt (B)

dt

)
.

Using

dΦt

dt
= LΦt,

equation (6) at t = 0 has the form L(AB) = L(A)B + AL(B). In general,
equation (5) at t = 0 gives

(7)L(AB) = L(A)B + AL(B)+ Z(A,B)

where

Z(A,B) = lim
t→0+

dgt

dt

(
Φt(A),Φt (B)

)
.
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Then Z(A,B) is a Leibnitz defect, i.e., Z(A,B) = ZL(A,B). As a result, we
obtain

gt (A,B) = g(A,B)+ tZL(A,B)+ · · · .

19.4. Bilinear superoperators

Let M be a linear operator space. A linear superoperator is a map L from M into
itself, such that the following requirements are satisfied:

(1) L(A+ B) = L(A)+ L(B) for all A,B ∈ D(L) ⊂M.
(2) L(aA) = aL(A) for all A ∈ D(L) ⊂M and a ∈ C.

The direct product of sets M1 and M2 is the set of all ordered pairs A,B,
where A ∈M1 and B ∈M2. The direct product is denoted by M1 ×M2.

DEFINITION. A bilinear superoperator is a map Z(·,·) from M ×M into M
such that the following requirements are satisfied:

(1) Z(A, ·) is a linear superoperator for all A ∈ D1(Z) ⊂ M with domain
D2(Z).

(2) Z(·, B) is a linear superoperator for all B ∈ D2(Z) ⊂ M with domain
D1(Z).

(3) Z(A, ·)B = Z(·, B)A = Z(A,B) for all A ∈ D1(Z) and B ∈ D2(Z).

The direct product D1(Z) × D2(Z) ⊂ M ×M is called the domain of Z. We
denote this domain by D(Z).

We illustrate this notion with the following examples.
(a) Let M be an operator algebra with binary operation g. If Φ is a linear

superoperator from M into itself, then we can define the superoperator

Ψ (A,B) = Φ
(
g(A,B)

)− g
(
Φ(A),Φ(B)

)
.

If Φ is a homomorphism, then Ψ (A,B) = 0. In general, Ψ (A,B) �= 0. In this
case, Ψ is a bilinear superoperator. Note that Ψ can be considered as a binary
operation on M.

(b) Let L be a linear superoperator on M. Then the Leibnitz defect

(8)ZL(A,B) = L
(
g(A,B)

)− g
(
L(A), B

)− g
(
A,L(B)

)
is a bilinear superoperator. The Leibnitz defect of a superoperator L shows how
much the deviation of L from a derivation superoperator. If M is an associative
operator algebra with multiplication g(A,B) = AB, then the Leibnitz defect is
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defined by

ZL(A,B) = L(AB)− L(A)B − AL(B).

(c) If M(−) is a Lie algebra, together with the binary operation

g(A,B) = A · B = 1

ih̄
[A,B] = 1

ih̄
(AB − BA),

then the Leibnitz defect is called the Jacobian. The classic notation to denote the
Jacobian is

JL(A,B) = Z
(−)

L (A,B) = L(A · B)− (LA) · B − A · (LB)

= 1

ih̄

(
L
([A,B])− [

L(A), B
]− [

A,L(B)
])

.

It is not hard to prove the relation

JL(A,B) = 1

ih̄

(
ZL(A,B)− ZL(B,A)

)
.

The Jacobian is a bilinear superoperator.
(d) If M(+) is a special Jordan algebra with the binary operation

g(A,B) = A ◦ B = [A,B]+ = 1

2
(AB + BA),

then the Leibnitz defect is called the Jordanian. The classic notation to denote the
Jordanian is

KL(A,B) = Z
(+)

L (A,B) = L
([A,B]+

)− [
L(A), B

]
+ −

[
A,L(B)

]
+.

Note that

KL(A,B) = 1

2

(
ZL(A,B)+ ZL(B,A)

)
.

The Jordanian is a bilinear superoperator.
(e) A bilinear superoperator is a binary operation on M. Let M be an operator

algebra with binary operation g. If

g(aA+ bB,C) = ag(A,C)+ bg(B,C),

g(C, aA+ bB) = ag(C,A)+ bg(C,B),

then g is a bilinear superoperator.
A bilinear superoperator on M can be considered as a binary operation on M.

For quantum Hamiltonian systems the bilinear superoperators ZL, JL, and KL
are degenerated, i.e., all Leibnitz defects vanish

ZL(A,B) = JL(A,B) = KL(A,B) = 0

for all A,B ∈M.
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We will consider the superoperator L such that the bilinear superoperators ZL,
JL, and KL are nondegenerate. Then the bilinear superoperators ZL, JL, and KL
can be considered as binary algebraic operations on M. There is an important
relationship between these binary operations and the non-Hamiltonian superoper-
ator L.

A binary operation JL on M is a skew-symmetric operation,

JL(A,B) = −JL(B,A)

for A,B ∈M. A binary operation KL on M is commutative

KL(A,B) = KL(B,A)

for A,B ∈M.
Let L be a linear superoperator on an operator algebra M. We can consider a

one-parameter binary operation on M of the form

gt (A,B) = g(A,B)+ tZL(A,B),

where ZL(A,B) is defined by (8).

19.5. Cohomology groups of bilinear superoperators

Definition of cohomology group

Let us define a cohomology group. For n � 0, we let Cn(Mn,M) be the com-
mutative group of all maps from Mn to M:

Cn(M,M) = {
Φ: Mn →M

}
.

Its elements are called the n-cochains. We further define the group homomor-
phisms

δn: Cn(M,M) → Cn+1(M,M)

by the equation

δnΦ(A0, . . . , An) = A0Φ(A1, . . . , An)+ (−1)n+1Φ(A0, . . . , An−1)An

+
n−1∑
k=0

(−1)k+1Φ(A0, . . . , Ak−1, AkAk+1, Ak+2, . . . , An).

They are known as the coboundary homomorphisms.
For n � 0, we define the group of n-cocycles as

Zn(M,M) = Ker
(
δn
)
,
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and the group of n-coboundaries as

Bn(M,M) = Im
(
δn−1) (n � 1), B0(M,M) = 0.

Then the cohomology group is defined by

Hn(M,M) = Zn(M,M)/Bn(M,M).

First cohomology group and derivations

Let M be an operator algebra. A derivation of M is a superoperator L on M
such that the Leibnitz rule

L(AB) = L(A)B + AL(B)

is valid for all A,B ∈M. A superoperator L is an inner derivation, if there exists
H ∈M such that L(A) = [H,A] for all A ∈M.

A derivation is an element of Z1(M,M). All elements of Z1(M,M) are
derivations on M. An inner derivative can be considered as an element of
B1(M,M). All elements of B1(M,M) are inner derivations on M. Then
B1(M,M) is a subgroup of Z1(M,M). The factor group Z1(M,M)/B1(M,

M) is a first cohomology group H 1(M,M). Then H 1(M,M) is interpreted as
a set of all outer derivations. If H 1(M,M) = 0, then all derivation of M are
inner.

Derivations Der(M) Z1(M,M)

Inner derivations Inn(M) B1(M,M)

Outer derivations Out(M) H 1(M,M)

The first cohomology group H 1(M,M) can be interpreted as a group of infin-
itesimal automorphisms. If Φt is an automorphism of M, then

L =
(

d

dt
Φt

)
t=0

is an infinitesimal superoperator on M, i.e., “infinitesimal automorphism” of M.
Let M be a Lie algebra. An element of C1(M,M), the group of 1-cochains

of M with coefficients in itself, is a linear superoperator on M. Then

C1(M,M) = A(M).

The condition δ1(L) = 0, where L ∈ C1(M,M), means that L is a derivation
on M:(

δ1L
)
(A,B) = L(A · B)− L(A) · B − A · L(B).

Then(
δ1L

)
(A,B) = JL(A,B)
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is the Jacobian of L.
If C0(M,M) is a group of 0-cochains of the Lie algebra M with coefficients

in itself, then C0(M,M) is the algebra M:

C0(M,M) =M.

For A ∈M, the elements(
δ0A

)
(B) = −A · B = [A,B]

are inner derivations.

Second cohomology group

The second cohomology group H 2(M,M) of an algebra M may be interpreted
as the group of infinitesimal deformations of M.

Let M be a Lie operator algebra, together with a binary operation g.

DEFINITION. A deformation of a Lie algebra <M, g> is a one-parameter bilin-
ear superoperator gt that is a map from M×M× R into M such that

(1) <M, gt> is a Lie algebra for each t ∈ R.
(2) gt (A,B) = g(A,B) for t = 0.

There exists the bilinear (infinitesimal) superoperator

G1(A,B) =
(

d

dt
gt (A,B)

)
t=0

.

Then the skew-symmetry condition gt (A,B) = −gt (B,A) gives

(9)G1(A,B) = −G1(B,A).

Differentiation of the Jacobi identity

(10)gt

(
gt (A,B), C

)+ gt

(
gt (B,C),A

)+ gt

(
gt (C,A), B

) = 0

at t = 0 gives

G1
([A,B], C)+G1

([B,C], A)+G1
([C,A], B)

(11)+ [
G1(A,B), C

]+ [
G1(B,C),A

]+ [
G1(C,A), B

] = 0.

DEFINITION. Let M be a Lie algebra. An infinitesimal deformation is a bilinear
superoperator G1 such that equations (9) and (11) are valid for all A,B,C ∈M.
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One-parameter families gt and ft of deformations of an algebra M are called
the equivalent deformations if there exists a linear one-parameter automorphism
Φt of M such that Φt(A) = A for all A ∈M, and

Φt

(
ft (A,B)

) = gt

(
Φt(A),Φt (B)

)
.

If G1 and F1 are infinitesimal deformations such that

G1(A,B) =
(

d

dt
gt (A,B)

)
t=0

, F1(A,B) =
(

d

dt
ft (A,B)

)
t=0

,

then

F1(A,B) = G1(A,B)+ [
L(A), B

]+ [
A,L(B)

]
,

where L = (dΦt/dt)t=0. The second cohomology group H 2(M,M) of M is
interpreted as the group of infinitesimal deformations of M.

If the deformation gt has the form

gt (A,B) = [A,B] + tG1(A,B)+ t2G2(A,B)+ · · · ,
then the Jacoby identity (10) gives

[A,B,C]t = P [A,B,C]0 + tP [A,B,C]1 + t2P [A,B,C]2 + · · · ,
where P is a permutation operation such that

P [A,B,C]k = [A,B,C]k + [B,C,A]k + [C,A,B]k,
and

[A,B,C]t = gt

(
gt (A,B), C

)
, [A,B,C]0 = g

(
g(A,B), C

)
,

[A,B,C]1 = g
(
G1(A,B), C

)+G1
(
g(A,B), C

)
,

[A,B,C]2 = g
(
G2(A,B), C

)+G1
(
G1(A,B), C

)+G2
(
g(A,B), C

)
.

The equation P [A,B,C]0 = 0 is the Jacobi identity for g, and P [A,B,C]t = 0
is the Jacobi identity for gt . The condition P [A,B,C]1 = 0 gives equation (11).
The equation P [A,B,C]2 = 0 gives that PG1(G1(A,B), C) is equal to
−P [g(G2(A,B), C)+G2(g(A,B), C)].

19.6. Deformation of operator algebras

This section contains the definitions and certain theorems of a deformation theory
for operator algebras. The deformation of algebras was investigated by M. Ger-
stenhaber [65]. We consider mainly associative and Lie algebras, but the de-
finitions holds for wider classes of algebras. The second cohomology group
H 2(M,M) of an algebra M will be interpreted as the group of infinitesimal
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deformations of M in the same way that the first cohomology group H 1(M,M)

(derivations of M into itself modulo inner derivations) is interpreted as the group
of infinitesimal automorphisms.

Infinitesimal deformation of an algebra

Let M = <M,g> be an associative operator algebra, and M be the underlying
linear space of the algebra M. Suppose that there is given a bilinear superoperator
from M ×M into M (in particular, the multiplication g on M) expressible in the
form

(12)gt (A,B) = AB + tG1(A,B)+ t2G2(A,B)+ · · · ,
where Gk , k = 1, 2, . . . , are bilinear superoperators on M. We set G0(A,B) =
g(A,B) = AB, the product in M.

We can consider the algebra Mt = <M,gt>, whose underlying linear space
is M and multiplication is gt , as the generic element of a one-parameter family of
deformations of M = <M,g>. The multiplication gt given by (12) has the trivial
special case defined by setting t = 0, i.e., the original multiplication g. The infin-
itesimal deformation (or differential) of this family is the bilinear superoperator
G1, considered as a map from M ×M into M .

The following are example of some deformations of operator algebras.
(1) Suppose that Mt = <M,gt> is associative, i.e.,

(13)gt

(
gt (A,B), C

) = gt

(
A, gt (B,C)

)
for all A, B, C in M . The condition (13) that gt be associative is equivalent to the
equations

(14)
∑

k,l�0
k+l=m

(
Gk

(
Gl(A,B), C

)−Gk

(
A,Gl(B,C)

)) = 0

for all A, B, C in M and all m = 0, 1, 2, . . . . For m = 0 this is just the associa-
tivity of the original multiplication

G0
(
G0(A,B), C

)−G0
(
A,G0(B,C)

) = (AB)C − A(BC) = 0.

For m = 1, equation (14) can be expressed in the form

AG1(B,C)−G1(AB,C)+G1(A,BC)−G1(A,B)C = 0.

In terms of the cohomology group theory, G1 is an element of the group
Z2(M,M) of two-cocycles of M with coefficients in M.

(2) Suppose that M = <M,g> is an operator Lie algebra, and that gt defines a
one-parameter family of deformations of M such that we have again a Lie algebra
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Mt = <M,gt>. Then we have

gt (A,B) = −gt (B,A),

gt

(
gt (A,B), C

)+ gt

(
gt (B,C),A

)+ gt

(
gt (C,A), B

) = 0.

These conditions are equivalent to the following conditions

Gk(A,B) = −Gk(B,A),

and

(15)

∑
k,l�0
k+l=m

(
Gk

(
Gl(A,B), C

)+Gk

(
Gl(B,C),A

)+Gk

(
Gl(C,A), B

)) = 0

for all A, B, C in M and all k = 0, 1, 2 . . . . For k = 0, these equations express
the conditions that M = <M,g> is a Lie algebra:

G0(A,B) = −G0(B,A),

G0
(
G0(A,B), C

)+G0
(
G0(B,C),A

)+G0
(
G0(C,A), B

) = 0.

For k = 1, we obtain

G1(A,B) = −G1(B,A),

and equation (11). Let C2(M,M) be a group of 2-cochains of the Lie algebra
M with coefficients in itself. Considering G1 as an element of C2(M,M), the
quantity on the left in equation (11) is just δG1(A,B,C). Therefore equation (11)
means that G1 is again a 2-cocycle.

The analogous computations can be performed for Jordan algebra.

Obstructions

Suppose M = <M,g> is a Lie or associative ring M. In general, an element
G1 in Z2(M,M) need not be the differential of a one-parameter family of de-
formations of M. If G1 is the differential, then we say that G1 is integrable. The
integrability of G1 implies an infinite sequence of relations which may be inter-
preted as the vanishing of the “obstructions” to the integration of G1.

In the associative case, these obstructions can be derived from (14) by rewriting
these equations in the form

(16)
∑
k,l>0

k+l=m

(
Gk

(
Gl(A,B), C

)−Gk

(
A,Gl(B,C)

)) = δGm(A,B,C).

For m = 2, we obtain

(17)G1
(
G1(A,B), C

)−G1
(
A,G1(B,C)

) = δG2(A,B,C).
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The function of three variables on the left is the associator of the binary operation
G1, and is an element of Z3(M,M) whenever G1 is in Z2(M,M). The coho-
mology class of this element is the first obstruction to the integration of G1. If G1
is integrable, this must be the zero class.

If G1, . . . ,Gn−1 satisfy (16) for m = 1, . . . , n − 1, then the left side of (16)
for m = n defines an element of Z3(M,M), the (n− 1)th “obstruction cocycle”
which, however, is a function not of G1 only, but of sequence G1, . . . ,Gn−1. If
H 3(M,M) = 0, then all obstructions vanish and every G1 in Z2(M,M) is
integrable.

Analogous statements hold for the Lie and Jordan algebras. In these cases, the
left hand side of (17) is presented by Jacobian and Jordanian.

Trivial deformations

A one-parameter family of deformations of an associative algebra defined by a
multiplication ft is trivial if there is a non-singular linear mapping Φt of M onto
itself (an automorphism of M) of the form

(18)ΦtA = A+ tϕ1(A)+ t2ϕ2(A)+ · · · ,
where ϕk : M → M are linear maps, such that

ft (A,B) = Φ−1
t

(
Φt(A)Φt (B)

)
.

Then the algebra Mt = <M,ft> is obviously isomorphic to M. The isomor-
phism is a linear map Φt considered as a mapping from Mt into M. Writing for
this multiplication,

(19)ft (A,B) = AB + tF1(A,B)+ · · · ,
we obtain

F1(A,B) = δϕ1(A,B) = ϕ1(A)B + Aϕ1(B)− ϕ1(AB).

More generally, if a one-parameter family of deformations of M is given by equa-
tion (12), then we set

(20)ft (A,B) = Φ−1
t gt

(
Φt(A),Φt (B)

)
,

and write ft (A,B) by (19), then

F1(A,B) = G1(A,B)+ δϕ1(A,B).

It follows that the integrability of an element G1 of Z2(M,M) depends only
on its cohomology class. If any element in a class is integrable, then the element
of that class may be integrated to give one-parameter families of algebras whose
generic elements are isomorphic. We may therefore interpret the classes, i.e., the
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elements of H 2(M,M), as the infinitesimal deformations. In general, the infini-
tesimal deformation G1 of a one-parameter family can be zero while the generic
element Mt of the family is not isomorphic to M.

One-parameter families gt and ft of deformations of an algebra M will be
called the equivalent deformations if there exists a non-singular linear automor-
phism Φt of M of the form (18) such that (20) holds. The family gt is trivial if it
is equivalent to the identity deformation ft defined by ft (AB) = AB.

Obstructions to derivations

Let M be an operator algebra. It is natural to consider the elements Z1(M,M)

(the derivations of M into itself) as infinitesimal automorphisms.
Suppose Φt is an automorphism of M such that

(21)Φt(A) =
∑
k=0

tkϕk(A) = A+ tϕt (A)+ t2ϕ2(A)+ · · · ,

where ϕk are linear maps from M into itself, and ϕ0 is interpreted as the identity
mapping, I . We can consider Φt of (21) as a generic element of a one-parameter
family of superoperators on M. The condition that Φt be an automorphism is

(22)
∑

k,l�0
k+l=m

ϕk(A)ϕl(B) = ϕm(AB).

The obstructions are all deducible from (22) by rewriting this equation in the form

(23)
∑
k,l>0

k+l=m

ϕk(A)ϕl(B) = −δϕm(A,B).

The condition is vacuous for m = 0. For m = 1, the definition of δ = δ1 and
equation (23) give

δϕ1(A,B) = Aϕ1(B)− ϕ1(AB)+ ϕ1(A)B = 0,

i.e., ϕ1 is a derivation of M, or ϕ1 is an element of Z1(M,M). For m = 2 in
equation (22), we have

(24)ϕ2(AB) = Aϕ2(B)+ ϕ1(A)ϕ1(B)+ ϕ2(A)B

and the definition of δ = δ1 gives

(25)−δϕ2(A,B) = −Aϕ2(B)+ ϕ2(AB)− ϕ2(A)B.

Equations (23) and (25) give

(26)−δϕ2(A,B) = ϕ1(A)ϕ1(B).
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Note that substitution of (24) into (25) gives (26). The function of two variables
on the left is just the cup product, ϕ1 � ϕ1 of ϕ1 with itself, and is an element of
Z2(M,M). The cup product is a method of adjoining two cocycles of degrees
k and l to form a composite cocycle of degree k + l. The product ϕ1 � ϕ1 is
the first obstruction to the integration of ϕ1. Using (26), ϕ1 � ϕ1 must represent
the zero cohomology class, if ϕ1 is the differential of a one-parameter family of
automorphisms.

Since all the obstructions to the integration of an element of Z1(M,M) will
be elements of Z2(M,M), the vanishing of H 2(M,M) implies the integrability
of any ϕ1 in Z1(M,M) to a one-parameter family of automorphisms of M.

19.7. Phase-space metric for classical non-Hamiltonian system

The dynamics of Hamiltonian systems is characterized by conservation of phase-
space volume under time evolution. This conservation of the phase volume is
a cornerstone of conventional statistical mechanics of Hamiltonian systems. At
a mathematical level, conservation of phase-space volume is considered as a
consequence of the existence of an invariant symplectic form (skew-symmetric
phase-space metric) in the phase-space of Hamiltonian systems. This metric de-
fines an “invariant” binary operations on the phase space of Hamiltonian system.
Non-Hamiltonian systems are characterized by nonzero phase space compress-
ibility, and the usual phase-space volume is no longer necessarily conserved [125,
186,185].

We can consider an invariant skew-symmetric (antisymmetric) phase-space
metric for non-Hamiltonian systems [172]. We say that the metric is an invariant,
if the metric tensor field is an integral of motion. We define the phase-space metric
such that the Jacobi identity is satisfied. The suggested skew-symmetric phase-
space metric allows us to introduce the generalization of the Poisson bracket for
non-Hamiltonian systems such that the Jacobi identity is satisfied by the gener-
alized Poisson bracket. As a result the algebra of phase-space functions is time
translation invariant. The generalized Poisson bracket defines a Lie algebra in
phase-space. The invariant metric structure defines an “invariant” binary opera-
tion on the phase space of non-Hamiltonian systems.

Note that the invariant phase space metric can be used in molecular dynamics
[172,184,55].

Classical non-Hamiltonian system

The dynamics is described by a smooth vector field F = F(x), and the equation
dx/dt = F with components Fk in basis ∂k = ∂/∂xk . For simplicity, we consider
the case where the vector field F is time independent. In local coordinates {xk},
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equation of motion has the form

(27)
dxk

dt
= Fk(x).

Consider now the definition of the locally Hamiltonian systems.

DEFINITION. A classical system (27) on the symplectic manifold (M,ω) is
called a locally Hamiltonian system if the differential 1-form ω(F) is a closed
form dω(F ) = 0, where ω(F) = iF ω is the contraction (interior product) of the
2-form ω with vector F, and d is the exterior derivative.

A classical system (27) on the symplectic manifold (M,ω) is called a classical
non-Hamiltonian system if the differential 1-form ω(F) is nonclosed dω(F ) �= 0.

The classical system (27) is a locally Hamiltonian system if the conditions

(28)Jkl(ω, x, t) = ∂k

(
ωlmFm

)− ∂l

(
ωkmFm

) = 0

are satisfied [172].
Let us consider the canonical coordinates x = (x1, . . . , xn, xn+1, . . . , x2n) =

(q1, . . . , qn, p1, . . . , pn), and phase space metric such that

(29)ω = dqi ∧ dpi.

Equation (27) can be written as

(30)
dqi

dt
= Gi(q, p),

dpi

dt
= Ki(q, p).

THEOREM. If the right-hand sides of equations (30) for the phase-space with
(29) satisfy the following Helmholtz conditions

(31)
∂Gi

∂pj
− ∂Gj

∂pi
= 0,

∂Gj

∂qi
+ ∂Ki

∂pj
= 0,

∂Ki

∂qj
− ∂Kj

∂qi
= 0,

then the classical system (30) is a locally Hamiltonian system.

PROOF. This theorem is proved in [172]. �

It is interesting to consider an invariant antisymmetric phase-space metric that
satisfies the Jacoby identity, and defines the Lie algebra in phase-space. We call
the metric is invariant if the metric tensor field is an integral of motion (dω/dt =
0). This invariant phase-space metric ωkl(x, t) defines the invariant phase-space
volume form v by the equation v = (1/n!)ωn = √g(x, t) dx1∧· · ·∧ dx2n, where
g(x, t) is the metric determinant g(x, t) = det(ωkl(x, t)) and dv/dt = 0. Note
that the invariant phase-space metric of some non-Hamiltonian systems can leads



19.7. Phase-space metric for classical non-Hamiltonian system 429

us to the lack of smoothness of the metric. In this case, the phase-space probability
distribution can be collapsed onto a fractal set of dimensionality lower than in the
Hamiltonian case [73]. Note that classical systems that are Hamiltonian systems in
the usual phase-space are non-Hamiltonian systems in the fractional phase-space.

Time evolution of phase-space metric

Let us find a time-dependent symplectic 2-form ω that satisfies the equation
dω/dt = 0. The following theorem is well known.

THEOREM. If the system (27) on the symplectic manifold (M,ω) with time-
independent symplectic form (∂ωkl/∂t = 0) is a locally Hamiltonian system,
then differential 2-form ω is conserved, i.e., dω/dt = 0.

Let us consider a generalization of this statement.

THEOREM. If the time-dependent metric ωkl = ωkl(x, t) is a skew-symmetric
metric (ωkl = −ωlk) that is satisfied by the Jacobi identity

(32)∂kωlm + ∂lωmk + ∂mωkl = 0, ∂k = ∂/∂xk

and the system is defined by equation (27), then the total time derivative of the
differential 2-form

ω = ωkl(x, t) dxk ∧ dxl,

is given by

(33)
dω

dt
=
(

∂ωkl

∂t
− ∂k

(
ωlmFm

)+ ∂l

(
ωkmFm

))
dxk ∧ dxl.

PROOF. This theorem is proved in [172]. �

If the total derivative (33) is zero, then we have the integral of motion or invari-
ant. It is easy to see that the differentiable 2-form ω is invariant if the phase-space
metric ωkl(x, t) is satisfied by the equation

(34)
∂ωkl

∂t
= ∂k

(
ωlmFm

)− ∂l

(
ωkmFm

)
.

This equation can be rewritten in the equivalent form

∂ωkl

∂t
= Ĵ ms

kl ωms,

where the operator Ĵ is defined by the equation

(35)Ĵ ms
kl =

1

2

((
δm
l ∂k − δm

k ∂l

)
F s − (

δs
l ∂k − δs

k∂l

)
Fm

)
.
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THEOREM. The differentiable 2-form ω is invariant (is an integral of motion for
non-Hamiltonian system (27)) if the phase-space metric ωkl(x, t) is defined by the
equation

(36)ωkl(x, t) = (
exp

(
t Ĵ

))ms

kl
ωms(x, 0).

Here Ĵ is an operator that is defined by equation (35).

PROOF. Let us consider the formal solution of equation (34) in the form

(37)ωkl(x, t) =
∞∑

n=1

tn

n!ω
(n)
kl (x),

where ω
(n)
kl = −ω

(n)
lk . In this case, the time-independent tensor fields ω

(n)
kl (x) are

defined by the recursion relation

ω
(n+1)
kl = ∂k

(
ω

(n)
lm Fm

)− ∂l

(
ω

(n)
kmFm

)
.

This equation can be rewritten in the following equivalent form

ω
(n+1)
kl = (

δm
l ∂k − δm

k ∂l

)(
F sω(n)

ms

)
.

Using the skew symmetry of the ω
(n)
ns , we have

ω
(n+1)
kl = 1

2

((
δm
l ∂k − δm

k ∂l

)
F s − (

δs
l ∂k − δs

k∂l

)
Fm

)
ω(n)

ms .

This relation can be represented in the form

ω
(n+1)
kl = Ĵ ms

kl ω(n)
ms ,

where the operator Ĵ is defined by equation (35). Therefore the invariant phase-
space metric is defined by the following equation:

ωkl(x, t) =
∞∑

n=0

tn

n!
(
Ĵ n

)ms

kl
ωms(x, 0) = (

exp(t Ĵ )
)ms

kl
ωms(x, 0).

As a result, we have equation (36). �

Example: System with linear friction

Let us consider the non-Hamiltonian system

(38)
dqi

dt
= ∂H

∂pi
,

dpi

dt
= −∂H

∂qi
−Ki(t)p

i,

where H = T (p) + U(q) and i, j = 1, . . . , n. Here T (p) is a kinetic energy,
U(q) is a potential energy. The term −Ki

j (t)p
j is a friction term. Let us consider
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the symplectic form

ω = 2gij (t) dqi ∧ dpj .

The total time derivative of this form gives

dω

dt
= 2

(
dgij

dt
− gijKj

)
dqi ∧ dpj .

In order to have the invariant phase-space metric (dω/dt = 0), we use the follow-
ing equation:

dgij

dt
= gijKj .

The solution of these equations has the form

gij (t) = δij exp

t∫
t0

Kj(τ) dτ.

This is the invariant phase-space metric for system (38). For example, the system

dq1

dt
= p1

m
,

dp1

dt
= −∂U(q)

∂q1
−K1p1,

dq2

dt
= p2

m
,

dp2

dt
= −∂U(q)

∂q2
−K2p2,

has the invariant phase-space metric ωkl(t) of the form

∥∥ωkl(t)
∥∥ =

⎛
⎜⎝

0 0 eK1t 0
0 0 0 eK2t

−eK1t 0 0 0
0 −eK2t 0 0

⎞
⎟⎠ .

Poisson brackets for non-Hamiltonian systems

Let us consider the skew-symmetric tensor field Ψ kl that is defined by the equa-
tions

Ψ kl(x, t)ωlm(x, t) = Ψ lk(x, t)ωml(x, t) = δk
l .

This tensor field satisfies the Jacoby identity

Ψ kl∂lΨ
ms + Ψ ml∂lΨ

sk + Ψ sl∂lΨ
km = 0.

It follows from the Jacoby identity (32) for ωkl .
Equations (33) and (36) give the time-dependent phase-space metric ωkl(x, t),

which satisfies the Jacoby identity. As a result, we have Lie algebra that is defined
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by the brackets:

(39){A,B}t = Ψ kl(x, t)∂kA∂lB.

It is easy to prove that these brackets are Poisson brackets. These brackets de-
fine an “invariant” structure of a Lie algebra for classical observables of non-
Hamiltonian systems.

In the general case, the rule of term-by-term differentiation with respect to time
that has the form

(40)
d

dt
{A,B} = {Ȧ, B} + {A, Ḃ},

where Ȧ = dA/dt , is not valid for non-Hamiltonian systems. In general, we have

d

dt
{A,B}t = {Ȧ, B}t + {A, Ḃ}t + J (A,B)

where

J (A,B) = Ψ kl
(1)(x, t)∂kA∂lB, Ψ kl

(1)(x, t) = Ψ kmΨ ls(∂sFm − ∂mFs).

Note that time evolution of the Poisson brackets (39) for non-Hamiltonian systems
can be considered as t-deformation of the Lie algebra of classical observables on
phase-space with the metric (37).

If we use the invariant phase-space metric, then the rule (40) is valid for (39).
As a result, the suggested Poisson brackets (39) define an invariant Lie operation,
such that the bracket of two constants of motion is a constant of motion and rule
(40) is satisfied.



Chapter 20

Fractional Quantum Dynamics

20.1. Fractional power of superoperator

Let LA be a closed linear superoperator with an everywhere dense domain D(LA),
having a resolvent R(z, LA) on the negative half-axis, and satisfying the condition

(1)
∥∥R(−z, LA)

∥∥ � M/z (z > 0).

Note that

R(−z, LA) = L−1
zI+A = (zLI + LA)−1.

The superoperator

(2)Lα
A =

sin πα

π

∞∫
0

dz zα−1R(−z, LA)LA

is defined on D(LA) for 0 < α < 1. It is called a fractional power of the left su-
peroperator and can be denoted by (LA)α . Note that the superoperator Lα

A allows
a closure.

If a closed superoperator LA satisfy condition (1), then Lα
AL

β
A = L

α+β
A for

α, β > 0, and α + β < 1.
If RA is a closed right superoperator with an everywhere dense domain D(RA)

such that∥∥(zRI + RA)−1
∥∥ � M/z (z > 0),

then we can define the superoperator

Rα
A =

sin πα

π

∞∫
0

dz zα−1(zRI + RA)−1,

which is called a fractional power of the right superoperator RA.

433
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Let LA be a closed generating superoperator of the semi-group {Φt |t � 0}.
Then the fractional power Lα

A of LA is given by

Lα
A =

1

�(−α)

∞∫
0

dz z−α−1(Φz − LI ),

which is called the Balakrishnan formula.
The resolvent for the superoperator Lα

A = (LA)α can be found by the equation

R
(−z, Lα

A

) = (
zLI + (LA)α

)−1

= sin πα

π

∞∫
0

dx
xα

z2 + 2zxα cos πα + x2α
R(−x, LA).

It is the Kato’s formula. It follows from this formula that the inequality∥∥R(−z, (LA)α
)∥∥ � M/z (z > 0)

with the same constant M as for analogous inequality (1) for the superoperator
LA, is valid for (LA)α .

It follows from the inequality∥∥zR(−z, LA)
∥∥ = ∥∥z(zLI + LA)−1

∥∥ = ∥∥zL−1
zI+A

∥∥ � M

for all z > 0 that the superoperator zL−1
zI+A is uniformly bounded in every sector

of the complex plane | arg z| � φ for φ not greater than some number π − ψ

(0 < ψ < π ). Then the superoperator zR(−z, (LA)α) is uniformly bounded in
every sector of the complex plane | arg z| � φ for φ < π − αψ .

Let LA be a closed generating superoperator of the semi-group {Φt |t � 0}.
Then the superoperators

(3)Φ
(α)
t =

∞∫
0

ds fα(t, s)Φs (t > 0)

form a semi-group such that Lα
A is an infinitesimal generator of Φ

(α)
t . Equation (3)

will be called the Bochner–Phillips formula.
In equation (3), we use the function

(4)fα(t, s) = 1

2πi

a+ı∞∫
a−i∞

dz exp
(
sz− tzα

)
,

where a, t > 0, s � 0, and 0 < α < 1. The branch of zα is so taken that
Re(zα) > 0 for Re(z) > 0. This branch is a one-valued function in the z-plane
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cut along the negative real axis. The convergence of this integral is obviously in
virtue of the convergence factor exp(−tzα).

The function fα(t, s) has the following properties.

(1) For t > 0 and x > 0,

∞∫
0

ds e−sx fα(t, s) = e−txα

.

(2) For all s > 0, the function fα(t, s) is nonnegative: fα(t, s) � 0.
(3) We have

∞∫
0

ds fα(t, s) = 1.

(4) By denoting the path of integration in (4) to the union of two paths
r exp(−iθ), and r exp(+iθ), where r ∈ (0,∞), and π/2 � θ � π , we
obtain

fα(t, s) = 1

π

∞∫
0

dr exp
(
sr cos θ − trα(αθ)

)

(5)· sin
(
sr sin θ − trα sin(αθ)+ θ

)
.

(5) If α = 1/2, then we have, by taking θ = π ,

f1/2(t, s) = 1

π

∞∫
0

dr e−sr sin(t
√

r ) = t

2
√

πs3/2
e−t2/4s .

20.2. Fractional Lindblad equation and fractional semi-group

Let us consider the equation

(6)
d

dt
At = − 1

ih̄
[H,At ] + 1

2h̄

∞∑
k=1

(
V ∗k [At, Vk] +

[
V ∗k , At

]
Vk

)
.

This is the Lindblad equation for quantum observable At . We rewrite this equation
in the form

(7)
d

dt
At = −LV At , LV = L−H +

i

2

∞∑
k=1

(
LV ∗k L−Vk

− L−
V ∗k

RVk

)
,
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where LV is the Lindblad superoperator. If all operators Vk are equal to zero,
then L0 = L−H , and equation (7) gives the Heisenberg equation for Hamiltonian
system.

It is interesting to obtain a fractional generalization of equation (7). We will
consider here concept of fractional power for LV . If LV is a closed linear superop-
erator with an everywhere dense domain D(LV ), having a resolvent R(z,LV ) =
(zLI − LV )−1 on the negative half-axis, and satisfying the condition∥∥R(−z,LV )

∥∥ � M/z (z > 0),

then there exists the superoperator

(8)−(LV )α = sin πα

π

∞∫
0

dz zα−1R(−z,LV )LV

defined on D(LV ) for 0 < α < 1. The superoperator (LV )α is a fractional power
of the Lindblad superoperator. Note that (LV )α(LV )β = (LV )α+β for α, β > 0,
and α + β < 1.

As a result, we obtain the equation

(9)
d

dt
At = −(LV )αAt ,

where t , H/h̄ and Vk/
√

h̄ are dimensionless variables. This is the fractional Lind-
blad equation.

If Vk = 0, then equation (9) gives the fractional Heisenberg equation

(10)
d

dt
At = −

(
L−H

)α
At .

The superoperator (L−H )α is a fractional power of the Lie left superoperator. Note
that this equation cannot be presented in the form

d

dt
At = −L−Hnew

At = i

h̄
[Hnew, At ]

with some operator Hnew. Therefore, quantum systems described by (10) are not
Hamiltonian systems. These systems will be called the fractional Hamiltonian
systems (FHS). Usual Hamiltonian systems can be considered as a special case of
FHS.

If we consider the Cauchy problem for equation (7) in which the initial condi-
tion is given at the time t = 0 by A0, then its solution can be written in the form
At = ΦtA0. The one-parameter superoperators Φt , t � 0, have the properties

ΦtΦs = Φt+s (t, s > 0), Φ0 = LI .
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As a result, the superoperators Φt form a semi-group, and the superoperator LV

is a generating superoperator of the semi-group {Φt |t � 0}.
Let us consider the Cauchy problem for fractional Lindblad equation (9) in

which the initial condition is given by A0. Then its solution can be presented in
the form

At(α) = Φ
(α)
t A0,

where the superoperators Φ
(α)
t , t > 0, form a semi-group, which can be called the

fractional semi-group. The superoperator (LV )α is a generating superoperator of
the semi-group {Φ(α)

t |t � 0}.

Properties of the fractional semi-group

Let us consider some properties of fractional semi-groups {Φ(α)
t |t > 0}.

(1) The superoperators Φ
(α)
t can be constructed in terms of Φt by the Bochner–

Phillips formula

(11)Φ
(α)
t =

∞∫
0

ds fα(t, s)Φs (t > 0),

where fα(t, s) is defined in (4). If At is a solution of the Lindblad equation (7),
then formula (11) gives the solution

At(α) =
∞∫

0

ds fα(t, s)As (t > 0)

of fractional equation (9).
(2) Let Φt , t > 0, be a positive one-parameter superoperator, i.e., ΦtA � 0 for

A � 0. Using the Bochner–Phillips formula and the property fα(t, s) � 0 (s >

0), it is easy to prove that the superoperator Φ
(α)
t is also positive, i.e., Φ

(α)
t A � 0

for A � 0.
(3) A linear superoperator Φt is completely positive if∑

i,j

BiΦt

(
A∗i Aj

)
Bj � 0

for any Ai, Bi ∈M.

THEOREM. If {Φt |t > 0} is a completely positive semi-group of superoperator
Φt on M, then fractional superoperators Φ

(α)
t , t > 0, form a completely positive

semi-group.
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PROOF. The Bochner–Phillips formula gives

∑
i,j

BiΦ
(α)
t

(
A∗i Aj

)
Bj =

∞∫
0

ds fα(t, s)
∑
i,j

BiΦs

(
A∗i Aj

)
Bj

for t > 0. Using∑
i,j

BiΦs

(
A∗i Aj

)
Bj � 0, fα(t, s) � 0 (s > 0),

we obtain∑
i,j

BiΦ
(α)
t

(
A∗i Aj

)
Bj � 0. �

(4) Let M be a Hilbert operator space, together with a scalar product ( | ). If Φt

is a superoperator on M, then an adjoint superoperator of Φt is a superoperator
Φ̄t on M∗, such that

(12)
(
Φ̄t (A)|B) = (

A|Φt(B)
)

for all B ∈ D(Φt) ⊂M and some A ∈M∗. Using the Bochner–Phillips formula,
we obtain the following theorem.

THEOREM. If Φ̄t is an adjoint superoperator of Φt , then the superoperator

Φ̄
(α)
t =

∞∫
0

ds fα(t, s)Φ̄s (t > 0)

is an adjoint superoperator of Φ
(α)
t .

PROOF. Suppose Φ̄t is an adjoint of Φt , i.e. equation (12) is satisfied. Then

(
Φ̄

(α)
t A

∣∣B) =
∞∫

0

ds fα(t, s)(Φ̄sA|B)

=
∞∫

0

ds fα(t, s)(A|ΦsB) = (
A
∣∣Φ(α)

t B
)
. �

(5) Let {Φ̄t |t > 0} be a completely positive semi-group, such that the density
operator ρt = Φ̄tρ0 is described by

(13)
d

dt
ρt = −L̄V ρt ,
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where L̄V is adjoint of the Lindblad superoperator LV . The superoperator L̄V can
be presented by

L̄V ρt = − 1

ih̄
[H, ρt ] + 1

h̄

∞∑
k=1

(
VkρtV

∗
k −

(
ρtV

∗
k Vk + V ∗k Vkρt

))
.

Note that equation (13) with Vk = 0 gives the von Neumann equation

d

dt
ρt = 1

ih̄
[H, ρt ].

The semi-group {Φ̄(α)
t |t > 0} describes the evolution of the density operator

ρt (α) = Φ̄
(α)
t ρ0

by the fractional equation

d

dt
ρt (α) = −(L̄V )αρt (α).

This is the fractional Lindblad equation for density operator. For Vk = 0, this
equation gives

d

dt
ρt = −

(−L−H
)α

ρt .

This is the fractional von Neumann equation.
(6) In quantum theory, the most important is the class of real superoperators. Let

A∗ ∈ M∗ be adjoint of A ∈ M. A real superoperator is a superoperator Φt on
M, such that (ΦtA)∗ = Φt(A

∗) for all A ∈ D(Φt) ⊂M. A quantum observable
is a self-adjoint operator. If Φt is a real superoperator and A is a self-adjoint
operator A∗ = A, then the operator At = ΦtA is self-adjoint, i.e., (ΦtA)∗ = ΦtA.
Let M be a set of observables. Then superoperators on M into M should be real.
All possible dynamics, i.e., temporal evolutions of quantum observables, must be
described by a set of all real superoperators.

THEOREM. If Φt is a real superoperator, then Φ
(α)
t is real.

PROOF. The Bochner–Phillips formula gives

(
Φ

(α)
t A

)∗ =
∞∫

0

ds f ∗α (t, s)(ΦsA)∗ (t > 0).

Using (5), it is easy to see that f ∗α (t, s) = fα(t, s) is a real-valued function. Then

(ΦtA)∗ = ΦtA
∗ leads to (Φ

(α)
t A)∗ = Φ

(α)
t (A∗) for all A ∈ D(Φ

(α)
t ) ⊂M. �

(7) It is known that Φ̄t is a real superoperator if Φt is real. Analogously, if Φ
(α)
t

is a real superoperator, then Φ̄
(α)
t is real.
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Fractional Heisenberg equation for harmonic oscillator

Let us consider the Hamiltonian

(14)H = 1

2m
P 2 + mω2

2
Q2,

where t and P are dimensionless variables. Then equation (10) describes a har-
monic oscillator. For A = Q, and A = P , equation (10) for α = 1 gives

d

dt
Qt = 1

m
Pt ,

d

dt
Pt = −mω2Qt.

The well-known solutions of these equations are

Qt = Q0 cos(ωt)+ 1

mω
P0 sin(ωt),

(15)Pt = P0 cos(ωt)−mωQ0 sin(ωt).

Using these solutions and the Bochner–Phillips formula, we can obtain solutions
of the following fractional Heisenberg equations

(16)
d

dt
Qt = −

(
L−H

)α
Qt ,

d

dt
Pt = −

(
L−H

)α
Pt ,

where H is defined by (14). The solutions of fractional equations (16) have the
forms

Qt(α) = Φ
(α)
t Q0 =

∞∫
0

ds fα(t, s)Qs,

(17)Pt(α) = Φ
(α)
t P0 =

∞∫
0

ds fα(t, s)Ps.

Substitution of (15) into (17) gives

(18)Qt = Q0Cα(t)+ 1

mω
P0Sα(t), Pt = P0Cα(t)−mωQ0Sα(t),

where

Cα(t) =
∞∫

0

ds fα(t, s) cos(ωs), Sα(t) =
∞∫

0

ds fα(t, s) sin(ωs).

Equations (18) describe solutions of the fractional Heisenberg equations (16) for
quantum harmonic oscillator.
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If α = 1/2, then

C1/2(t) = t

2
√

π

∞∫
0

ds
cos(ωs)

s3/2
e−t2/4s ,

S1/2(t) = t

2
√

π

∞∫
0

ds
sin(ωs)

s3/2
e−t2/4s .

These functions can be presented through the Macdonald function (see [123],
Sec. 2.5.37.1), which is also called the modified Bessel function of the third kind.

It is not hard to obtain the expectation values

<Qt> = x0Cα(t)+ 1

mω
p0Sα(t),

<Pt> = p0Cα(t)−mωx0Sα(t),

and the dispersions

Dt(Q) = b2

2
C2

α(t)+ h̄2

2b2m2ω2
S2

α(t),

Dt (P ) = h̄2

2b2
C2

α(t)+ b2m2ω2

2
S2

α(t).

Here we use the coordinate representation and the pure state

(19)Ψ (x) = <x|Ψ > = (b
√

π )−1/2 exp

(
− (x − x0)

2

2b
+ i

h̄
p0x

)
.

The expectation value and dispersion are defined by the equations

<At> = Tr
[|Ψ ><Ψ |At

] = <Ψ |At |Ψ >,

Dt(A) = <A2
t >−<At>

2 = <Ψ |A2
t |Ψ >−<Ψ |At |Ψ >2.

Example of fractional Lindblad equation

The basic assumption is that the general form of a bounded completely dissi-
pative superoperator given by Lindblad equation is also valid for an unbounded
completely dissipative superoperator LV . Another simple condition imposed to
the operators H , Vk is that they are functions of the basic operators Q and P of
such that Vk = Vk(Q,P ) are at most the first degree polynomials in Q and P ,
and H = H(Q,P ) is at most a second degree polynomial in Q and P . Then Vk

and H are chosen in the forms:

(20)Vk = akP + bkQ, H = 1

2m
P 2 + mω2

2
Q2 + μ

2
(PQ+QP),
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where ak, bk are complex numbers, k = 1, 2. It is easy to obtain

LV Q = 1

m
P + μQ− λQ, LV P = −mω2Q− μP − λP,

where

λ = Im

(
n=2∑
k=1

akb
∗
k

)
= − Im

(
n=2∑
k=1

a∗k bk

)
.

Let us define the following matrices

A =
(

Q

P

)
, M =

(
μ− λ 1

m

−mω2 −μ− λ

)
.

In this case, the Lindblad equation for At becomes

(21)
d

dt
At = MAt,

where LV At = MAt . The solution of (21) is

At = ΦtA0 =
∞∑

n=0

tn

n!L
n
V A0 =

∞∑
n=0

tn

n!M
nA0.

The matrix M can be presented in the form M = N−1FN , where F is a diagonal
matrix. Let ν be a complex parameter such that ν2 = μ2 − ω2. Then, we have

N =
(

mω2 μ+ ν

mω2 μ− ν

)
, F =

(−(λ+ ν) 0
0 −(λ− ν)

)
.

Using

Φt =
∞∑

n=0

tn

n!M
n = N−1

( ∞∑
n=0

tn

n!F
n

)
N,

we obtain the superoperator Φt in the form

Φt = etM = N−1etF N

= e−λt

(
cosh(νt)+ μ

ν
sinh(νt) 1

mν
sinh(νt)

−mω2

ν
sinh(νt) cosh(νt)− μ

ν
sinh(νt)

)
,

where sinh and cosh are hyperbolic sine and cosine.
As a result, we obtain

(22)Qt = e−λt

[
cosh(νt)+ μ

ν
sinh(νt)

]
Q0 + 1

mν
e−λt sinh(νt)P0,

(23)Pt = −mω2

ν
e−λt sinh(νt)Q0 + e−λt

[
cosh(νt)− μ

ν
sinh(νt)

]
P0.
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The fractional Lindblad equations for Qt and Pt are

(24)
d

dt
Qt = −(LV )αQt ,

d

dt
Qt = −(LV )αQt ,

where t and Vk/
√

h̄ are dimensionless variables. The solutions of these fractional
equations are given by the Bochner–Phillips formula

(25)Qt(α) = Φ
(α)
t Q0 =

∞∫
0

ds fα(t, s)Qs (t > 0),

(26)Pt (α) = Φ
(α)
t P0 =

∞∫
0

ds fα(t, s)Ps (t > 0),

where Qs and Ps are presented in equations (22) and (23). The function fα(t, s)

is defined in (4). Substitution of (22) and (23) into (25) and (26) gives

(27)Qt(α) =
[

Chα(t)+ μ

ν
Sh(t)

]
Q0 + 1

mν
Chα(t)P0,

(28)Pt(α) = −mω2

ν
Shα(t)Q0 +

[
Chα(t)− μ

ν
Shα(t)

]
P0,

where

Chα(t) =
∞∫

0

ds fα(t, s)e−λs cosh(νs),

Shα(t) =
∞∫

0

ds fα(t, s)e−λs sinh(νs).

If α = 1/2, then we have

Ch1/2(t) = t

2
√

π

∞∫
0

ds
cosh(νs)

s3/2
e−t2/4s−λs,

Sh1/2(t) = t

2
√

π

∞∫
0

ds
sinh(νs)

s3/2
e−t2/4s−λs .

These functions can be presented through the Macdonald function (see [123],
Sec. 2.4.17.2) such that

Ch1/2(t) = t

2
√

π

[
V (t, λ,−ν)+ V (t, λ, ν)

]
,
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Sh1/2(t) = t

2
√

π

[
V (t, λ,−ν)− V (t, λ, ν)

]
.

Here

V (t, λ, ν) =
(

t2 + 4ν

4λ

)1/4

K−1/2

(
2

√
λ(t2 + 4ν)

4

)
,

where Re(t2) > Re(ν), Re(λ) > 0, and Kα(z) is the Macdonald function [115,
134], which is also called the modified Bessel function of the third kind.

20.3. Quantization of fractional derivatives

From fractional derivative operator to superoperator

The theory of derivatives and integrals of noninteger order goes back to Leibniz,
Liouville, Grunwald, Letnikov and Riemann [81,115,134]. Derivatives of frac-
tional order, and fractional differential equations have found many applications in
recent studies in physics [199–201].

The fractional derivative 0D
α
x on [0,∞) in the Riemann–Liouville form is de-

fined by the equation

0D
α
x A(x) = 1

�(m− α)

dm

dxm

x∫
0

A(y) dy

(x − y)α−m+1
,

where m is the first whole number greater than or equal to α. The derivative of
powers n of x is

(29)0D
α
x xn = �(n+ 1)

�(n+ 1− α)
xn−α,

where n � 1, and α � 0. Here �(z) is a Gamma function.
Let A(x) be an analytic function for x ∈ (0, b). The fractional Riemann–

Liouville derivative can be presented [134] in the form

0D
α
x A(x) =

∞∑
n=0

a(n, α)xn−α dnA(x)

dxn
,

where

a(n, α) = �(α + 1)

�(n+ 1)�(α − n+ 1)�(n− α + 1)
.
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If A(q, p) is an analytic function on R2n, then we can define the fractional
derivatives

(30)0D
α
qk

A(q, p) =
∞∑

n=0

a(n, α)qn−α
k

∂n

∂qn
k

A(q, p),

(31)0D
α
pk

A(q, p) =
∞∑

n=0

a(n, α)pn−α
k

∂n

∂pn
k

A(q, p),

where k = 1, . . . , n. Using the operators

L+qk
A(q, p) = qkA(q, p), L+pk

A(q, p) = pkA(q, p),

L−qk
A(q, p) = ∂A(q, p)

∂pk

, L−pk
A(q, p) = −∂A(q, p)

∂qk

,

equations (30) and (31) can be rewritten in the form

0D
α
qk

A(q, p) =
∞∑

n=0

a(n, α)
(
L+qk

)n−α(−L−pk

)n
A(q, p),

0D
α
pk

A(q, p) =
∞∑

n=0

a(n, α)
(
L+pk

)n−α(
L−qk

)n
A(q, p).

As a result, the fractional derivatives are defined by

(32)0D
α
qk
=

∞∑
n=0

a(n, α)
(
L+qk

)n−α(−L−pk

)n
,

(33)0D
α
pk
=

∞∑
n=0

a(n, α)
(
L+pk

)n−α(
L−qk

)n
.

The Weyl quantization π of qk and pk gives the operators

Qk = π(qk), Pk = π(pk).

The Weyl quantization of the operators L±
qk and L±

pk is defined by the equation

πW

(
L+qk

) = L+Qk
, πW

(
L−qk

) = L−Qk
,

πW

(
L+pk

) = L+Pk
, πW

(
L−pk

) = L−Pk
,

where

(34)L+QA = 1

2
(QA+ AQ), L+P A = 1

2
(PA+ AP),

(35)L−QA = 1

ih̄
(QA− AQ), L−P A = 1

ih̄
(PA− AP).
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As a result, the quantization of the fractional derivatives (32) and (33) gives the
superoperators

(36)0Dα
Qk
= π

(
0D

α
qk

) = ∞∑
n=0

a(n, α)
(
L+Qk

)n−α(−L−Pk

)n
,

(37)0Dα
Pk
= π

(
0D

α
pk

) = ∞∑
n=0

a(n, α)
(
L+Pk

)n−α(
L−Qk

)n
.

Equations (36) and (37) can be considered as definitions of the fractional deriva-
tion superoperators on an operator space.

It is not hard to prove that

0Dα
QQn = �(n+ 1)

�(n+ 1− α)
Qn−α, 0Dα

P P n = �(n+ 1)

�(n+ 1− α)
P n−α,

where n � 1, and α � 0.

Quantization of Riemann–Liouville derivative

We remind of the formula for the Fourier transform Ã(a) of some function A(x):

Ã(a) = F
{
A(x)

} = 1

(2π)1/2

∫
R

dx A(x) exp{−iax},

which is valid for all A(x) with∫
R

dx
∣∣A(x)

∣∣ < ∞.

If we require∥∥A(x)
∥∥

2 =
∫
R

dx
∣∣A(x)

∣∣2 < ∞,

then the Parseval formula ‖Ã‖2 = ‖A‖2 holds.
Let F be an extension of this Fourier transformation to a unitary isomorphism

on L2(R). We define the operators

L = F−1L(a)F .

It is well defined, if the function L(a) is measurable. These operators form a
commutative algebra. Let L1 and L2 be operators associated with the functions
L1(a) and L2(a). If L12 is an operator associated with L12(a) = L1(a)L2(a),
then

L12 = L1L2 = L2L1.
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As a result, we may present explicit formulas for a fractional derivative. If the
Fourier transforms exists, then the operator Dα

x is

Dα
x A(x) = F−1(ia)αÃ(a) = F−1(ia)αFA(x),

where

(ia)α = |a|α exp

(
πα

2
sgn(a)

)
.

For A(x) ∈ L2(R), we have the integral representation

(38)Dα
x A(x) = 1

2π

∫
R2

da dx′ (ia)αA(x′) exp
{
ia(x − x′)

}
.

Some elementary manipulations lead to the well-known Riemann–Liouville inte-
gral representation

Dα
x A(x) = −∞Dα

x A(x) = 1

�(m− α)

dm

dxm

x∫
−∞

dx′ A(x′)
(x − x′)α+1−m

.

This form cannot be used to quantization. For Weyl quantization, we consider the
representation (38).

Let A(q, p) be a function of L2(R
2) on the phase space R2. Then equation (38)

can be presented in the form

Dα
q Dβ

pA(q, p)

(39)=
∫
R4

da db dq ′ dp′

(2πh̄)2
(ia)α(ib)βA(q ′, p′)e

i
h̄
(a(q−q ′)+b(p−p′))

.

Using the Weyl quantization of A(q, p) in the form

A(Q,P ) = π
(
A(q, p)

) = ∫
R4

da db dq dp

(2πh̄)2
A(q, p)e

i
h̄
(a(Q−qI)+b(P−pI))

,

we obtain the following result of the Weyl quantization of (39):

Dα
QD

β
P A(Q,P ) = π

(
Dα

q Dβ
pA(q, p)

)
= 1

(2πh̄)2

∫
R4

da db dq dp(ia)α(ib)βA(q, p)

(40)× exp
i

h̄

(
a(Q− qI)+ b(P − pI)

)
.
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This equation can be considered as a definition of Dα
Q and D

β
P on a set of quantum

observables.
Note that the general quantization of A(q, p) is defined by

AF (Q,P ) =
∫
R4

da db dq dp

(2πh̄)2
F(a, b)A(q, p)

× exp
i

h̄

(
a(Q− qI)+ b(P − pI)

)
.

For the Weyl quantization, F(a, b) = 1. If F(a, b) = cos(ab/2h̄), then we have
the Rivier quantization. Equation (40) can be considered as a general quantization
of A(q, p) with the function

F(a, b) = (ia)α(ib)β .

This function has zeros on the real a, b axis. It is clear that there is no dual operator
basis.

20.4. Quantization of Weierstrass nondifferentiable function

We consider a function W(x) on R. Under certain circumstances the graph

graph W(x) = {(
x,W(x)

)
: x ∈ R

}
regarded as a subset of the (x, y)-coordinate plane may be fractal. If W(x) has
a continuous derivative, then it is not difficult to prove that the graph has dimen-
sion 1. However, it is possible for a continuous function to be sufficiently irregular
to have a graph of dimension strictly greater than 1. The well-known example is

W(x) =
∞∑

k=0

a(s−2)k sin
(
akx

)
,

where 1 < s < 2, and a > 1. This function has the box-counting dimension
D = s.

Fractality of pure quantum states

Some general approach to quantum fractal construction was proposed by D. Wo-
jcik, I. Bialynicki-Birula, and K. Zyczkowski [189].

The Weierstrass function

W(x) =
∞∑

k=0

an sin
(
bnx

)
,
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where 0 < a < 1 < b, ab > 1, is an example of a continuous, nowhere dif-
ferentiable function. The box-counting dimension of its graph is the noninteger
number

D = 2−
∣∣∣∣ ln a

ln b

∣∣∣∣.
We can consider the wave function

ΨM(t, x) = NM

M∑
k=0

ak(s−2) sin
(
akx

)
e−ia2k t ,

where a = 2, 3, . . . and s ∈ (0, 2). In the physically interesting case of any finite
M the wave function ΨM(t, x) is a solution of the Schrödinger equation. The limit
case

Ψ (t, x) = lim
M→∞ΨM(t, x) = N

∞∑
k=0

ak(s−2) sin
(
akx

)
e−ia2k t

with the normalization constant

N =
√

2

π

(
1− a2(s−2)

)
is continuous but nowhere differentiable. In analogy with the theory of distribu-
tion, it can be considered as a solution of the Schrödinger equation in the weak
sense. It was shown that the probability density P(t, x) = |Ψ (t, x)|2 has a fractal
nature and the surface P(t, x) has the box-counting dimension

D = 2+ s

2
.

Weierstrass superoperator functions

The complex Weierstrass function has the form

W0(x) = (
1− a2)−1/2

∞∑
k=0

ak exp
{
2πibkx

}
,

where b > 1 is a real number, and a = bD−2 (1 < D < 2). It can be proved
that this function is continuous, but it is not differentiable. Note that W0(x) is
continuous and differentiable if D < 1.

Let us consider this function on the phase space R2, and x = q or x = p. Using
the operators

L+q A(q, p) = qA(q, p), L+p A(q, p) = pA(q, p),
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the complex Weierstrass function can be presented in the operator form

(41)W0
(
L+x

) = (
1− a2)−1/2

∞∑
k=0

ak exp
{
2πibkL+x

}
.

The basic assumption is that the general properties of the Weyl quantization given
by the equations

π
(
L+q

) = L+Q, π
(
L+q

) = L+Q,

π

(∑
k

Ak(q, p)

)
=
∑

k

π
(
Ak(q, p)

)
are also valid for infinite sums. Then the Weyl quantization of (41) gives

(42)W0
(
L+X

) = π
(
W0

(
L+x

)) = (
1− a2)−1/2

∞∑
k=0

ak exp
{
2πibkL+X

}
,

where X = Q = π(q) or X = P = π(p), and L+X is defined by (34). As a
result, equation (42) defines the Weierstrass superoperator functions W0(L

+
Q) and

W0(L
+
P ) on an operator algebra. In the Wigner representation of quantum me-

chanics these superoperators are represented by the Weierstrass functions W0(q)

and W0(p) on the phase space R2.
We can formally consider the operators

(43)W0
(
L−x

) = (
1− a2)−1/2

∞∑
k=0

ak exp
{
2πibkL−x

}
,

where x = q or p, and

L−q A(q, p) = ∂A(q, p)

∂p
, L−p A(q, p) = −∂A(q, p)

∂q
.

Using the functions

Ψ (x) = exp(λx) (x ∈ R),

we obtain

L−q Ψ (q) = λΨ (q), L−p Ψ (p) = −λΨ (p).

Then Ψ (x) are eigenfunctions of the operators L−x with the eigenvalues ±λ. The
box-counting dimension of its spectrum graphs (λ,±λ) is 1. The operators (43)
give

W0
(
L−q

)
Ψ (q) = W0(λ)Ψ (q), W0

(
L−p

)
Ψ (p) = W0(−λ)Ψ (p).
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As a result, the Weierstrass functions W0(±λ) are eigenvalues of the operators
(43) with the eigenfunction Ψ (x). Then the spectrum graphs (λ,W0(±λ)) of these
operators are fractal sets. The box-counting dimensions of these graph are nonin-
teger numbers.

Using the formulas

πW

(
L+p

) = L+P , πW

(
L−p

) = L−P ,

we can realize the Weyl quantization of the operators (43). As a result, we obtain
the superoperators of the form

(44)W0
(
L−X

) = π
(
W0

(
L−x

)) = (
1− a2)−1/2

∞∑
k=0

ak exp
{
2πibkL−X

}
,

where X = Q = π(q) or X = P = π(p), and L−X is defined by (35). Equa-
tion (44) defines the Weierstrass superoperator functions W0(L

−
Q) and W0(L

−
P ) on

a set of quantum observables. In the Wigner representation of quantum mechanics
these superoperators are represented by the operators W0(L

−
q ) and W0(L

−
p ) with

the fractal spectrum graphs (λ,W0(±λ)).
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Chapter 21

Stationary States of Non-Hamiltonian Systems

21.1. Pure stationary states

Classical non-Hamiltonian and dissipative systems can have regular or strange
attractors. Regular attractors of a non-Hamiltonian system can be considered as
a set of (stationary) states for Hamiltonian system that corresponds to the non-
Hamiltonian system. Quantization of time evolution equations in phase space
allows one to derive quantum analogs of non-Hamiltonian classical systems with
regular attractors. Quantum analogs of dissipative systems with strange attractors
such as Lorenz-like system and Rössler systems can be obtained by quantization.
Then it is interesting to consider quantum analogs for regular and strange attrac-
tors. The regular “quantum” attractors can be considered as stationary states of
non-Hamiltonian quantum systems. The existence of stationary states for non-
Hamiltonian quantum systems is an interesting fact.

The condition given by Davies [39] defines the stationary state of non-Ham-
iltonian quantum system. An example, where the stationary state is unique and
approached by all states for long times is considered by Lindblad [96] for Brown-
ian motion of quantum harmonic oscillator. In Refs. [146,147] Spohn derives
sufficient condition for the existence of a unique stationary state for the non-
Hamiltonian quantum system described by Lindblad equation [95]. The stationary
solution of the Wigner function evolution equation for non-Hamiltonian quan-
tum system was discussed in [6,76]. Quantum effects in the steady states of the
dissipative map are considered in [47]. Stationary pure states of quantum non-
Hamiltonian systems are considered in [164,166]. For classical non-Hamiltonian
systems, stationary states are presented in [170,167,171].

In this chapter, we consider stationary pure states of some non-Hamiltonian
quantum systems. In the pure stationary states, these non-Hamiltonian systems
look like Hamiltonian quantum systems. We consider the quantum analog of
dynamical bifurcations that are used for classical dynamical systems. Non-
Hamiltonian quantum systems with pure stationary states of linear harmonic
oscillator are suggested. We derive stationary states for the Lindblad equation.
The suggested approach allows one to use theory of bifurcations for a wide class

453



454 Chapter 21. Stationary States of Non-Hamiltonian Systems

of quantum non-Hamiltonian systems. We consider the example of bifurcation of
pure stationary states for non-Hamiltonian quantum systems.

In the general case, the time evolution of the quantum state |ρt ) can be de-
scribed by the Liouville–von Neumann equation

(1)
d

dt
|ρt ) = Λ|ρt ),

where Λ is a Liouville superoperator, |ρ) is a density operator. For Hamiltonian
systems, the Liouville superoperator has the form

(2)Λ = − i

h̄
(LH − RH ) or Λ = L−H ,

where H = H(Q,P ) is a Hamilton operator. If Λ can be represented in the form
(2), then the quantum system is called globally Hamiltonian.

The stationary state is defined by the condition:

(3)Λ|ρt ) = 0.

For Hamiltonian quantum systems (2), this condition has the simple form:

(4)LH |ρt ) = RH |ρt ) or L−H |ρt ) = 0.

In the general case, we can consider the Liouville superoperator as a superoperator
function:

Λ = Λ
(
L−X,L+X

)
or Λ = Λ(LX,RX),

where X is a set of linear operators. For example, X = {Q,P,H } or X =
{H1, . . . , Hs}. We will use the special form of the superoperator Λ such that

Λ = − i

h̄
(LH − RH )+

s∑
k=1

FkNk(LH ,RH ),

where Nk(LH ,RH ) are some superoperator functions and Fk are arbitrary
nonzero superoperators.

It is known that a pure state |ρΨ ) is a stationary state of a Hamiltonian quantum
system (1), (2), if the state |ρΨ ) is an eigenvector of the superoperators LH and
RH such that

(5)LH |ρΨ ) = |ρΨ )E, RH |ρΨ ) = |ρΨ )E.

Equivalently, the state |ρΨ ) is an eigenvector of superoperators L+H and L−H such
that

L+H |ρΨ ) = |ρΨ )E, L−H |ρΨ ) = |ρΨ ) · 0 = 0.
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The energy variable E can be defined by

E = (I |LH |ρΨ ) = (I |RH |ρΨ ) = (I |L+H |ρΨ ).

The superoperators LH and RH for linear harmonic oscillator are

(6)LH = 1

2m
L2

P +
mω2

2
L2

Q, RH = 1

2m
R2

P +
mω2

2
R2

Q.

It is known that pure stationary states ρΨn = ρ2
Ψn

of linear harmonic oscillator (6)
exists if the variable E is equal to

(7)En = 1

2
h̄ω(2n+ 1).

21.2. Stationary states of non-Hamiltonian systems

Let us consider the Liouville–von Neumann equation (1) for the non-Hamiltonian
quantum system in the form

(8)
d

dt
|ρt ) = − i

h̄
(LH − RH )|ρt )+

s∑
k=1

FkNk(LH ,RH )|ρt ).

Here Fk are some superoperators and Nk(LH ,RH ), where k = 1, . . . , s, are
superoperator functions.

Let |ρΨ ) be a pure stationary state of the Hamiltonian quantum system defined
by Hamilton operator H . If equations (5) are satisfied, then the state |ρΨ ) is a
stationary state of the Hamiltonian system associated with the non-Hamiltonian
system (8) and defined by

(9)
d

dt
|ρt ) = − i

h̄
(LH − RH )|ρt ).

If the vector |ρΨ ) is an eigenvector of operators LH and RH , then the Liouville–
von Neumann equation (8) for the pure state |ρΨ ) has the form

d

dt
|ρΨ ) =

s∑
k=1

Fk|ρΨ )Nk(E,E),

where the functions Nk(E,E) are defined by

Nk(E,E) = (I |Nk(LH ,RH )|ρΨ ).

If all functions Nk(E,E) are equal to zero

(10)Nk(E,E) = 0,
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then the stationary state |ρΨ ) of the Hamiltonian quantum system (9) is the sta-
tionary state of the non-Hamiltonian quantum system (8).

Note that functions Nk(E,E) are eigenvalues and |ρΨ ) is the eigenvector of
superoperators Nk(LH ,RH ), since

Nk(LH ,RH )|ρΨ ) = |ρΨ )Nk(E,E).

Therefore stationary states of the non-Hamiltonian quantum system (8) are de-
fined by zero eigenvalues of superoperators Nk(LH ,RH ).

21.3. Non-Hamiltonian systems with oscillator stationary states

In this section simple examples of non-Hamiltonian quantum systems (8) are con-
sidered.

(1) Let us consider the nonlinear oscillator with friction defined by the equation

(11)
d

dt
ρt = − i

h̄

[
H̃ , ρt

]− i

2h̄
β
[
Q2, P 2ρt + ρtP

2],
where the operator H̃ is the Hamilton operator of the nonlinear oscillator:

H̃ = P 2

2m
+ mΩ2Q2

2
+ γQ4

2
.

Equation (11) can be rewritten in the form

d

dt
|ρt ) = L−H |ρt )

(12)+ 2mβL−
Q2

(
1

2m

(
L+P

)2 + γ

2mβ

(
L+Q

)2 − Δ

4β
LI

)
|ρt ),

where Δ = Ω2 − ω2 and the superoperator L−H is defined for the Hamilton op-
erator H of the linear harmonic oscillator by equations (2) and (6). Equation (12)
has the form (8), with

N(LH ,RH ) = 1

2
(LH + RH )− Δ

2β
LI , F = 2mβL−

Q2 .

In this case the function N(E,E) has the form

N(E,E) = E − Δ

2β
.

Let γ = βm2ω2. The non-Hamiltonian quantum system (11) has one stationary
state of the linear harmonic oscillator with energy En = (h̄ω/2)(2n+ 1), if Δ =
2βh̄ω(2n + 1), where n is an integer nonnegative number. This stationary state
is one of the stationary states of the linear harmonic oscillator with the mass m



21.3. Non-Hamiltonian systems with oscillator stationary states 457

and frequency ω. In this case we can have the quantum analog of dynamical Hopf
bifurcation.

(2) Let us consider the non-Hamiltonian quantum system described by the
equation

(13)
d

dt
|ρt ) = L−H |ρt )+ L−Q cos

(
π

ε0
L+H

)
|ρt ),

where the superoperator L−H is defined by formulas (2) and (6). Equation (13) has
the form (8) if the superoperators F and N(LH ,RH ) are defined by

F = − i

h̄
(LQ − RQ),

and

N(LH ,RH ) = cos

(
π

2ε0
(LH + RH )

)

(14)=
∞∑

m=0

1

(2m)!
(

iπ

2ε0

)2m

(LH + RH )2m.

The function N(E,E) has the form

N(E,E) = cos

(
πE

ε0

)
=

∞∑
m=0

1

(2m)!
(

iπE

ε0

)2m

.

The stationary state condition (10) has the solution

E = ε0

2
(2n+ 1),

where n is an integer number. If parameter ε0 is equal to h̄ω, then quantum sys-
tem (13) and (14) has pure stationary states of the linear harmonic oscillator with
the energy (7). As a result, stationary states of the non-Hamiltonian quantum sys-
tem (13) coincide with pure stationary states of linear harmonic oscillator. If the
parameter ε0 is equal to h̄ω(2m + 1), then quantum system (13) and (14) has
stationary states of the linear harmonic oscillator with n(k,m) = 2km + k + m

and

En(k,m) = h̄ω

2
(2k + 1)(2m+ 1).

(3) Let us consider the superoperator function Nk(LH ,RH ) in the form

Nk(LH ,RH ) = 1

2h̄

∑
n,m

vknv
∗
km

(
2Ln

H Rm
H − Ln+m

H − Rn+m
H

)
,
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and let all superoperators Fk are equal to LI . In this case, the Liouville–von Neu-
mann equation (8) can be represented by the Lindblad equation:

d

dt
|ρt ) = − i

h̄
(LH − RH )|ρt )

(15)+ 1

2h̄

∑
j

(2LVk
RV ∗k − LVk

LV ∗k − RV ∗k RVk
)|ρt )

with linear operators Vk defined by

(16)Vk =
∑
n

vknH
n, V ∗k =

∑
m

v∗kmHm.

If |ρΨ ) is a pure stationary state (5), then all functions Nk(E,E) are equal to
zero and this state |ρΨ ) is a stationary state of the non-Hamiltonian quantum
system (15).

If the Hamilton operator H is defined by

(17)H = 1

2m
P 2 + mω2

2
Q2 + λ

2
(QP + PQ),

then we have some generalization of the quantum model for the Brownian motion
of a harmonic oscillator considered in [96]. Note that in the model [96] operators
Vk are linear Vk = akP + bkQ, but in our generalization (15) and (16) these
operators are nonlinear. For example, we can use

Vk = akP + bkQ+ ckP
2 + dkQ

2 + ek(QP + PQ).

The case ck = dk = ek = 0 is considered in Ref. [96]. Let real parameters α

and β exist and

bk = αak, ck = βak, dk = m2ω2βak, ek = mλβak.

In this case, the pure stationary states of the linear oscillator (17) exist if ω > λ

and the variable E is equal to

En = 1

2
h̄ω(2n+ 1)

√
1− λ2/ω2.

Stationary states of non-Hamiltonian quantum systems can coincide with pure
stationary states of Hamiltonian systems. As an example, we suggest non-Ham-
iltonian quantum systems with pure stationary states of linear oscillator. Note
that using equation (8), it is easy to get non-Hamiltonian (dissipative) quantum
systems with stationary states of hydrogen atom. For a special case of non-
Hamiltonian systems, we can use the theory of bifurcation and catastrophe. Quan-
tum analogs of classical dynamical bifurcations can be derived.
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21.4. Dynamical bifurcations and catastrophes

Let us consider a special case of non-Hamiltonian quantum systems (8) such that
the vector function

Nk(E,E) = (I |Nk(LH ,RH )|ρ),

is a globally potential function and the Hamilton operator H can be represented
in the form

H =
s∑

k=1

Hk.

In this case, we have a function V (E) called potential, such that the following
conditions are satisfied:

∂V (E)

∂Ek

= Nk(E,E),

where Ek = (I |LHk
|ρ) = (I |RHk

|ρ). If potential V (E) exists, then the stationary
state condition (10) for the non-Hamiltonian quantum system (8) is defined by
critical points of the potential V (E). If the system has one variable E, then the
function N(E,E) is always a potential function. In general, the vector function
Nk(E,E) is globally potential, if

∂Nk(E,E)

∂El

= ∂Nl(E,E)

∂Ek

,

and the set of variables E = {Ek|k = 1, . . . , s} is a simply connected region
of Rs . A region is simply connected if it is path-connected and every path between
two points can be continuously transformed into every other. A region where any
two points can be joined by a path is called path-connected.

Stationary states of the non-Hamiltonian quantum system (8) with potential
vector function Nk(E,E) are determined by critical points of the potential V (E).
It allows one to use the theory of bifurcations and catastrophes for the paramet-
ric set of functions V (E). Note that a bifurcation in a linear space of variables
E = {Ek|k = 1, . . . , s} is a bifurcation in the linear space of eigenvalues of the
Hamilton operators Hk .

For the polynomial superoperator function Nk(LH ,RH ), we have

Nk(LH ,RH ) =
N∑

n=0

n∑
m=0

a(k)
n,mLm

H Rn−m
H .

In general case, m and n are multi-indices. The function Nk(E,E) is the polyno-
mial

Nk(E,E) =
N∑

n=0

α(k)
n En,
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where the coefficients α
(k)
n are defined by

α(k)
n =

n∑
m=0

a(k)
n,m.

We can define the variables xl = El − al (l = 1, . . . , s), such that functions
Nk(E,E) = Nk(x + a, x + a) have no the terms xn−1

l .

Nk(x + a, x + a) =
N∑

n=0

α(k)
n

(
x + a(k)

)n

=
N∑

n=0

n∑
m=0

α(k)
n

n!
m!(n−m)!x

m
(
a(k)

)n−m
.

If the coefficient of the term x
nl−1
l is equal to zero

α(k)
nl

nl !
(nl − 1)!a

(k)
l + α

(k)
nl−1 = α(k)

nl
nla

(k)
l + α

(k)
nl−1 = 0,

then we have the following coefficients

a
(k)
l = − α

(k)
nl−1

nlα
(k)
nl

.

If we change parameters α
(k)
n , then non-Hamiltonian quantum system can have

pure stationary states. For example, the bifurcation with the birth of linear oscil-
lator pure stationary state is a quantum analog of dynamical Hopf bifurcation for
classical dynamical system.

Let a linear space of energy variables E be a one-dimensional space. If the
function N(E,E) is equal to

N(E,E) = ±αnE
n +

n−1∑
j=1

αjE
j , n � 2,

then the potential V (x) is defined by the equation

V (x) = ±xn+1 +
n−1∑
j=1

ajx
j , n � 2,

and we have catastrophe of type A±n.
If we have s variables El , where l = 1, 2, . . . , s, then quantum analogs of

elementary catastrophes A±n, D±n, E±6, E7 and E8 can be realized for non-
Hamiltonian quantum systems. Let us write the full list of potentials V (x), which
leads to elementary catastrophes (zero modal) defined by V (x) = V0(x)+Q(x),
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where

A±n: V0(x) = ±xn+1
1 +

n−1∑
j=1

ajx
j

1 , n � 2,

D±n: V0(x) = x2
1x2 ± xn−1

2 +
n−3∑
j=1

ajx
j

2 +
n−1∑

j=n−2

x
j−(n−3)

1 ,

E±6: V0(x) = (
x3

1 ± x4
2

)+ 2∑
j=1

ajx
j

2 +
5∑

j=3

ajx1x
j−3
2 ,

E7: V0(x) = x3
1 + x1x

3
2 +

4∑
j=1

ajx
j

2 +
6∑

j=5

ajx1x
j−5
2 ,

E8: V0(x) = x3
1 + x5

2 +
3∑

j=1

ajx
j

2 +
7∑

j=4

ajx1x
j−4
2 .

Here Q(x) is the nondegenerate quadratic form with variables x2, x3, . . . , xs for
A±n and parameters x3, . . . , xs for other cases.

21.5. Fold catastrophe

In this section, we suggest an example of the non-Hamiltonian quantum system
with catastrophe A2 called fold.

Let us consider the Liouville–von Neumann equation (8) for a nonlinear quan-
tum oscillator with friction, where multiplication superoperators LH and RH are
defined by equation (6) and superoperators F and N(LH ,RH ) are given by the
equations:

(18)F = −2L−QL+P ,

(19)N(LH ,RH ) = α0L
+
I + α1L

+
H + α2(L

+
H )2.

In this case, the function N(E,E) is equal to

N(E,E) = α0 + α1E + α2E
2.

A pure stationary state |ρΨ ) of the linear harmonic oscillator is a stationary
state of the non-Hamiltonian quantum system (19), if N(E,E) = 0. Let us define
the new real variable x and parameter λ by the equations

x = E + α1

2α2
, λ = 4α0α2 − α2

1

4α2
2

.
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Then we have the stationary condition N(E,E) = 0 in the form x2 − λ = 0.
If λ � 0, then the non-Hamiltonian quantum system has no stationary states. If
λ > 0, then we have pure stationary states for a discrete set of parameter values λ.
If the parameters α1, α2 and λ satisfy the following conditions

− α1

2α2
= h̄ω

(
n+ 1

2
+ m

2

)
, λ = h̄2ω2 m2

4
,

where n,m ∈ N, then the non-Hamiltonian quantum system (18) and (19) has
two pure stationary states of the linear harmonic oscillator. The energies of these
states are equal to

En = h̄ω

(
n+ 1

2

)
, En+m = h̄ω

(
n+m+ 1

2

)
.



Chapter 22

Quantum Dynamical Methods

22.1. Resolvent method for non-Hamiltonian systems

If we consider a Cauchy problem for the quantum Liouville equation

(1)∂t�s(t) = Λ�s(t)

in which the initial condition is given by �s at t = 0, then its solution can be
written in the form �s(t) = St�s . The superoperator S(t) = St can be defined by
the superoperator equation

(2)∂tS(t) = ΛS(t)

with the initial condition S(0) = LI , where LI is a unit superoperator.
The method of the resolvent superoperator can be applied to solve the quantum

Liouville equation. It begins with the construction of the Laplace transform �̃s(z)

of the operator �s(t):

�̃s(z) =
∞∫

0

dt �s(t)e
−zt = Lap

[
�s(t)

]
,

where z ∈ C. If �̃s(z) is known, then �s(t) is obtained through the inversion
formula

(3)�s(t) = 1

2πi

∫
C

dz ezt �̃s(z).

The path C of integration is parallel to the Im(z) axis with all singularities of �̃s(z)

to its left. Closing the contour in a semicircle to the left we have convergence for
t > 0.

The Laplace transformation of the quantum Liouville equation (1) gives

z�̃s(z)− �s(0) = Λ�̃s(z).

463



464 Chapter 22. Quantum Dynamical Methods

Then

�̃s(z) = (zLI −Λ)−1�s(0).

The inverse Laplace transform (3) gives

(4)�s(t) = 1

2πi

∫
C

dz ezt (zLI −Λ)−1�s(0).

Using the resolvent superoperator

R(z,Λ) = (zLI −Λ)−1,

the solution (4) can be presented as

�s(t) = 1

2πi

∫
C

dz eztR(z,Λ)�s(0).

Using the equation �s(t) = S(t, 0)�s(0), it is not hard to see

(5)S(t) = 1

2πi

∫
C

dz eztR(z,Λ).

The solution of the Cauchy problem with initial condition �s(0) for the non-
homogeneous equation

∂t�s(t) = Λ�s(t)+ F(t),

where F(t) is a bounded operator, can be written, using the evolution superoper-
ator S0(t) for the corresponding homogeneous equation, in the form

�s(t) = S0(t)�s(0)+
t∫

0

dτ S0(τ )F (t − τ).

The Liouville superoperator Λ can be presented in the form Λ = Λ0 + Λnh,
where Λ0 is a Hamiltonian superoperator and Λnh is non-Hamiltonian. Then
equation (2) has the form

∂tS(t) = Λ0S(t)+ΛnhS(t).

The non-Hamiltonian part can be considered as the source term F(t) = ΛnhS(t),
and the quantum Liouville equation will be considered as an inhomogeneous
equation.

Let S0(t) be a solution of the equation

∂tS0(t) = Λ0S0(t).
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Then instead of the quantum Liouville equation we take the equivalent integral
equation

(6)S(t) = S0(t)+
t∫

0

dτ S0(τ )ΛnhS(t − τ).

The convolution is a binary operation • such that

A • B =
t∫

0

dτ A(t − τ)B(τ) =
t∫

0

dτ A(τ)B(t − τ).

This operation is associative and distributive. Using the convolution, equation (6)
will be presented in the form

S(t) = S0(t)+ S0(t) •
(
ΛnhS(t)

)
.

Successive iterations lead to the following approximations:

S(t) = S0(t)+ S0(t) •
(
ΛnhS0(t)

)
,

S(t) = S0(t)+ S0(t) •
(
ΛnhS0(t)

)+ S0(t) •
(
ΛnhS0(t)

) • (ΛnhS0(t)
)
,

and so on. As a result, we obtain

(7)S(t) =
∞∑

k=0

S0(t)
[•(ΛnhS0(t)

)]k
.

This is the formal solution of the quantum Liouville equation in the form of infi-
nite series, such that each term contains only the superoperators S0(t), Λnh, and
it can be calculated explicitly.

Let consider relation (5). In the resolvent R(z,Λ) = (zLI − Λ)−1, for the
Liouville superoperator Λ = Λ0 + Λnh, we can use the relation between the
complete and unperturbed resolvents.

Using the equation

1

A− B
= 1

A
+ 1

A
B

1

A− B
,

the resolvent R(z,Λ) = (zLI −Λ)−1, for the Liouville superoperator Λ = Λ0+
Λnh, gives

R(z,Λ) = R(z,Λ0)+ R(z,Λ0)ΛnhR(z,Λ),

where R(z,Λ0) = (zLI − Λ0)
−1. This superoperator equation represents the

integral quantum Liouville equation (6). This form of the resolvent equation
demonstrates the well-known property of Laplace transformation: a convolution
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maps into a usual multiplication. Successive iteration of the resolvent superoper-
ator equation leads to the following series

R(z,Λ) =
∞∑

k=0

[
R(z,Λ0)Λnh

]k
R(z,Λ0).

This expression is more simple than (7), since it has the usual multiplication in-
stead of the convolution.

22.2. Wigner function method for non-Hamiltonian systems

Quantum Markovian equations

In the Schrödinger dynamical representation, the quantum Liouville equation for
the density operator ρs(t) has the form

dρs(t)

dt
= Λρs(t), ρs(t) = Stρs(0).

Here St denotes the dynamical semi-group describing the evolution of the non-
Hamiltonian quantum system in Schrödinger representation. The Liouville super-
operator Λ is the infinitesimal generator of the dynamical semi-group St . Using
the Lindblad theorem, which gives the most general form of a bounded completely
dissipative generator Λ, we write the explicit form of the most general quantum
Liouville equation of Markovian type:

(8)
dρs(t)

dt
= − i

h̄

[
H, ρs(t)

]+ 1

2h̄

m∑
k=1

([
Vkρs(t), V

∗
k

]+ [
Vk, ρs(t)V

∗
k

])
.

Here H is the Hamiltonian operator of the system and Vk , V ∗k are bounded oper-
ators on a Hilbert space H. We make the assumption that the general form (8) of
the quantum Liouville equation with a bounded generator is also valid for an un-
bounded generator. To study the one-dimensional case, we consider the operators
H , Vk , V ∗k as functions of the observables P and Q of the one-dimensional quan-
tum system (with [Q,P ] = ih̄I , where I is the identity operator). For simplicity,
we assume that the operators Vk , V ∗k are first degree polynomials in P and Q. In
the complex linear space of the first degree polynomials in P and Q there exist
only two linear independent operators

(9)Vk = akP + bkQ (k = 1, 2),

where ak , bk are complex numbers. The constant term cI is omitted because its
contribution to the generator Λ is equivalent to terms in H linear in P and Q
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which for simplicity are chosen to be zero. Then H has the form

(10)H = 1

2m
P 2 + U(Q)+ μ

2
(PQ+QP),

where U(Q) is the potential energy and m is the mass of the particle. We introduce
the notations

(11)dqq = h̄

2

∑
k=1,2

|ak|2, dpp = h̄

2

∑
k=1,2

|bk|2,

(12)dpq = dqp = − h̄

2
Re

∑
k=1,2

a∗k bk, λ = − Im
∑

k=1,2

a∗k bk,

where a∗k and b∗k denote the complex conjugate of ak , and bk respectively. Using
these H , Vk , V ∗k , equation (8) takes the form:

dρs

dt
= − i

h̄
[H0, ρs]

+ i(λ− μ)

2h̄
[P, ρsQ+Qρs] − i(λ+ μ)

2h̄
[Q,ρsP + Pρs]

(13)− dpp

h̄2

[
Q, [Q,ρs ]

]− dqq

h̄2

[
P, [P, ρs]

]+ 2dpq

h̄2

[
P, [Q,ρs]

]
.

Here the quantum diffusion coefficients dpp, dqq , dpq and the friction constant λ

satisfy the fundamental inequalities:

(14)dpp > 0, dqq > 0, dppdqq − dpq
2 � λ2h̄2/4.

These are the Sandulescu–Scutaru inequalities [133]. The necessary and sufficient
condition for Λ to be translationally invariant is μ = λ.

Equation for Wigner distribution of Hamiltonian systems

A quantum Hamiltonian systems can be described by quantum Lindblad equation
(8) with Vk = 0. Instead of operator differential equation (8) with Vk = 0, we
can use the following phase-space equation which determines the time evolution
of the Wigner distribution function:

ih̄
∂ρW (t, q, p)

∂t
= H(q, p)

(
exp

h̄P
2i

)
ρW (t, q, p)

(15)− ρW(t, q, p)

(
exp

h̄P
2i

)
H(q, p),

where H(q, p) is the Weyl symbol of the Hamiltonian operator H of the system.
Equation (15) can be rewritten in the form

(16)
∂ρW (t, q, p)

∂t
= −2

h̄
H(q, p)

(
sin

h̄P
2

)
ρW(t, q, p).
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Note that if we take the h̄ → 0 limit of this equation, we obtain the classical
Liouville equation

∂ρW (t, q, p)

∂t
= −∂H(q, p)

∂p

∂ρW (t, q, p)

∂q
+ ∂H(q, p)

∂q

∂ρW (t, q, p)

∂p

for the function ρW(t, q, p).

Equation for Wigner distribution of non-Hamiltonian systems

The Wigner distribution functions are useful not only as calculation tools, but
can also provide the connection between classical and quantum mechanics. The
Wigner distribution was introduced to study quantum corrections to classical
statistical mechanics [187]. The Wigner distribution function has found many
applications primarily in statistical mechanics or in purely quantum mechanical
problems [11,177,93,196], but also in areas such as quantum chemistry [121] and
quantum optics [135], quantum chaos [196], and density functional theory [117].
The applicability of Wigner distribution function to the Lindblad equations is con-
sidered in [76,77].

The time evolution of the Wigner distribution function corresponding to the
Lindblad master equation (8), can be obtained from equation (15) by adding in
the right-hand side the Weyl symbol of the non-Hamiltonian part of equation (8),
i.e., the sum of commutators. We use the equation

C(q, p) = A(q, p)

(
exp

h̄P
2i

)
B(q, p)

(17)= B(q, p)

(
exp

(
− h̄P

2i

))
A(q, p),

where C = AB and P is given by

(18)P = ←−
∂p
−→
∂q −←−

∂q
−→
∂p,

and the arrows indicate in which direction the derivatives act. As a result, we
obtain the evolution equation for the Wigner distribution:

∂ρW

∂t
= −2

h̄
H

(
sin

h̄P
2

)
ρW + 1

2h̄

∑
k

[
2Vk

(
exp

h̄P
2i

)
ρW

(
exp

h̄P
2i

)
V ∗k

− V ∗k
(

exp
h̄P
2i

)
Vk

(
exp

h̄P
2i

)
ρW

(19)− ρW

(
exp

h̄P
2i

)
V ∗k

(
exp

h̄P
2i

)
Vk

]
,

where Vk and V ∗k are the Weyl symbol of the operators Vk and V ∗k , respectively,
and V ∗k is the complex conjugate of Vk . If the operators Vk are taken of the form
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(9), then equation (19) becomes the evolution equation for the Wigner distribution
corresponding to equation (13):

∂ρW

∂t
= −2

h̄
H

(
sin

h̄P
2

)
ρW + λ

∂

∂q
(qρW )+ λ

∂

∂p
(pρW)

(20)+ dqq

∂2ρW

∂q2
+ dpp

∂2ρW

∂p2
+ 2dpq

∂2ρW

∂p∂q
.

The first term on the right-hand side generates the evolution in phase-space of a
Hamiltonian system and gives the Poisson bracket and the higher derivatives con-
taining the quantum contribution. The following terms represent the contribution
from the non-Hamiltonian terms.

Suppose U(q) is an analytic. Then for a Hamiltonian operator of the form (10)
equation (20) takes the form:

∂ρW

∂t
= − p

m

∂ρW

∂q
+ ∂U

∂q

∂ρW

∂p

(21)+
∞∑

n=1

(−1)n(h̄)2n

22n(2n+ 1)!
∂2n+1U(q)

∂q2n+1

∂2n+1ρW

∂p2n+1
+D(ρW),

where we use the notation

D(ρW) = (λ− μ)
∂

∂q
(qρW )+ (λ+ μ)

∂

∂p
(pρW )

(22)+ dqq

∂2ρW

∂q2
+ dpp

∂2ρW

∂p2
+ 2dpq

∂2ρW

∂p∂q
.

The following are remarks to equation (21).
(1) If equation (21) has only the first two terms on the right-hand side, then

ρW(t, q, p) evolves along the classical flow in phase-space.
(2) The terms containing λ and μ are the dissipative terms. They cause a con-

traction of each volume element in phase-space.
(3) The terms containing dpp, dqq and dpq are the diffusion terms and produce

an expansion of the volume elements. The diffusion terms are responsible for the
destruction of interference, by erasing the structure of the Wigner function on
small scales.

(4) The infinite sum (the power series), together with the first two terms make
up the unitary part of the evolution. Hence, up to corrections of order h̄2, unitary
evolution corresponds to approximately classical evolution of the Wigner func-
tion.

(5) The higher corrections can often be assumed as negligible and give struc-
tures on small scales. There are, however, important examples where they cannot
be neglected, e.g., in chaotic systems. From equation (21) it is clear that, as a
consequence of the quantum correction terms with higher derivatives, the Wigner
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function of a nonlinear system does not follow the classical Liouville equation.
The higher derivative terms are generated by the nonlinearities in the potential
U(q).

(6) There are two well-known limits in which equation (21) can go over into a
classical equation: (a) U is at most quadratic in q; (b) h̄→ 0.

(7) Because of the extra diffusion terms, we get yet a third classical limit. In the
limit of large dpp, the diffusion smoothing becomes so effective that it damps out
all the momentum-derivatives in the infinite sum and equation (21) approaches
the Liouville equation with diffusion, an equation of Fokker–Planck type. This is
an example of how systems start to behave classically (decoherence), since the
diffusion coefficients are roughly proportional to the size of these objects. Thus
a system will evolve according to classical dynamics if it has a strong interaction
with its environment.

Special cases of Lindblad equations

The following are some special cases of equation (21) that are considered in [76,
77].

(1) In the case of a free particle, i.e., U(q) = 0, equation (21) takes the form:

(23)
∂ρW

∂t
= − p

m

∂ρW

∂q
+D(ρW).

(2) The linear potential U = γ q (for example, γ = mg for the free fall or
γ = eE for the motion in a uniform electric field) gives

(24)
∂ρW

∂t
= − p

m

∂ρW

∂q
+ γ

∂ρW

∂p
+D(ρ).

(3) In the case of the harmonic oscillator with U = mω2q2/2, equation (21)
takes the form:

(25)
∂ρW

∂t
= − p

m

∂ρW

∂q
+mω2q

∂ρW

∂p
+D(ρW).

Since the coefficients are linear in the variables q and p and the diffusion co-
efficients are constant with respect to q and p, equations (23)–(25) describe an
Ornstein–Uhlenbeck process. Equations (23)–(25) are exactly equations of the
Fokker–Planck type. Equation (25) represents an exactly solvable model that is
studied in [76,77].

Note that not every function ρ(0, q, p) on the phase-space is the Weyl symbol
of a density operator. Hence, the quantum mechanics appears now in the restric-
tions imposed on the initial condition ρW(0, q, p) for equation (21). The most
frequently used choice for ρW(0, q, p) is a Gaussian function and equations (23)–
(25) preserve this Gaussian type, i.e., ρW(t, q, p) is always a Gaussian function in
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time, so that the differences between quantum and classical mechanics are com-
pletely lost in this representation of the master equation.

(4) For the exponential potential U(q) = α exp(−βq), the Wigner equation is
the infinite order partial differential equation

∂ρW

∂t
= − p

m

∂ρW

∂q
− αβe−βq ∂ρW

∂p

(26)+
∞∑

n=1

(−1)3n+1(h̄)2nαβ2n+1

22n(2n+ 1)! e−βq ∂2n+1ρW

∂p2n+1
+D(ρW).

In the case of a potential of the finite polynomial form U(q) = ∑N
n=1 anq

n, the
sum keeps only finite number of the terms. As an example, we can consider an
anharmonic oscillator with the potential Uanh(q) = mω2q2/2+ cq4. In this case,
equation (21) becomes

(27)
∂ρ

∂t
= − p

m

∂ρW

∂q
+ (

mω2q + 4cq3)∂ρW

∂p
− ch̄2q

∂3ρW

∂p3
+D(ρW).

This equation has one term with third derivative, associated with the nonlinear po-
tential Uanh(q). In fact, the first three terms on the right-hand side of equation (27)
give the usual Wigner equation of an isolated anharmonic oscillator. The third
derivative term is of order h̄2 and is the quantum correction. In the classical limit,
when this term is neglected, the Wigner equation becomes the Fokker–Planck
type equation.

(5) For a periodic potential U(q) = U0 cos(kq),

(28)
∂2n+1U

∂q2n+1
= (−1)nk2n ∂U

∂q
,

and we obtain

(29)
∂ρW

∂t
= − p

m

∂ρW

∂q
+ ∂U

∂q
�ρW +D(ρW),

where

(30)�ρW = ρW(t, q, p + h̄k/2)− ρW(t, q, p − h̄k/2)

h̄k
.

Equation (29) takes a simpler form when h̄k is large compared to the momentum
spread �p of the particle, i.e., when the spatial extension of the wave packet
representing the particle is large compared to the spatial period of the potential.
Imposing the condition h̄k � �p on equation (30), we have that �ρW is small
(�ρW ≈ 0) for any p that yields an appreciable value of the Wigner distribution
function. Equation (29) is then reduced to the equation (23) for a free particle
moving in an environment.
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From the examples (1)–(3), we see that for Hamiltonians at most quadratic in q

and p, the equation of motion of the Wigner distribution contains only the classi-
cal part and the contributions from the non-Hamiltonian properties of the system
and obeys classical Fokker–Planck equations of motion (23)–(25). In general, the
potential U has terms of order higher than q2 and one has to deal with a par-
tial differential equation of order higher than two or generally of infinite order.
When the potential deviates only slightly from the harmonic potential, one can
take the classical limit h̄→ 0 in equation (21) as the lowest-order approximation
to the quantum dynamics and construct higher-order approximations that contain
quantum corrections to the classical behavior using the perturbation technique.

Phase-space representation of quantum dynamics provides a natural frame-
work to study the consequences of the chaotic dynamics and its interplay with
decoherence. Equation (21) can be applied in order to investigate the process
of decoherence for quantum chaos. Since decoherence induces a transition from
quantum to classical mechanics, it can be used to find the connection between the
classical and quantum chaotic systems.

(6) Equation (21) was considered in [119], for the special case of the high
temperature limit of the environment: μ = λ = γ , where γ is the relaxation rate,
dqq = 0, dpq = 0 and the diffusion coefficient dpp = D = 2mγkBT , where T is
the temperature of the environment. In this model the symmetry between q and p

is broken, and coupling with the environment through position gives momentum
diffusion only. It is possible to use a similar equation in which the diffusion term
is symmetric, namely D(∂2

pp + ∂2
qq)ρW .

(7) The power series involving third and higher derivative terms can be ne-
glected. The diffusion terms may smooth out the Wigner function, suppressing
contributions from the higher-order terms. When these terms can be neglected,
the Wigner function evolution equation (21) then becomes

(31)
∂ρW

∂t
= − p

m

∂ρW

∂q
+ ∂U

∂q

∂ρW

∂p
+D(ρW).

In the case of a thermal bath and

λ = μ = γ, dqq = dpq = 0, dpp = D = 2mγkBT ,

equation (31) becomes the Kramer equation

(32)
∂ρW

∂t
= − p

m

∂ρW

∂q
+ ∂U

∂q

∂ρW

∂p
+ 2γ

∂

∂p
(pρW )+ 2mγkBT

∂2ρW

∂p2
.

It has the stationary solution

(33)ρW(q, p) = Z−1 exp−H0(q, p)

kBT
,
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where H0(q, p) = p2/2m + U(q) and Z−1 is a normalization factor. It is a
Wigner function only if the potential is such that exp[−U(q)/kBT ] is normaliz-
able. This requires U(q) → ∞ as q → ±∞ faster than ln |q|. In this case, the
stationary distribution is the Weyl symbol of the thermal state

ρW(Q,P ) = Z−1 exp−H0(Q, P )

kBT
, Z = Tr exp

(−H0(Q, P )/kBT
)
,

for large temperatures T . All solutions of equation (32) approach the stationary
solutions (33) as t →∞. Hence all initial states tend towards the thermal state in
the long-time limit.

The phase-space formulation of the Lindblad equation represents an alternative
to the standard formulation. The main difficulty with the phase-space formulation
is that the time development of the phase-space Wigner distribution is given in
terms of an infinite order partial differential equation (see equation (21)). This
difficulty is a result of the fact that superoperator Λ is not a Weyl ordered super-
operator.

Equation (21) is the infinite order differential equation. If Λ is a Weyl ordered
superoperator, then we obtain a finite order differential equation for Wigner dis-
tribution ρW(q, p). The Weyl ordered superoperator Λ = Λ[L±Q,L±P ] gives an
operator equation with Weyl ordered operators. As a result, the correspondent
equation for the Wigner distribution is finite order.

22.3. Integrals of motion of non-Hamiltonian systems

Let M be an operator algebra of observables, and let L be a superoperator on M.
In the general case, the restriction of derivation superoperators is not necessary.
We then can define a quantum system by the equation

(34)
d

dt
A = ∂

∂t
A+ L(A)

for a quantum observable A ∈M. The operators Ak ∈M satisfying

(35)
∂

∂t
Ak + L(Ak) = 0

can be called the integrals of motion (invariants).
Let us consider a set of operators Ik ∈ M, which are closed under the action

of the superoperator L, i.e.,

L(Ik) = Lkl(t)Il,

where Lkl(t) are time dependent functions. If the Il appearing in the L(Ik) is not
closed, the set of Ik must be extended. We shall denote the linear space generated
by Ik as MI .
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We now look for an invariant A(t), which is an element of the space MI such
that

A(t) =
m∑

k=1

λk(t)Ik(t).

The time development of Ik(t) is given by (34), and the dynamical invariant Ik(t)

is characterized by (35). Then equation of motion gives

m∑
k=1

(
d

dt
λk(t)+

m∑
l=1

λl(t)Llk(t)

)
Ik = 0.

As a result, we obtain

d

dt
λk(t)+

m∑
l=1

λl(t)Llk(t) = 0.

This is the system of linear first order differential equations for functions λk(t).
Solution of the system gives the integral A(t) of motion for non-Hamiltonian
system.



Chapter 23

Path Integral for Non-Hamiltonian Systems

23.1. Non-Hamiltonian evolution of mixed states

Unitary evolution is not the most general type of state change possible for quan-
tum systems. The most general state change of a quantum system is a quantum
operation. One can describe a quantum operation starting from a unitary evolution
of some closed (Hamiltonian) system if the quantum non-Hamiltonian system is a
subsystem of the closed system. However, situations can arise where it is difficult
or impossible to find a closed system comprising the given quantum system. This
would render theory of quantum operations a fundamental generalization of the
unitary evolution of the quantum system.

All processes occur in time. It is naturally to consider time dependence for
quantum operations. We will consider the path integral approach to general time-
dependent quantum operations. The quantum operation is considered as a real
completely positive trace-preserving superoperator on the operator space. We de-
rive a path integral for a completely positive quantum operation satisfied Lindblad
equation. For example, we consider a path integral for a quantum operation with
a simple infinitesimal generator. Note that the path integral approach to non-
Hamiltonian, open and dissipative quantum systems is considered in [3,32,33,
53,107,109,153,158–160,168].

The quantum Liouville equation can be represented as the linear equation

(1)
d

dt
|�t ) = Λ̂t |�t ).

The superoperator language allows one to use the analogy with Dirac’s notations.
This leads quite simple to the derivation of the appropriate equations.

Here Λ̂t is a linear Liouville superoperator. For the globally Hamiltonian
quantum systems this superoperator is defined by the Hamiltonian H : Λ̂t =
−(i/h̄)(LH − RH ). For non-Hamiltonian systems, the Liouville superoperator
has the form

(2)Λ̂t = − i

h̄
(LH − RH )+ D̂.

475
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In general, the operator |�t ) is an unnormalized density operator, i.e., Tr �t =
(I |�t ) �= 1.

Equation (1) has the formal solution

(3)|�t ) = Ê(t, t0)|�t0),

where Ê(t, t0) is a linear quantum operation defined by

(4)Ê(t, t0) = T exp

t∫
t0

dτ Λ̂τ .

The symbol T is a time-ordering operator. The quantum operation (4) satisfies the
quantum Liouville equation (1). We can define a normalized density operator |ρt )

by

|ρt ) = |�t )(I |�t )
−1 or |ρt ) = Ê(t, t0)|�)

(I |Ê(t, t0)|�)
,

i.e., ρt = �t/ Tr[�t ]. The evolution equation for the normalized density operator
ρt can be written in the form

d

dt
|ρt ) = Λ̂t |ρt )− |ρt )(I |Λ̂t |ρt ).

In general, this equation is a nonlinear equation. A formal solution of this equation
is connected with the nonlinear quantum operation

|ρt ) = N̂t |ρt0) =
Ê(t, t0)|ρt0)

(I |Ê(t, t0)|ρt0)
.

The equation of motion has the form

d

dt
N̂t |ρt0) = Λ̂tN̂t |ρ)− N̂t |ρ)(I |Λ̂tN̂t |ρ).

Unitary evolution is not the most general type of state change possible for quan-
tum systems. The most general state change of a quantum system is a positive
trace-preserving map which is called a quantum operation. A quantum operation
is a superoperator Ê which maps the density operator |ρ) to the density operator
|ρ′). If |ρ) is a density operator, then |ρ′) = Ê |ρ) should also be a density opera-
tor. Any density operator ρ is a self-adjoint (ρ∗t = ρt ), positive (ρt > 0) operator
with unit trace (Tr ρt = 1). Therefore, the requirements for a superoperator Ê to
be the quantum operation are as follows:

(1) Ê is a real superoperator, i.e., (Ê(A))∗ = Ê(A∗) for all A. The real super-
operator Ê maps the self-adjoint operator ρ to the self-adjoint operator Ê(ρ):
(Ê(ρ))∗ = Ê(ρ).



23.2. Path integral for quantum operations 477

(2) Ê is a positive superoperator, i.e., Ê maps positive operators to positive oper-
ators: Ê(A2) > 0 for all A �= 0 or Ê(ρ) � 0.

(3) Ê is a trace-preserving superoperator, i.e., (I |Ê |ρ) = (Ê∗(I )|ρ) = 1 or
Ê∗(I ) = I .

We have to assume the superoperator Ê to be not merely positive but completely
positive.

Let Ê be a convex linear superoperator on the set of density operators, i.e.,

Ê
(∑

s

λsρs

)
=
∑

s

λs Ê(ρs),

where all λs are 0 < λs < 1 and
∑

s λs = 1. Any convex linear map of density
operators can be uniquely extended to a linear superoperator on self-adjoint op-
erators. Note that any linear completely positive superoperator can be represented
by

Ê =
m∑

k=1

LAk
RA∗k : Ê(ρ) =

m∑
k=1

AkρA∗k.

The restriction to linear quantum operations is unnecessary. Let us consider a
linear real completely positive superoperator Ê which is not trace-preserving.
Suppose (I |Ê |ρ) = Tr(Ê(ρ)) is the probability that the process represented by
the superoperator Ê occurs. Since the probability is nonnegative and never ex-
ceed 1, it follows that the superoperator Ê is a trace-decreasing superoperator:
0 � (I |Ê |ρ) � 1 or Ê∗(I ) � I . In general, any real linear completely posi-
tive trace-decreasing superoperator is not a quantum operation, since it can be
not trace-preserving. The quantum operation can be defined as a nonlinear trace-
preserving operation N̂ by

N̂ |ρ) = Ê |ρ)(I |Ê |ρ)−1 or N̂ (ρ) = Ê(ρ)

Tr(Ê(ρ))
,

where Ê is a real linear completely positive trace-decreasing superoperator.
All processes occur in time. It is naturally to consider time dependence for

quantum operations Ê(t, t0). Let the linear superoperators Ê(t, t0) form a com-
pletely positive semi-group such that

d

dt
Ê(t, t0) = Λ̂t Ê(t, t0).

23.2. Path integral for quantum operations

In the coordinate representation the kernel

�(q, q ′, t) = (q, q ′|�t )
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of the density operator |�t ) evolves according to the equation

�(q, q ′, t) =
∫

dq0 dq ′0 E(q, q ′, q0, q
′
0, t, t0)�(q0, q

′
0, t0),

where we use equation (3). The function

(5)E(q, q ′, q0, q
′
0, t, t0) =

(
q, q ′

∣∣Ê(t, t0)
∣∣q0, q

′
0

)
is a kernel of the linear quantum operation Ê(t, t0). Let the Liouville superoperator
Λ̂t be time independent, i.e., the quantum operation Ê(t, t0) is given by

(6)Ê(t, t0) = exp
{
(t − t0)Λ̂

}
.

Let us give the basic theorem regarding path integrals of non-Hamiltonian systems
[159,160,168].

THEOREM. Let {Ê(t, t0)|t � t0} be a superoperator semi-group such that

Ê(t0, t0) = Î , Ê(t, t0) = Ê(t, t1)Ê(t1, t0),

where t � t1 � t0. If the infinitesimal generator Λ̂ of this semi-group is defined
by (6), then the path integral for kernel (5) of the quantum operation Ê(t, t0) has
the form:

E(q, q ′, q0, q
′
0, t, t0)

(7)=
∫

DqDq ′DpDp′ exp

t∫
t0

dt

(
ı

h̄
[q̇p − q̇ ′p′] +ΛS(q, q ′, p, p′)

)
.

This integral is over all trajectories in the double phase space with the constraints
q(t0) = q0, q(t) = q, q ′(t0) = q ′0, q ′(t) = q ′, and the measure

Dq =
∏
t

dq(t), Dp =
∏
t

dp(t)

2πh̄
.

The symbol ΛS(q, q ′, p, p′) of the Liouville superoperator Λ̂ is connected with
the kernel Λ(q, q ′, y, y′) by

ΛS(q, q ′, p, p′) =
∫

dy dy′Λ(q, q ′, y, y′)

· exp− ı

h̄

[
(q − y)p − (q ′ − y′)p′

]
,

where Λ(q, q ′, y, y′) = (q, q ′|Λ̂|y, y′) and

Λ(q, q ′, y, y′) = 1

(2πh̄)2n

∫
dp dp′ΛS(q, q ′, p, p′)
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· exp
ı

h̄

[
(q − y)p − (q ′ − y′)p′

]
.

This theorem is proved in the paper [168].

COROLLARY. If the superoperator Λ is defined by equation (2), then the path
integral for the quantum operation kernel (5) has the form

E(q, q ′, q0, q
′
0, t, t0)

=
∫

DqDpDq ′Dp′ exp

(
ı

h̄

(
A(q, p)−A(p′, q ′)

)+D(q, q ′, p, p′)
)

.

Here A(q, p) and A(p′, q ′) are the action functionals

A(q, p) =
t∫

t0

dt
(
q̇p −H(q, p)

)
,

(8)A(p′, q ′) =
t∫

t0

dt
(
q̇ ′p′ −H(p′, q ′)

)
.

The functional D(q, q ′, p, p′) is a time integral of the symbol DS of the superop-
erator D̂.

The functional D(q, q ′, p, p′) describes the dissipative part of evolution.

COROLLARY. If the quantum system is a globally Hamiltonian system, then
D(q, q ′, p, p′) = 0 and the path integral for the quantum operation (5) takes
the form

E(q, q ′, q0, q
′
0, t, t0) = U∗(q, q0, t, t0)U(q ′, q ′0, t, t0),

where

U(q ′, q ′0, t, t0) =
∫

Dq ′Dp′ exp− ı

h̄
A(q ′, p′),

U∗(q, q0, t, t0) =
∫

DqDp exp
ı

h̄
A(q, p).

The path integral for the dissipative quantum systems and the corresponding
quantum operations cannot be separated and this path integral can only be defined
in the double phase space.

Liouville superoperator for globally Hamiltonian systems can be presented as
Λ = −(i/h̄)(LH−RH ). Using that the kernel of the superoperator Λ is the kernel
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of the operator Λ(P̂ (y, y′)), we obtain

Λ(q, q ′, y, y′) = <P̂ (q, q ′)|Λ(
P̂ (y, y′)

)
> = <q|Λ(

P̂ (y, y′)
)|q ′>.

As a result, the kernel of Λ for quantum Hamiltonian systems is

(9)Λ(q, q ′, p, p′) = − i

h̄

[
H(q, p)−H(p′, q ′)

]
.

The kernel (5) for quantum Hamiltonian systems has the form

E(q, q ′, q0, q
′
0, t, t0) =

∫
DqDp exp

i

h̄

t∫
t0

dt
(
q̇p −H(q, p)

)

·
∫

Dq ′Dp′ exp− i

h̄

t∫
t0

dt
(
q̇ ′p′ −H(p′, q ′)

)
.

We can rewrite this amplitude in the form [136,168]

E(q, q ′, q0, q
′
0, t, t0) =

∫
DqDpDq ′Dp′ exp

i

h̄

(
A(q, p)−A(p′, q ′)

)
,

where A(q, p) and A(p′, q ′) are defined by (8).
It is easy to see that the kernel (5) for Hamiltonian systems splits (decomposes)

into two independent Feynman’s path integrals:

E(q, q ′, q0, q
′
0, t, t0) = U(q, q0, t, t0)U

∗(q ′, q ′0, t, t0),

where

U(q, q0, t, t0) =
∫

DqDp exp
i

h̄
A(q, p).

23.3. Path integral for completely positive quantum operations

There exists a one-to-one correspondence between the completely positive norm
continuous semi-group of superoperators Ê(t, t0) and superoperator Λ̂ such that
the adjoint superoperator L = Λ̄∗ is completely dissipative. The Lindblad theo-
rem [95,67,68] gives the most general form of the bounded completely dissipative
Liouville superoperator Λ̂. The quantum Liouville equation for a completely pos-
itive evolution is the Lindblad equation

(10)
dρt

dt
= − i

h̄
[H, ρt ] + 1

2h̄

m∑
k=1

([Vkρt , V
∗
k ] + [Vk, ρtV

∗
k ]
)
.
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This equation in an operator Hilbert space can be written as

d

dt
|ρt ) = Λ̂|ρt ),

where the Liouville superoperator Λ̂ is given by

(11)Λ̂ = − i

h̄
(LH − RH )+ 1

2h̄

m∑
k=1

(
2LVk

RV ∗k − LVk
LV ∗k − R̂V ∗k R̂Vk

)
.

The basic assumption is that the general form of a bounded superoperator Λ̂,
given by the Lindblad theorem, is also valid for an unbounded superoperator.
Another condition imposed on the operators H,Vk, V

∗
k is that they are functions

of the observables P and Q (with [Q,P ] = ih̄I ) of the one-dimensional quantum
system. Let us consider Vk = akP + bkQ, were k = 1, 2, and ak , bk are complex
numbers, and the Hamiltonian operator

H = 1

2m
P 2 + mω2

2
Q2 + μ

2
(PQ+QP).

Then with the notation:

dqq = h̄

2

∑
k=1,2

|ak|2, dpp = h̄

2

∑
k=1,2

|bk|2,

dpq = − h̄

2
Re

( ∑
k=1,2

a∗k bk

)
, λ = −Im

( ∑
k=1,2

a∗k bk

)

equation (10) can be written as

d

dt
|ρt ) = 1

2m
L+P L−P

+ mω2

2
L+QL−Q − (λ− μ)L−P L+Q|ρt )+ (λ+ μ)L−QL+P |ρt )

(12)+ dppL−QL−Q|ρt )+ dqqL−P L−P |ρt )− 2dpqL−P L−Q|ρt ),

where L±A are the left superoperators

L−A =
1

ih̄
(LA − RA), L+A =

1

2
(LA + RA).

Equation (12) is a superoperator form of the well-known phenomenological dis-
sipative model [43,133].

Let us give the basic theorem [159,160,168] regarding path integrals for com-
pletely positive quantum operations with the Liouville superoperator (11).
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THEOREM. Let {Ê(t, t0), t � t0} be a completely positive semi-group of linear
real trace-preserving superoperators such that the infinitesimal generator Λ̂ of
this semi-group is defined by (11). Then the path integral for the kernel of the
completely positive quantum operation Ê(t, t0) has the form

E(q, q ′, q0, q
′
0, t, t0) =

∫
DqDpDq ′Dp′F(q, q ′, p, p′)

(13)× exp
ı

h̄

(
A(q, p)−A(p′, q ′)

)
,

where A(q, p) and A(p′, q ′) are action functionals (8) and the functional
F(q, q ′, p, p′) is defined as

F(q, q ′, p, p′) = exp− 1

2h̄

t∫
t0

dt

m∑
k=1

(
(V ∗k Vk)(q, p)+ (V ∗k Vk)(p

′, q ′)

(14)− 2Vk(q, p)V ∗k (p′, q ′)
)
.

PROOF. The kernel of superoperator (11) is

Λ(q, q ′, y, y′) = (q, q ′k|Λ̂|y, y′)

= − ı

h̄

(
<y′|q ′><q|H |y>−<q|y><y′|H |q ′>)

+ 1

h̄

m∑
k=1

<q|Vk|y><y′|V ∗k |q ′>

− 1

2h̄

m∑
k=1

(
<y′|q ′><q|V ∗k Vk|y>

−<q|y><y′|V ∗k Vk|q ′>
)
.

The symbol ΛS(q, q ′, p, p′) of the Liouville superoperator Λ̂ can be derived by

Λ(q, q ′, y, y′) =
∫

dp dp′
(
− ı

h̄

(
<y′|p′><p′|q ′><q|H1|p><p|y>

−<q|p><p|y><y′|p′><p′|H2|q ′>
)

+ 1

h̄

m∑
k=1

<q|Vk|p><p|y><y′|p′><p′|V ∗k |q ′>
)

,

where the operators H1 and H2 are defined by the relations

H1 ≡ H − ı

2

m∑
k=1

V ∗k Vk, H2 ≡ H + ı

2

m∑
k=1

V ∗k Vk.
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Then the symbol ΛS(q, q ′, p, p′) of the Liouville superoperator (11) can be writ-
ten in the form

ΛS(q, q ′, p, p′)

= − ı

h̄

(
H1(q, p)−H2(p

′, q ′)+ i

m∑
k=1

Vk(q, p)V ∗k (p′, q ′)
)

,

or

ΛS(q, q ′, p, p′) = − ı

h̄

[
H(q, p)−H(p′, q ′)

]

− 1

2h̄

m∑
k=1

(
(V ∗k Vk)(q, p)+ (V ∗k Vk)(p

′, q ′)− 2Vk(q, p)V ∗k (p′, q ′)
)
,

where H(q, p) is a qp-symbol of the Hamilton operator H and H(p, q) is a pq-
symbol of the operator H .

The path integral for a completely positive quantum operation kernel has the
form

E(q, q ′, q0, q
′
0, t, t0) =

∫
DqDpDq ′Dp′ F(q, q ′, p, p′)

× exp
ı

h̄

(
A(q, p)−A(p′, q ′)

)
.

Here A(q, p) and A(p′, q ′) are action functionals (8), and the functional
F(q, q ′, p, p′) is defined by (14). �

The functional F(q, q ′, p, p′) describes the dissipative part of the evolution
and can be called a double phase space influence functional. The completely pos-
itive quantum operation is described by the functional (14).

COROLLARY. For the phenomenological dissipative model (12) the double phase
space path integral has the form (13) with the functional

F(q, q ′, p, p′) = exp
1

h̄2

t∫
t0

dt
(
2dqp(q − q ′)(p − p′)

− dqq(p − p′)2 − dpp(q − q ′)2 + ih̄λ(pq ′ − qp′)
(15)+ ih̄μ(q ′p′ − qp)

)
.

Using the well-known connection between the phase space (Hamiltonian) path
integral and the configuration space (Lagrangian) path integral, we can derive the
following theorem.
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THEOREM. If the symbol Λs(q, q ′, p, p′) of the Liouville superoperator can be
represented in the form

(16)ΛS(q, q ′, p, p′) = − ı

h̄

[
H(q, p)−H(p′, q ′)

]+DS(q, q ′, p, p′),

where

(17)H(q, p) = 1

2
a−1
kl (q)pkpl − bk(q)pk + c(q),

(18)DS(q, q ′, p, p′) = −dk(q, q ′)pk + d ′k(q, q ′)p′k + e(q, q ′),

then the double phase space path integral (7) can be represented as the double
configuration space path integral

(19)E(q, q ′, q0, q
′
0, t, t0) =

∫
DqDq ′ F(q, q ′) exp

ı

h̄

(
A(q)−A(q ′)

)
,

where

A(q) =
t∫

t0

dt L(q, q̇),

(20)

L(q, q̇) = 1

2
akl(q)q̇kq̇l + akl(q)bk(q)q̇l

+ 1

2
akl(q)bk(q)bl(q)− c(q).

This Lagrangian L(q, q̇) is related to the Hamiltonian (17) by the usual relations

L(q, q̇) = q̇kpk −H(q, p), pk = ∂L
∂q̇

.

PROOF. Substituting (16) in (7), we obtain the kernel of the corresponding quan-
tum operation. Integrating (7) in p and p′, we obtain relation (19) with the
functional

F(q, q ′) = exp− 1

h̄2

t∫
t0

dt

(
dk(q, q ′)akl(q)

[
bl(q)− i

2h̄
dl(q, q ′)

]

+ d ′k(q, q ′)akl(q
′)
[
bl(q

′)− i

2h̄
d ′l (q, q ′)

]

+ e(q, q ′)+ δ(0)Δ(q, q ′)
)

,
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where

Δ(q, q ′) = − h̄2

2

(
ln
[
det

(
akl(q)

)]+ ln
[
det

(
akl(q

′)
)])

. �

In equation (19) the functional F(q, q ′) is the Feynman–Vernon influence
functional [58]. The Feynman path integral is defined for configuration space.
The most general form of quantum mechanical path integral is defined for the
phase space. The Feynman path integral can be derived from the phase space
path integral for the special form of the Hamiltonian. It is known that the path
integral for the configuration space is correct only for the Hamiltonian (17).
The Feynman–Vernon path integral is defined in the double configuration space.
Therefore, Feynman–Vernon path integral is a special form of path integral for
non-Hamiltonian systems (7) that is the double phase space path integral. The
Feynman–Vernon path integral is correct only for the Liouville superoperator
(16), (17), (18). Note that the symbol Λs(q, q ′, p, p′) for most of the dissipa-
tive and non-Hamiltonian systems (with completely positive quantum operations)
cannot be represented in the form (16).

COROLLARY. In the general case, the completely positive quantum operation
cannot be represented as the double configuration space path integral (19).

For example, the double phase space path integral (15) for the phenomeno-
logical dissipative model (12) has the term pp′. Therefore the Liouville symbol
Λs(q, q ′, p, p′) for this model cannot be represented in the form (16), (17), (18).
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Chapter 24

Non-Hamiltonian Systems as Quantum Computers

24.1. Quantum state and qubit

The usual models of a quantum computer deal only with unitary gates on pure
states. In these models it is difficult or impossible to deal formally with measure-
ments, dissipation and decoherence. It turns out that the restriction to pure states
and unitary gates is unnecessary. Understanding the dynamics of non-Hamiltonian
systems is important for studying quantum noise processes [63,137,138], quan-
tum error correction [145,122,20], decoherence effects in quantum computations
[116,13,110,94,198] and performing simulations of open and non-Hamiltonian
quantum systems [180,181,9,99,197,165], see also [79,80,131,179].

We generalize the usual model of a quantum computer to a model in which
a state is a density operator and gates are general superoperators (quantum op-
erations), not necessarily unitary. The pure state of n two-level closed quan-
tum systems is an element of 2n-dimensional Hilbert space and it allows us to
consider a quantum computer model with two-valued logic. The gates of this
computer model are unitary operators act on a such state. In the general case,
the mixed state (density operator) of n two-level quantum systems is an ele-
ment of 4n-dimensional operator Hilbert space (Liouville space). It allows us
to use a quantum computer model with four-valued logic [165]. The gates of
this model are general superoperators (quantum operations) which act on gen-
eral n-ququat state. A ququat is a quantum state in a four-dimensional (operator)
Hilbert space. Unitary two-valued logic gates and quantum operations for an n-
qubit non-Hamiltonian system are considered as four-valued logic gates acting
on n-ququat. We discuss universality for general quantum four-valued logic gates
acting on ququats.

Pure states

A quantum system in a pure state is described by a unit vector in a Hilbert
space H. In the Dirac notation a pure state is denoted by |Ψ >. The Hilbert
space H is a linear space with an inner product. The inner product for |Ψ1>,

487



488 Chapter 24. Non-Hamiltonian Systems as Quantum Computers

|Ψ2> ∈ H is denoted by <Ψ1|Ψ2>. A quantum bit or qubit, the fundamental
concept of quantum computations, is a two-state quantum system. The two basis
states labeled |0> and |1> are orthogonal unit vectors, i.e., <k|l> = δkl , where
k, l ∈ {0, 1}. The Hilbert space of the qubit is H2 = C2. The quantum system
which corresponds to a quantum computer (quantum circuit) consists of n quan-
tum two-state particles. The Hilbert space H(n) of such a system is a tensor prod-
uct of n Hilbert spaces H2 of one two-state particle: H(n) = H2⊗H2⊗· · ·⊗H2.
The space H(n) is a 2n-dimensional complex linear space. Let us choose a basis
for H(n) which consists of the 2n orthonormal states |k>, where k is in binary
representation. The pure state |k> is a tensor product of states |ki> in H(n):

|k> = |k1>⊗ |k2>⊗ · · · ⊗ |kn> = |k1k2 · · · kn>,

where ki ∈ {0, 1} and i = 1, 2, . . . , n. This basis is usually called the computa-
tional basis which has 2n elements. A pure state |Ψ (t)> ∈ H(n) is generally a
superposition of the basis states.

Mixed states

In general, a quantum system is not in a pure state. Quantum systems are not
really isolated from the rest of the universe, so it does not have a well-defined
pure state. A density operator is a self-adjoint (ρ∗ = ρ), nonnegative (ρ � 0)
operator on H(n) with unit trace (Tr ρ = 1). Pure states can be characterized by
idempotent condition ρ2 = ρ. A pure state can be represented by the operator
ρ(t) = |Ψ (t)><Ψ (t)|.

One can represent an arbitrary density operator ρ(t) for n-qubit in terms of
tensor products of Pauli matrices σμ:

(1)ρ(t) = 1

2n

∑
μ1...μn

Pμ1...μn(t)σμ1 ⊗ · · · ⊗ σμn,

where μi ∈ {0, 1, 2, 3} and i = 1, . . . , n. Here σμ are Pauli matrices

(2)σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
,

(3)σ3 =
(

1 0
0 −1

)
, σ0 = I =

(
1 0
0 1

)
.

The real expansion coefficients Pμ1...μn(t) are given by

Pμ1...μn(t) = Tr
(
σμ1 ⊗ · · · ⊗ σμnρ(t)

)
.

Normalization (Tr ρ = 1) requires that P0...0(t) = 1. Since the eigenvalues of the
Pauli matrices are ±1, the expansion coefficients satisfy |Pμ1...μn(t)| � 1.
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24.2. Finite-dimensional Liouville space and superoperators

Finite-dimensional Liouville space

The space of linear operators acting on a 2n-dimensional Hilbert space H(n) is a
(2n)2 = 4n-dimensional complex linear space H(n). We denote an element A of
H(n) by a ket-vector |A). The inner product of two elements |A) and |B) of H(n)

is defined as

(4)(A|B) = Tr(A∗B).

The norm ‖A‖ = √
(A|A) is the Hilbert–Schmidt norm of operator A. A new

Hilbert space H(n) with scalar product (4) is called the Liouville space attached
to H(n) or the associated Hilbert space.

Let {|k>} be an orthonormal basis of H(n):

<k|k′> = δkk′ ,
2n−1∑
k=0

|k><k| = I.

Then |k, l) = ||k><l|) is an orthonormal basis of the Liouville space H(n):

(5)(k, l|k′, l′) = δkk′δll′ ,
2n−1∑
k=0

2n−1∑
l=0

|k, l)(k, l| = Î .

This operator basis has 4n elements. Note that

(6)|k, l) = |k1, l1)⊗ |k2, l2)⊗ · · · ⊗ |kn, ln),

where ki, li ∈ {0, 1}, i = 1, . . . , n, and

|ki, li)⊗ |kj , lj ) =
∣∣|ki>⊗ |kj>,<li | ⊗<lj |

)
.

For an arbitrary element |A) of H(n), we have

(7)|A) =
2n−1∑
k=0

2n−1∑
l=0

|k, l)(k, l|A)

with (k, l|A) = Tr(|l><k|A) = <k|A|l> = Akl .
Operators which act on H(n) are called superoperators and we denote them in

general by the hat. For an arbitrary superoperator Ê on H(n), we have

(k, l|Ê |A) =
2n−1∑
k′=0

2n−1∑
l′=0

(k, l|Ê |k′, l′)(k′, l′|A) =
2n−1∑
k′=0

2n−1∑
l′=0

Eklk′l′Ak′l′ .

A superoperator Ê is called unital if Ê |I ) = |I ).



490 Chapter 24. Non-Hamiltonian Systems as Quantum Computers

Quantum operations

Unitary evolution is not the most general type of state change possible for quan-
tum systems. A most general state change is a positive map Ê which is called a
quantum operation or superoperator. In the formalism of quantum operations a
final (output) state ρ′ is assigned to the initial (input) state ρ by the map

(8)ρ → ρ′ = Ê(ρ)

Tr(Ê(ρ))
.

The trace in the denominator is induced in order to preserve the trace condition,
Tr(ρ′) = 1. In the general case, the map (8) is nonlinear, where Ê is a linear
positive map. The quantum operation Ê can be considered as a completely positive
map of the form.

Ê =
m∑

j=1

LAj
RA∗j .

If ρ is an initial state that Tr(Ê(ρ)) is a probability that the process represented by
Ê occurs. The probability never exceed 1. As a result, Ê must be trace-decreasing,
i.e., Tr(Ê(ρ)) � 1 for all density operators ρ. This condition can be expressed as
the operator inequality

m∑
j=1

A∗jAj � I.

The normalized state is defined by (8). The map (8) is a nonlinear trace-preserving
map. If Ê is trace-preserving, then Tr(Ê(ρ)) = 1, and

m∑
j=1

A∗jAj = I.

Note that a trace-preserving quantum operation Ê(ρ) = AρA∗ is unitary (A∗A =
AA∗ = I ).

As an example of nonunitary dynamics, we consider a measurement. A quan-
tum system being measured is no longer a closed system, since it is interacting
with a measuring device. The usual way to describe a measurement is a set of
projections Pk such that

PkPl = δklPk, P ∗k = Pk,
∑

k

Pk = Î .

The measurement gives

Êk(ρ) = PkρPk.
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The probability of this measurement result is given by

p(k) = Tr
(
Êk(ρ)

)
.

The normalization condition,
∑

k p(k) = 1 for density operators, is equivalent to
the completeness condition

∑
k Pk = I . If ρ is an initial state, then the normalized

state after the measurement is

ρ′ = p−1(k)Êk(ρ).

24.3. Generalized computational basis and ququats

Let us introduce a generalized computational basis and generalized computational
states for 4n-dimensional operator Hilbert space (Liouville space).

Pauli representation

Pauli matrices (2) and (3) can be considered as a basis for operator space H(1).
Let us write the Pauli matrices (2) and (3) in the form

σ1 = |0><1| + |1><0| = |0, 1)+ |1, 0),

σ2 = −i|0><1| + i|1><0| = −i(|0, 1)− |1, 0)),

σ3 = |0><0| − |1><1| = |0, 0)− |1, 1),

σ0 = I = |0><0| + |1><1| = |0, 0)+ |1, 1).

We can use the equations

|0, 0) = 1

2

(|σ0)+ |σ3)
)
, |1, 1) = 1

2

(|σ0)− |σ3)
)
,

|0, 1) = 1

2

(|σ1)+ i|σ2)
)
, |1, 0) = 1

2

(|σ1)− i|σ2)
)
.

It allows us to rewrite the operator basis

|k, l) = |k1, l1)⊗ |k2, l2)⊗ · · · ⊗ |kn, ln)

by the complete basis operators

|σμ) = |σμ1 ⊗ σμ2 ⊗ · · · ⊗ σμn),

where μi = 2ki + li , i.e., μi ∈ {0, 1, 2, 3} and i = 1, . . . , n. The basis |σμ) is
orthogonal

(σμ|σμ′) = 2nδμμ′
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and it is a complete operator basis, i.e.,

1

2n

N−1∑
μ

|σμ)(σμ| = Î ,

where N = 4n. For an arbitrary element |A) of H(n), we have the Pauli represen-
tation

|A) = 1

2n

N−1∑
μ=0

|σμ)(σμ|A)

with the complex coefficients (σμ|A) = Tr(σμA). We can rewrite formula (1)
using the complete operator basis |σμ) in H(n):

|ρ(t)) = 1

2n

N−1∑
μ=0

|σμ)Pμ(t),

where σμ = σμ1 ⊗ · · · ⊗ σμn , μ = (μ1 . . . μn), N = 4n and Pμ(t) = (σμ|ρ(t)).
The density operator ρ(t) is a self-adjoint nonnegative operator of unit trace. It

follows that

P ∗μ(t) = Pμ(t), P0(t) =
(
σ0|ρ(t)

) = 1.

In the general case,

(9)
1

2n

N−1∑
μ=0

P 2
μ(t) = (

ρ(t)|ρ(t)
) = Tr

(
ρ2(t)

)
� 1.

Note that the Schwarz inequality |(A|B)|2 � (A|A)(B|B) gives∣∣(I |ρ(t)
)∣∣2 � (I |I )

(
ρ(t)|ρ(t)

)
.

We rewrite this inequality in the form

(10)1 = ∣∣Tr ρ(t)
∣∣2 � 2n Tr

(
ρ2(t)

) = N−1∑
μ=0

P 2
μ(t),

where N = 4n. Using (9) and (10), we have

1√
2n

� Tr
(
ρ2(t)

)
� 1 or 1 �

N−1∑
μ=0

P 2
μ(t) � 2n.
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Generalized computational basis

Let us define the orthonormal basis of Liouville space. In the general case, the
state ρ(t) of the n-qubit system is an element of Hilbert space H(n). The basis for
H(n) consists of the 22n = 4n orthonormal basis elements denoted by |μ).

DEFINITION. The basis for a Liouville space H(n) is defined by

(11)|μ) = |μ1 . . . μn) = 1√
2n
|σμ) = 1√

2n
|σμ1 ⊗ · · · ⊗ σμn),

where N = 4n, μi ∈ {0, 1, 2, 3} and

(12)(μ|μ′) = δμμ′,
N−1∑
μ=0

|μ)(μ| = Î

is called the generalized computational basis.

Here μ is a four-valued representation of the form

(13)μ = μ14n−1 + · · · + μn−14+ μn.

The pure state of n two-level closed quantum systems is an element of 2n-di-
mensional function Hilbert space H(n). It leads to a quantum computer model with
two-valued logic. In the general case, the mixed state ρ(t) of n two-level (open or
closed) quantum system is an element of 4n-dimensional operator Hilbert space
H(n). It leads to a four-valued logic model for the quantum computer.

The state |ρ(t)) at t > 0 is a superposition of basis elements,

(14)
∣∣ρ(t)

) = N−1∑
μ=0

|μ)ρμ(t),

where ρμ(t) = (μ|ρ(t)) are real numbers (functions) satisfying normalized con-
dition

(15)ρ0(t) = 1√
2n

(
σ0|ρ(t)

) = 1√
2n

Tr
(
ρ(t)

) = 1√
2n

.

Generalized computational states

Generalized computational basis elements |μ) are not quantum states for μ �= 0.
It follows from normalized condition (15). The general quantum state in the Pauli
representation has the form (14). Let us define simple computational quantum
states.
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DEFINITION. Quantum states in the space H(n) defined by

(16)|μ] = 1

2n

(|σ0)+ |σμ)(1− δμ0)
)

or

(17)|μ] = 1√
2n

(|0)+ |μ)(1− δμ0)
)

are called the generalized computational states.

Note that all states |μ], where μ �= 0, are pure states, since [μ|μ] = 1. The
state |0] is a maximally mixed state. The states |μ] are elements of H(n).

The quantum state in a four-dimensional Hilbert space is usually called ququat
[165], qu-quart [24] or qudit [34,23] with d = 4. Usually the ququat is considered
as a four-level quantum system. We consider the ququat as a general quantum state
in a four-dimensional operator Hilbert space.

DEFINITION. A quantum state in a four-dimensional Liouville space (operator
Hilbert space) H(1) associated with a single qubit of space H(1) = H2 is called the
single ququat. A quantum state in 4n-dimensional Liouville space H(n) associated
with an n-qubit system is called the n-ququat.

For example, the states |μ] of the single ququat are

|0] = 1

2
|σ0), |k] = 1

2

(|σ0)+ |σk)
)
,

or

|0] = 1√
2
|0), |k] = 1√

2

(|0)+ |k)
)
.

It is convenient to use matrices for quantum states. In matrix representation the
single ququat computational basis |μ) can be represented by

|0) =
⎛
⎜⎝

1
0
0
0

⎞
⎟⎠ , |1) =

⎛
⎜⎝

0
1
0
0

⎞
⎟⎠ , |2) =

⎛
⎜⎝

0
0
1
0

⎞
⎟⎠ , |3) =

⎛
⎜⎝

0
0
0
1

⎞
⎟⎠ .

In this representation single ququat generalized computational states |μ] are rep-
resented by

|0] = 1√
2

⎛
⎜⎝

1
0
0
0

⎞
⎟⎠ , |1] = 1√

2

⎛
⎜⎝

1
1
0
0

⎞
⎟⎠ ,
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|2] = 1√
2

⎛
⎜⎝

1
0
1
0

⎞
⎟⎠ , |3] = 1√

2

⎛
⎜⎝

1
0
0
1

⎞
⎟⎠ .

A general single ququat quantum state |ρ) =∑3
μ=0 |μ)ρμ is represented by

|ρ) =
⎛
⎜⎝

ρ0
ρ1
ρ2
ρ3

⎞
⎟⎠ ,

where ρ0 = 1/
√

2 and ρ2
1 + ρ2

2 + ρ2
3 �

√
2.

We can use the other matrix representation for the states |ρ] which have no
coefficient 1/

√
2n. In this representation single ququat generalized computational

states |μ] are represented by

|0] =
⎡
⎢⎣

1
0
0
0

⎤
⎥⎦ , |1] =

⎡
⎢⎣

1
1
0
0

⎤
⎥⎦ , |2] =

⎡
⎢⎣

1
0
1
0

⎤
⎥⎦ , |3] =

⎡
⎢⎣

1
0
0
1

⎤
⎥⎦ .

A general single ququat quantum state

|ρ] =
⎡
⎢⎣

1
P1
P2
P3

⎤
⎥⎦ ,

where P 2
1 + P 2

2 + P 2
3 � 1, is a superposition of generalized computational states

|ρ] = |0](1− P1 − P2 − P3)+ |1]P1 + |2]P2 + |3]P3.

24.4. Quantum four-valued logic gates

Superoperators and quantum gates

Unitary evolution is not the most general type of state change possible for quan-
tum systems. The most general state change is a positive map which is called the
quantum operation or superoperator.

Quantum operations can be considered as generalized quantum gates acting on
general (mixed) states. Let us define a quantum four-valued logic gate.

DEFINITION. A quantum four-valued logic gate is a superoperator Ê on a Li-
ouville space H(n) which maps a density operator |ρ) of n-ququat to a density
operator |ρ′) of n-ququat.
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If |ρ) is a density operator, then Ê |ρ) should also be a density operator. There-
fore we have some requirements for superoperator Ê . The requirements for a
superoperator Ê on H(n) to be the quantum four-valued logic gate are as follows:

(1) The superoperator Ê is a real superoperator, i.e., (Ê(A))∗ = Ê(A∗) for all
A or (Ê(ρ))∗ = Ê(ρ). The real superoperator Ê is a map that assigns to
each self-adjoint operator ρ exactly one self-adjoint operator Ê(ρ) such that
(Ê(ρ))∗ = Ê(ρ).

(2) The superoperator Ê is a positive superoperator, i.e., Ê is a map that assigns to
each positive operator exactly one positive operator: Ê(A2) > 0 for all A �= 0
or Ê(ρ) � 0.

We have to assume the superoperator Ê to be not merely positive but com-
pletely positive. The superoperator Ê is a completely positive map, i.e., the
positivity remains if we extend the Liouville space H(n) by adding more
qubits. That is, the superoperator Ê ⊗ Î (m) must be positive, where Î (m) is
the identity superoperator on H(m).

(3) The superoperator Ê is a trace-preserving map, i.e.,

(18)(I |Ê |ρ) = (Ê∗(I )|ρ) = 1 or Ê∗(I ) = I.

As a result, we have the following definition.

DEFINITION. A quantum four-valued logic gate is a real positive (or completely
positive) trace-preserving superoperator Ê on a Liouville space H(n).

In the general case, we can consider linear and nonlinear quantum four-valued
logic gates. Let Ê be a convex linear map on the set of density operators, i.e.,

Ê
(∑

s

λsρs

)
=
∑

s

λs Ê(ρs),

where all λs are 0 < λs < 1 and
∑

s λs = 1. Any convex linear map of density
operators can be uniquely extended to a linear map on self-adjoint operators. Note
that any linear completely positive superoperator can be represented by

Ê =
m∑

j=1

L̂Aj
R̂A∗j .

If this superoperator is a trace-preserving superoperator, then

m∑
j=1

A∗jAj = I,

i.e., the condition (18) is satisfied.
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The restriction to linear gates is unnecessary. Let us consider a linear real com-
pletely positive superoperator Ê which is not trace-preserving. This superoperator
is not a quantum gate. Let (I |Ê |ρ) = Tr(Ê(ρ)) be a probability that the process
represented by the superoperator Ê occurs. Since the probability is non-negative
and never exceed 1, it follows that Ê is a trace-decreasing superoperator:

0 � (I |Ê |ρ) � 1 or Ê∗(I ) � I.

In general, any linear real completely positive trace-decreasing superoperator gen-
erates a quantum four-valued logic gate.

The quantum four-valued logic gate can be defined as nonlinear superoperator
N̂ by

N̂ |ρ) = (I |Ê |ρ)−1Ê |ρ) or N̂ (ρ) = Ê(ρ)

Tr(Ê(ρ))
,

where Ê is a linear real completely positive trace-decreasing superoperator.
In the generalized computational basis the gate Ê can be represented by

(19)Ê = 1

2n

N−1∑
μ=0

N−1∑
ν=0

Eμν |σμ)(σν |,

where N = 4n, μ and ν are four-valued representations of

μ = μ14N−1 + · · · + μN−14+ μN,

ν = ν14N−1 + · · · + νN−14+ νN,

σμ = σμ1 ⊗ · · · ⊗ σμn,

μi, νi ∈ {0, 1, 2, 3} and Eμν are elements of some matrix.

General quantum operation as four-valued logic gates

Unitary gates and quantum operations for a quantum computer with pure states
can be considered as quantum four-valued logic gates acting on mixed states.

THEOREM 1. In the generalized computational basis |μ) any linear quantum
operation Ê acting on n-qubit mixed (or pure) states can be represented as a
quantum four-valued logic gate Ê on n-ququat by

(20)Ê =
N−1∑
μ=0

N−1∑
ν=0

Eμν |μ)(ν|,

where N = 4n,

(21)Eμν = 1

2n
Tr
(
σμÊ(σν)

)
,
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and σμ = σμ1 ⊗ · · · ⊗ σμn .

PROOF. The state ρ′ in the generalized computational basis |μ) has the form

|ρ′) =
N−1∑
μ=0

|μ)ρ′μ,

where N = 4n and

ρ′μ = (μ|ρ′) = 1√
2n

Tr(σμρ′).

The quantum operation Ê defines a quantum four-valued logic gate by

|ρ′) = Ê |ρ) = ∣∣Ê(ρ)
) = N−1∑

ν=0

∣∣Ê(σν)
) 1√

2n
ρν.

Then

(μ|ρ′) =
N−1∑
ν=0

(
σμ|Ê(σν)

) 1

2n
ρν.

Finally, we obtain

ρ′μ =
N−1∑
ν=0

Eμνρν,

where

Eμν = 1

2n

(
σμ|Ê(σν)

) = 1

2n
Tr
(
σμÊ(σν)

)
.

This formula defines a relation between quantum operation Ê and the real 4n×4n

matrix Eμν of a quantum four-valued logic gate. �

Quantum four-valued logic gates Ê can be represented by 4n×4n matrices Eμν .
The matrix of the gate Ê is

E =
⎛
⎜⎝
E00 E01 . . . E0a

E10 E11 . . . E1a

. . . . . . . . . . . .

Ea0 Ea1 . . . Eaa

⎞
⎟⎠ ,

where a = N − 1 = 4n − 1. In the matrix representation, the gate Ê maps the
state |ρ) =∑N−1

ν=0 |ν)ρν to the state |ρ′) =∑N−1
μ=0 |μ)ρ′μ by

(22)ρ′μ =
N−1∑
ν=0

Eμνρν,
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where ρ′0 = ρ0 = 1/
√

2n. It can be written in the form⎛
⎜⎝

ρ′0
ρ′1
. . .

ρ′a

⎞
⎟⎠ =

⎛
⎜⎝
E00 E01 . . . E0a

E10 E11 . . . E1a

. . . . . . . . . . . .

Ea0 Ea1 . . . Eaa

⎞
⎟⎠
⎛
⎜⎝

ρ0
ρ1
. . .

ρa

⎞
⎟⎠ .

Since Pμ =
√

2nρμ and P ′μ =
√

2nρ′μ, it follows that representation (22) for

linear gate Ê is equivalent to

(23)P ′μ =
N−1∑
ν=0

EμνPν.

It can be written in the form⎡
⎢⎣

P ′0
P ′1
. . .

P ′a

⎤
⎥⎦ =

⎛
⎜⎝
E00 E01 . . . E0a

E10 E11 . . . E1a

. . . . . . . . . . . .

Ea0 Ea1 . . . Eaa

⎞
⎟⎠
⎡
⎢⎣

P0
P1
. . .

Pa

⎤
⎥⎦ ,

where P0 = P ′0 = 1. Note that if we use different matrix representations of state

we can use identical matrices for gate Ê .

THEOREM 2. In the generalized computational basis |μ) the matrix Eμν of the
linear quantum four-valued logic gate

(24)Ê =
m∑

j=1

L̂Aj
R̂A∗j

is real, i.e., E∗μν = Eμν for all μ and ν. Any real matrix Eμν associated with linear
trace-preserving gate (24) has

(25)E0ν = δ0ν.

PROOF. Using

Eμν = 1

2n

m∑
j=1

Tr
(
σμAjσνA

∗
j

) = 1

2n

m∑
j=1

(A∗j σμ|σνA
∗
j ),

we obtain

E∗μν =
1

2n

m∑
j=1

(A∗j σμ|σνA
∗
j )
∗ = 1

2n

m∑
j=1

(σνA
∗
j |A∗j σμ)

= 1

2n

m∑
j=1

Tr(AjσνA
∗
j σμ) = 1

2n

m∑
j=1

Tr(σμAjσνA
∗
j ) = Eμν.



500 Chapter 24. Non-Hamiltonian Systems as Quantum Computers

Let us consider the E0ν for (24):

E0ν = 1

2n
Tr
(
σ0E(σν)

) = 1

2n
Tr
(
E(σν)

)
= 1

2n
Tr

(
m∑

j=1

AjσνA
∗
j

)
= 1

2n
Tr

((
m∑

j=1

A∗jAj

)
σν

)

= 1

2n
Tr σν = δ0ν . �

In the general case, a linear quantum four-valued logic gate acts on |0) by

Ê |0) = |0)+
N−1∑
k=1

Tk|k).

For example, a single ququat quantum gate acts by

Ê |0) = |0)+ T1|1)+ T2|2)+ T3|3).

If all Tk , where k = 1, . . . , N − 1 are equal to zero, then Ê |0) = |0). The linear
quantum gates with T = 0 conserve the maximally mixed state |0] invariant.

DEFINITION. A quantum four-valued logic gate Ê is called a unital gate or gate
with T = 0 if the maximally mixed state |0] is invariant under the action of this
gate: Ê |0] = |0].

The output state of a linear quantum four-valued logic gate Ê is |0] if and only
if the input state is |0]. If Ê |0] �= |0], then Ê is not a unital gate.

THEOREM 3. The matrix Eμν of linear real trace-preserving superoperator Ê on
n-ququat is an element of group TGL(4n − 1, R) which is a semidirect product of
general linear group GL(4n − 1, R) and translation group T (4n − 1, R).

PROOF. This theorem follows from Theorem 2. Any element (matrix Eμν) of
group TGL(4n − 1, R) can be represented by

E(T , R) =
(

1 0
T R

)
,

where T is a column with 4n − 1 elements, 0 is a line with 4n − 1 zero elements,
and R is a real (4n − 1)× (4n − 1) matrix R ∈ GL(4n − 1, R). If R is orthogonal
(4n−1)× (4n−1) matrix (RT R = I ), then we have the motion group. The group
multiplication of elements E(T , R) and E(T ′, R′) is defined by

E(T , R)E(T ′, R′) = E(T + RT ′, RR′).
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In particular, we have

E(T , R) = E(T , I )E(0, R) , E(T , R) = E(0, R)E
(
R−1T , I

)
,

where I is a unit (4n − 1)× (4n − 1) matrix. �

Any linear real trace-preserving superoperator can be decompose into unital
superoperator and translation superoperator. It allows us to consider two types of
linear trace-preserving superoperators:

(1) Unital superoperators Ê (T=0) with the matrices E(0, R). The n-ququat unital
superoperator can be represented by

Ê (T=0) = |0)(0| +
N−1∑
k=1

N−1∑
l=1

Rkl |k)(l|,

where N = 4n.
(2) Translation superoperators Ê (T ) defined by matrices E(T , I ) and

Ê (T ) =
N−1∑
μ=0

|μ)(μ| +
N−1∑
k=1

Tk|k)(0|.

Decomposition for linear superoperators

Let us consider the n-ququat linear real superoperator

(26)Ê = |0)(0| +
N−1∑
μ=1

Tμ|μ)(0| +
N−1∑
μ=1

N−1∑
ν=1

Rμν |μ)(ν|,

where N = 4n.

THEOREM 4. Any real matrix R can be written in the form R = U1DUT
2 ,

where U1 and U2 are real orthogonal (N − 1) × (N − 1) matrices and D =
diag(λ1, . . . , λN−1) is a diagonal (N − 1)× (N − 1) matrix such that λ1 � λ2 �
· · · � λN−1 � 0.

PROOF. This theorem is proved in [139,62]. �

In the general case, we have the following theorem.

THEOREM 5. Any linear real superoperator (26) can be represented by

(27)Ê = Ê (T )Û1 D̂ Û2,
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where the following superoperators are used:
Û1 and Û2 are unital orthogonal superoperators, such that

(28)Ûi = |0)(0| +
N−1∑
μ=1

N−1∑
ν=1

U (i)
μν |μ)(ν|.

D̂ is a unital diagonal superoperator, such that

(29)D̂ = |0)(0| +
N−1∑
μ=1

λμ|μ)(μ| (λμ � 0).

Ê (T ) is a translation superoperator, such that

(30)Ê (T ) = |0)(0| +
N−1∑
μ=1

|μ)(μ| +
N−1∑
μ=1

Tμ|μ)(0|.

PROOF. The proof of this theorem can be easily realized in matrix representation
by using Theorems 3 and 4. �

As a result, we have that any linear real trace-preserving superoperator can be
realized by three types of superoperators:

(1) unital orthogonal superoperators Û ;
(2) unital diagonal superoperators D̂;
(3) nonunital translation superoperators Ê (T ).

THEOREM 6. If the quantum operation Ê has the form

Ê(ρ) =
m∑

j=1

AjρA∗j ,

where A is a self-adjoint operator (A∗j = Aj), then quantum four-valued logic

gate Ê is described by symmetric matrix Eμν = Eνμ. This gate is trace-preserving
if Eμ0 = E0μ = δμ0.

PROOF. If A∗j = Aj , then

Eμν = 1√
2n

m∑
j=1

Tr(σμAjσνAj ) = 1√
2n

m∑
j=1

Tr(σνAjσμAj ) = Eνμ.

Using Theorem 2, we have that this gate is trace-preserving if Eμ0 = E0μ =
δμ0. �
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Unitary two-valued logic gates as orthogonal four-valued logic gates

Let us consider a unitary two-valued logic gate defined by unitary operator U

acting on pure states. The map Û : ρ → UρU∗ induced by a unitary operator U

is a particular case of quantum operation.

THEOREM 7. In the generalized computational basis any unitary quantum two-
valued logic gate U that acts on pure n-qubit states can be considered as a
quantum four-valued logic gate Û acting on n-ququat:

(31)Û =
N−1∑
μ=0

N−1∑
ν=0

Uμν |μ)(ν|,

where Uμν is a real matrix such that

(32)Uμν = 1

2n
Tr(σνUσμU∗).

PROOF. Using Theorem 1 and the equation

|ρ′) = Û |ρ) = |UρU∗),

we get this theorem. �

Equations (31) and (32) define a relation between the unitary quantum two-
valued logic gate U and the real 4n × 4n matrix U of quantum four-valued logic
gate Û .

THEOREM 8. Any four-valued logic gate associated with unitary two-valued
logic gate by (31) and (32) is a unital gate, i.e., gate matrix U defined by (32)
has Uμ0 = U0μ = δμ0.

PROOF.

Uμ0 = 1

2n
Tr(σμUσ0U

∗) = 1

2n
Tr(σμUU∗) = 1

2n
Tr σμ.

Using Tr σμ = δμ0, we get Uμ0 = δμ0. �

Let us denote the gate Û associated with unitary two-valued logic gate U by
Ê (U).

THEOREM 9. If U is a unitary two-valued logic gate, then in the generalized
computational basis a quantum four-valued logic gate Û = Ê (U) associated with
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U is represented by the orthogonal matrix E (U):

(33)E (U)
(
E (U)

)T = (
E (U)

)T E (U) = I.

PROOF. Let Ê (U) be defined by

Ê (U)|ρ) = |UρU∗), Ê (U∗)|ρ) = |U∗ρU).

If UU∗ = U∗U = I , then

Ê (U)Ê (U∗) = Ê (U∗)Ê (U) = Î .

In the matrix representation, we have

N−1∑
α=0

E (U)
μα E (U∗)

αν =
N−1∑
α=0

E (U∗)
μα E (U)

αν = δμν,

i.e., E (U∗)E (U) = E (U)E (U∗) = I . Note that

E (U∗)
μν = 1

2n
Tr(σμU∗σνU) = 1

2n
Tr(σνUσμU∗) = E (U)

νμ ,

i.e., E (U∗) = (E (U))T . Finally, we obtain (33). �

THEOREM 10. If Ê∗ is an adjoint superoperator for linear trace-preserving su-
peroperator Ê , then matrices of the superoperators are connected by transposition
E∗ = ET , i.e.,

(34)(E∗)μν = Eνμ.

PROOF. Using

Ê =
m∑

j=1

L̂Aj
R̂A∗j , Ê∗ =

m∑
j=1

L̂A∗j R̂Aj
,

we obtain

Eμν = 1

2n

m∑
j=1

Tr(σμAjσνA
∗
j ),

(E∗)μν = 1

2n

m∑
j=1

Tr(σμA∗j σνAj ) = 1

2n

m∑
j=1

Tr(σνAjσμA∗j ) = Eνμ.

Obviously, if we define the superoperator Ê by (20), then the adjoint superoperator
has the form

Ê∗ =
N−1∑
μ=0

N−1∑
ν=0

Eνμ|μ)(ν|.
�
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THEOREM 11. If Ê∗Ê = Ê Ê∗ = Î , then Ê is an orthogonal quantum four-valued
logic gate, i.e., ET E = EET = I .

PROOF. If Ê∗Ê = Î , then

N−1∑
α=0

(μ|Ê∗|α)(α|Ê |ν) = (μ|Î |ν):
N−1∑
α=0

(E∗)μαEαν = δμν.

Using Theorem 10, we have

N−1∑
α=0

(ET )μαEαν = δμν,

i.e., ET E = I . �

Note that n-qubit unitary two-valued logic gate U is an element of Lie group
SU(2n). The dimension of this group is equal to dim SU(2n) = (2n)2−1 = 4n−1.
The matrix of n-ququat orthogonal linear gate Û = Ê (U) can be considered as
an element of Lie group SO(4n − 1). The dimension of this group is equal to
dim SO(4n − 1) = (4n − 1)(2 · 4n−1 − 1).

For example, if n = 1, then dim SU(21) = 3, dim SO(41 − 1) = 3. If n = 2,
then dim SU(22) = 15, dim SO(42 − 1) = 105. Therefore, not all orthogonal
quantum four-valued logic gates for mixed and pure states are connected with
unitary two-valued logic gates for pure states.

Single ququat orthogonal gates

Let us consider a single ququat quantum four-valued logic gate Û associated with
unitary single qubit two-valued logic gate U .

THEOREM 12. Any single qubit unitary quantum two-valued logic gate can be
realized as the product of single ququat simple rotation quantum four-valued logic
gates Û (1)(α), Û (2)(θ) and Û (1)(β) defined by

Û (1)(α) = |0)(0| + |3)(3| + cos α
(|1)(1| + |2)(2|)+ sin α

(|2)(1| − |1)(2|),
Û (2)(θ) = |0)(0| + |2)(2| + cos θ

(|1)(1| + |3)(3|)+ sin θ
(|1)(3| − |3)(1|),

where α, θ and β are Euler angles.

PROOF. This theorem has been proved in [165]. �

Let us introduce simple reflection gates by

R̂(1) = |0)(0| − |1)(1| + |2)(2| + |3)(3|,
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R̂(2) = |0)(0| + |1)(1| − |2)(2| + |3)(3|,
R̂(3) = |0)(0| + |1)(1| + |2)(2| − |3)(3|.

THEOREM 13. Any single ququat linear quantum four-valued logic gate Ê de-
fined by orthogonal matrix E : EET = I can be realized by

• simple rotation gates Û (1) and Û (2),
• inversion gate Î defined by Î = |0)(0| − |1)(1| − |2)(2| − |3)(3|.

PROOF. Using Theorem 10 and

R̂(3) = Û (1)Î, R̂(2) = Û (2)Î, R̂(1) = Û (1)Û (1)Î,

we get this theorem. �

EXAMPLE 1. In the generalized computational basis the Pauli matrices as two-
valued logic gates are the quantum four-valued logic gates with diagonal 4 × 4
matrices. The gate I = σ0 is

Û (σ0) =
3∑

μ=0

|μ)(μ| = Î ,

i.e., U (σ0)
μν = (1/2) Tr(σμσν) = δμν .

For the unitary quantum two-valued logic gates that are equal to the Pauli ma-
trix σk , where k ∈ {1, 2, 3}, we have the quantum four-valued logic gates

Û (σk) =
3∑

μ,ν=0

U (σk)
μν |μ)(ν|,

with the matrix

(35)U (σk)
μν = 2δμ0δν0 + 2δμkδνk − δμν.

EXAMPLE 2. In the generalized computational basis the unitary NOT gate (“ne-
gation”) of two-valued logic

X = |0><1| + |1><0| = σ1 =
(

0 1
1 0

)
,

is represented by the quantum four-valued logic gate

Û (X) = |0)(0| + |1)(1| − |2)(2| − |3)(3|.
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EXAMPLE 3. The Hadamard two-valued logic gate

H = 1√
2
(σ1 + σ3)

can be represented as a quantum four-valued logic gate by

Ê (H) = |0)(0| − |2)(2| + |3)(1| + |1)(3|,
with the matrix

E (H)
μν = δμ0δν0 − δμ2δν2 + δμ3δν1 + δμ1δν3.

Measurements as quantum four-valued logic gates

It is known that the von Neumann measurement superoperator Ê is defined by

(36)Ê |ρ) =
r∑

k=1

|PkρPk),

where {Pk|k = 1, . . . , r} is a (not necessarily complete) sequence of orthogonal
projection operators on H(n).

Let Pk be projections onto the pure states |k>, which define a basis {|k>} for
H(n), i.e.,

Pk = |k><k|.

THEOREM 14. A nonlinear quantum four-valued logic gate N̂ for von Neumann
measurement (36) of the state ρ =∑N−1

α=0 |α)ρα is defined by

(37)N̂ =
r∑

k=1

1

p(r)

N−1∑
μ=0

N−1∑
ν=0

E (k)
μν |μ)(ν|,

where

(38)E (k)
μν =

1

2n
Tr(σμPkσνPk), p(r) = √2n

r∑
k=1

N−1∑
α=0

E (k)
0α ρα.

PROOF. The trace-decreasing superoperator Êk is defined by

|ρ)→ |ρ′) = Êk|ρ) = |PkρPk).

This superoperator has the form Êk = L̂Pk
R̂Pk

. Then

ρ′μ = (μ|ρ′) = (μ|Êk|ρ) =
N−1∑
ν=0

(μ|Êk|ν)(ν|ρ) =
N−1∑
ν=0

E (k)
μν ρν,
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where

E (k)
μν = (μ|Êk|ν) = 1

2n
Tr(σμPkσνPk).

The probability that the process represented by Êk occurs is

p(k) = Tr
(
Êk(ρ)

) = (I |Êk|ρ) = √2nρ′0 =
√

2n

N−1∑
α=0

E (k)
0α ρα.

If

p(r) = √2n

r∑
k=1

N−1∑
α=0

E (k)
0α ρα �= 0,

then the matrix for nonlinear trace-preserving gate N̂ is

Nμν =
r∑

k=1

p−1(r)E (k)
μν .

�

EXAMPLE 1. Let us consider the single ququat projection operator

P0 = |0><0| = 1

2
(σ0 + σ3).

Using formula (38), we derive

E (0)
μν =

1

8
Tr
(
σμ(σ0 + σ3)σν(σ0 + σ3)

)
= 1

2
(δμ0δν0 + δμ3δν3 + δμ3δν0 + δμ0δν3).

The corresponding matrix is

E (0) =
⎛
⎜⎝

1/2 0 0 1/2
0 0 0 0
0 0 0 0

1/2 0 0 1/2

⎞
⎟⎠ .

The linear trace-decreasing superoperator for von Neumann measurement pro-
jection |0><0| onto the pure state |0> is

Ê (0) = 1

2

(|0)(0| + |3)(3| + |0)(3| + |3)(0|).
EXAMPLE 2. Let us consider the projection operator

P1 = |1><1| = 1

2
(σ0 − σ3).
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Using equation (38), we obtain

E (1)
μν =

1

2
(δμ0δν0 + δμ3δν3 − δμ3δν0 − δμ0δν3).

The linear superoperator Ê (1) for the von Neumann measurement projection onto
the pure state |1> is

Ê (1) = 1

2

(|0)(0| + |3)(3| − |0)(3| − |3)(0|).
The superoperators Ê (0) and Ê (1) are not trace-preserving. The probabilities that

processes represented by the superoperators occur are

p(0) = 1√
2
(ρ0 + ρ3), p(1) = 1√

2
(ρ0 − ρ3).

24.5. Classical four-valued logic gates

Let us consider some elements of classical four-valued logic. For the concept of
many-valued logic, see [126,127,193].

Elementary classical gates

A function g(x1, . . . , xn) describes a classical four-valued logic gate if the fol-
lowing conditions are satisfied:

• all xi ∈ {0, 1, 2, 3}, where i = 1, . . . , n.
• g(x1, . . . , xn) ∈ {0, 1, 2, 3}.

It is known that the number of all classical logic gates with n-arguments
x1, . . . , xn is equal to 44n

. The number of classical logic gates g(x) with single
argument is equal to 441 = 256.

The number of classical logic gates g(x1, x2) with two-arguments is equal to
442 = 416 = 42949677296.

Let us define some elementary classical four-valued logic gates by equations.

• Luckasiewicz negation: ∼x = 3− x.
• Circular shift: x = x + 1(mod 4).
• Functions Ii(x), where i = 0, . . . , 3, such that Ii(x) = 3 if x = i and Ii(x) = 0

if x �= i.
• �x = 0 for x ∈ {0, 1, 2}, and �x = 3 for x = 3.
• ♦x = 0 for x = 0, and ♦x = 0 for x ∈ {1, 2, 3}.
• Generalized conjunction: x1 ∧ x2 = min(x1, x2).
• Generalized disjunction: x1 ∨ x2 = max(x1, x2).
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• Generalized Sheffer–Webb function:

V4(x1, x2) = max(x1, x2)+ 1(mod 4).

The generalized conjunction and disjunction satisfy the following laws:

• Commutative laws

x1 ∧ x2 = x2 ∧ x1, x1 ∨ x2 = x2 ∨ x1.

• Associative laws

(x1 ∨ x2) ∨ x3 = x1 ∨ (x2 ∨ x3), (x1 ∧ x2) ∧ x3 = x1 ∧ (x2 ∧ x3).

• Distributive laws

x1 ∨ (x2 ∧ x3) = (x1 ∨ x2) ∧ (x1 ∨ x3),

x1 ∧ (x2 ∨ x3) = (x1 ∧ x2) ∨ (x1 ∧ x3).

Note that the Luckasiewicz negation satisfies the properties:

∼ (∼ x) = x, ∼ (x1 ∧ x2) = (∼ x1) ∨ (∼ x2).

The following usual negation rules are not satisfied by the circular shift:

x �= x, x1 ∧ x2 �= x1 ∨ x2.

The analog of the disjunction normal form of the n-argument classical four-valued
logic gate is

g(x1, . . . , xn) =
∨

(k1,...,kn)

Ik1(x1) ∧ · · · ∧ Ikn(xn) ∧ g(k1, . . . , kn).

Let us consider (functional) complete sets [193] of classical four-valued logic
gates.

THEOREM 15. The set {0, 1, 2, 3, I0, I1, I2, I3, x1 ∧ x2, x1 ∨ x2} is a complete
set.

The set {x, x1 ∨ x2} is a complete set.
The gate V4(x1, x2) is complete.

PROOF. This theorem is proved in [193]. �
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Quantum gates for single argument classical gates

Let us consider linear trace-preserving quantum gates for classical gates ∼, x,
I0, I1, I2, I3, 0, 1, 2, 3, ♦, �.

THEOREM 16. Any single argument classical four-valued logic gate g(ν) can be
realized as a linear trace-preserving quantum four-valued logic gate by

Ê (g) = |0)(0| +
3∑

k=1

|g(k))(k|

(39)+ (1− δ0g(0))

(
|g(0))(0| −

3∑
μ=0

3∑
ν=0

(1− δμg(ν))|μ)(ν|
)

.

PROOF. The proof is by direct calculation in

Ê (g)|α] = |g(α)]: Ê (g)|α] = 1√
2

(
Ê (g)|0)+ Ê (g)|α)

)
. �

The following are examples of some classical gates.
(1) The Luckasiewicz negation gate is

Ê (∼) = |0)(0| + |1)(2| + |2)(1| + |3)(0| − |3)(3|.
(2) The four-valued logic gate I0 can be realized by

Ê (I0) = |0)(0| + |3)(0| −
3∑

k=1

|3)(k|.

(3) The gates Ik(x), where k = 1, 2, 3 are

Ê (Ik) = |0)(0| + |3)(k|.
(4) The gate x can be realized by

Ê (x) = |0)(0| + |1)(0| + |2)(1| + |3)(2| −
3∑

k=1

|1)(k|.

(5) The constant gates 0 and k = 1, 2, 3 can be realized by

Ê (0) = |0)(0|, Ê (k) = |0)(0| + |k)(0|.
(6) The gate ♦x is realized by

Ê (♦) = |0)(0| +
3∑

k=1

|3)(k|.
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(7) The gate �x =∼ ♦x is

Ê (�) = |0)(0| + |3)(3|.
Note that the quantum four-valued logic gates Ê (∼), Ê (I0), Ê (k), Ê (g1) are not

unital gates.

Quantum gates for two-arguments classical gates

Let us consider quantum four-valued logic gates for two-arguments classical four-
valued logic gates.

(1) The generalized conjunction x1∧x2 = min(x1, x2) and generalized disjunc-
tion x1 ∧ x2 = max(x1, x2) can be realized by a two-ququat quantum four-valued
logic gate with T = 0:

Ê |x1, x2] = |x1 ∨ x2, x1 ∧ x2].
Let us write this quantum gate in the generalized computational basis by

Ê =
N−1∑
μ=0

N−1∑
ν=0

|μν)(μν| +
3∑

k=1

(|0k)− |k0)
)
(k0|

+
3∑

k=2

(|1k)− |k1)
)
(k1| + (|23)− |32)

)
(32|.

(2) The Sheffer–Webb function gate |x1, x2] → |V4(x1, x2),∼ V4(x1, x2)] can
be realized by a two-ququat quantum gate with T �= 0:

Ê (SW) = |00)(00| + |12)(00| −
3∑

μ=0

3∑
ν=1

|12)(μν| + |21)(10|

+ |21)(11| + |30)(02| + |30)(20| + |30)(12| + |30)(21|

+ |30)(22| + |03)(03| + |03)(13| + |03)(23| +
3∑

μ=0

|03)(3μ|.

Note that this Sheffer–Webb function gate is not a unital quantum gate and

Ê (SW) �= |V4(x1, x2),∼ V4(x1, x2))(x1, x2|.

24.6. To universal set of quantum four-valued logic gates

The condition for performing arbitrary unitary operations to realize a quantum
computation by dynamics of a Hamiltonian quantum system is well understood
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[14,44,98]. Using quantum unitary gates, a quantum computer with pure states
may realize the time sequence of operations corresponding to any unitary dy-
namics. Almost any two-qubit quantum unitary gate is universal for a quantum
computer with pure states. It is known [14,44,98] that a set of quantum gates,
which consists of all one-qubit unitary gates and the two-qubit exclusive-OR
(XOR) gate, is universal for quantum computer with pure states in the sense that
all unitary operations on arbitrary many qubits can be expressed as compositions
of these unitary gates.

The same is not true for the general quantum operations (superoperators) cor-
responding to the dynamics of non-Hamiltonian quantum systems. In the paper
[9], a single qubit of non-Hamiltonian quantum system with Markovian dynam-
ics was considered and the resources needed for universality of general quantum
operations were studied. An analysis of completely positive trace-preserving su-
peroperators on single qubit density operators was realized in papers [61,82,130].

Let us study universality for quantum four-valued logic gates.

DEFINITION. A set of quantum four-valued logic gates is universal if and only if
all quantum gates on arbitrary many ququats can be expressed as compositions of
these gates.

Single ququat gates cannot map two initially un-entangled ququats into an en-
tangled state. Therefore, the single ququat gates or set of single ququat gates are
not universal gates for a quantum computer with mixed states. Quantum gates
which are realizations of classical gates cannot be universal by definition, since
these gates evolve generalized computational states to generalized computational
states and never to the superposition of them.

The matrix E of the linear real superoperator Ê on H(n) is an element of Lie
group TGL(4n − 1, R). The linear superoperator Ê on H(n) is a quantum four-
valued logic gate (completely positive trace-preserving superoperator) if and only
if the matrix E is a completely positive element of Lie group TGL(4n − 1, R).
The matrix N of a nonlinear real trace-preserving superoperator N̂ on H(n) is a
quantum four-valued logic gate defined by

(40)N̂ (ρ) = Ê(ρ)

Tr(Ê(ρ))

if the matrix E of the linear trace-decreasing superoperator Ê is a completely pos-
itive element of Lie group GL(4n, R). The condition of complete positivity leads
to difficult inequalities for matrix elements [35,61,82,130]. In order to satisfy the
condition of complete positivity we use the following representation:

(41)Ê =
m∑

j=1

L̂Aj
R̂A∗j ,
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where L̂A and R̂A are left and right multiplication superoperators on H(n) de-
fined by L̂A|B) = |AB), R̂A|B) = |BA). It is known that any linear completely
positive superoperator Ê can be represented by (41). Any trace-decreasing super-
operator (41) generates a quantum four-valued logic gate by (40). To find the
universal set of completely positive (linear or nonlinear) superoperators, i.e.,
quantum four-valued logic gates, we suggest to consider the universal set of the
superoperators L̂Aj

and R̂A∗j . Let the superoperators L̂Aj
and R̂A∗j will be called

the pseudo-gates. A set of pseudo-gates is universal if and only if all pseudo-gates
on arbitrary many ququats can be expressed as compositions of these pseudo-
gates. The matrices of the superoperators L̂A and R̂A∗ are connected by complex
conjugation. The set of these matrices forms a group GL(4n, C). Obviously, the
universal set of pseudo-gates L̂A is connected with a universal set of completely
positive superoperators Ê of the quantum four-valued logic gates.

The trace-preserving condition for linear superoperator (41) is equivalent to the
requirement E0μ = δ0μ for gate matrix E . The trace-decreasing condition can be
satisfied by inequality of the following theorem.

THEOREM 17. If the matrix elements Eμν of Ê satisfy the inequality

(42)
N−1∑
μ=0

(E0μ)2 � 1,

then Ê is a trace-decreasing superoperator.

PROOF. Using the Schwarz inequality(
N−1∑
μ=0

E0μρμ

)2

�
N−1∑
μ=0

(E0μ)2
N−1∑
ν=0

(ρν)
2,

and the property

Tr ρ2 = (ρ|ρ) =
N−1∑
ν=0

(ρν)
2 � 1,

we have

∣∣Tr Ê(ρ)
∣∣2 = ∣∣(0|Ê |ρ)

∣∣2 =
(

N−1∑
μ=0

E0μρμ

)2

�
N−1∑
μ=0

(E0μ)2.

Using (42), we get |Tr Ê(ρ)| � 1. Since Ê is a completely positive (or positive)
superoperator (Ê(ρ) � 0), it follows that

0 � Tr Ê(ρ) � 1,
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i.e., Ê is a trace-decreasing superoperator. �

Let us consider the superoperators L̂A and R̂A∗ . These superoperators can be
represented by

(43)L̂A =
N−1∑
μ=0

N−1∑
ν=0

L(A)
μν |μ)(ν|, R̂A∗ =

N−1∑
μ=0

N−1∑
ν=0

R(A∗)
μν |μ)(ν|,

where matrices L
(A)
μν and R

(A∗)
μν are defined by

L(A)
μν =

1

2n
Tr(σμAσν) = 1

2n
Tr(σασμA),

R(A∗)
μν = 1

2n
Tr(σμσνA

∗) = 1

2n
Tr(A∗σμσν).

THEOREM 18. The matrix Eμν of the completely positive superoperator (41) can
be represented by

(44)Eμν =
m∑

j=1

N−1∑
α=0

L(jA)
μα R(jA∗)

αν .

PROOF. Let us write the matrix Eμν by matrices of superoperators L̂Aj
and R̂Aj

:

Eμν = (μ|Ê |ν) =
m∑

j=1

(μ|L̂Aj
R̂A∗j |ν)

=
m∑

j=1

N−1∑
α=0

(μ|L̂Aj
|α)(α|R̂A∗j |ν) =

m∑
j=1

N−1∑
α=0

L(jA)
μα R(jA∗)

αν .

Finally, we obtain (44), where

L(jA)
μα = (μ|L̂A|α) = 1

2n
(σμ|L̂Aj

|σα)

= 1

2n
Tr(σμAjσα) = 1

2n
Tr(σασμAj ),

and

R(jA∗)
αν = (α|R̂A∗j |ν) = 1

2n
(σα|R̂A∗j |σν)

= 1

2n
Tr(σασνA

∗
j ) =

1

2n
Tr(A∗j σασν).
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The matrix elements can be rewritten in the form

(45)L(jA)
μα = 1

2n
(σμσα|Aj ), R(jA∗)

αν = 1

2n
(Aj |σασν).

�

EXAMPLE. Let us consider the single ququat pseudo-gate L̂A. The elements of
pseudo-gate matrix L(A) are defined by

L(A)
μν =

1

2
Tr(σμAσν).

Let us denote

aμ = 1

2
Tr(σμA).

Using

L
(A)
kl = 1

2
Tr(σlσkA) = 1

2
δkl Tr A+ i

2
εlkm Tr(σmA),

where k, l,m = 1, 2, 3, we obtain

L̂A =
3∑

μ=0

a0|μ)(μ| +
3∑

k=0

ak

(|0)(k| + |k)(0|)
+ ia1

(|3)(2| − |2)(3|)+ ia2
(|1)(3| − |3)(1|)+ ia3

(|2)(1| − |1)(2|).
The pseudo-gate matrix is

L(A)
μν = δμν Tr A+

3∑
m=1

(δμ0δνm + δμmδν0) Tr(σmA)

(46)+ i

3∑
m=1

δμkδνlεlkm Tr(σmA).

Let us consider the properties of the matrix elements L
(jA)
μα and R

(jA∗)
μα .

THEOREM 19. The matrices L
(jA)
μα and R

(jA∗)
μα are complex 4n×4n matrices and

their elements are connected by complex conjugation:

(47)
(
L(jA)

μα

)∗ = R(jA∗)
μα .

PROOF. Using complex conjugation of the matrix elements (45), we obtain

(
L(jA)

μα

)∗ = 1

2n
(σμσα|Aj)

∗ = 1

2n
(Aj |σμσα) = R(jA∗)

μα .
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We can write the gate matrix (44) in the form

(48)Eμν =
m∑

j=1

N−1∑
α=0

L(jA)
μα

(
L(jA)

αν

)∗
.

�

THEOREM 20. The matrices L
(jA)
μα and R

(jA∗)
μα of the n-ququat quantum four-

valued logic gate (41) are the elements of Lie group GL(4n, C). The set of these
matrices is a group.

A superoperator Ê on H(2) is called primitive, if Ê maps the tensor product of
single ququats to the tensor product of single ququats, i.e., if |ρ1) and |ρ2) are
ququats, then we can find ququats |ρ′1) and |ρ′2) such that

Ê |ρ1 ⊗ ρ2) = |ρ′1 ⊗ ρ′2).

The superoperator Ê is called imprimitive if Ê is not primitive.
It can be shown that almost every pseudo-gate that operates on two or more

ququats is a universal pseudo-gate.

THEOREM 21. The set of all single ququat pseudo-gates and any imprimitive
two-ququat pseudo-gate form a universal set of pseudo-gates.

PROOF. Let us consider some points of the proof. Expressed in group theory
language, all n-ququat pseudo-gates are elements of the Lie group GL(4n, C).
Two-ququat pseudo-gates L̂ are elements of Lie group GL(16, C). The question
of universality is the same as that of what set of superoperators L̂ is sufficient
to generate GL(16, C). The group GL(16, C) has (16)2 = 256 independent one-
parameter subgroups GLμν(16, C) of one-parameter pseudo-gates L̂(μν)(t) such
that L̂(μν)(t) = t |μ)(ν|. Infinitesimal generators of Lie group GL(4n, C) are de-
fined by

(49)Ĥμν =
(

d

dt
L̂(μν)(t)

)
t=0

,

where μ, ν = 0, 1, . . . , 4n−1. The generators Ĥμν of the one-parameter subgroup
GLμν(4n, R) are superoperators of the form Ĥμν = |μ)(ν| on H(n) which can be
represented by 4n × 4n matrices Hμν with elements

(Hμν)αβ = δαμδβν.

The set of superoperators Ĥμν is a basis (Weyl basis) of Lie algebra gl(16, R)

such that[
Ĥμν, Ĥαβ

] = δναĤμβ − δμβĤνα,
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where μ, ν, α, β = 0, 1, . . . , 15. Any element Ĥ of the algebra gl(16, C) can be
represented by

Ĥ =
15∑

μ=0

15∑
ν=0

hμνĤμν,

where hμν are complex coefficients.
As a basis of Lie algebra gl(16, C) we can use 256 linearly independent self-

adjoint superoperators

Hαα = |α)(α|, H r
αβ = |α)(β| + |β)(α|,

H i
αβ = −i

(|α)(β| − |β)(α|),
where 0 � α � β � 15. The matrices of these generators are Hermitian 16× 16
matrices. The matrix elements of 256 Hermitian 16× 16 matrices Hαα , Hr

αβ and

Hi
αβ are defined by

(Hαα)μν = δμαδνα,(
Hr

αβ

)
μν
= δμαδνβ + δμβδνα,(

Hi
αβ

)
μν
= −i(δμαδνβ − δμβδνα).

For any Hermitian generator Ĥ there exists a one-parameter pseudo-gate L̂(t)

which can be represented in the form L̂(t) = exp itĤ such that L̂∗(t)L̂(t) = Î .
Let us write the main operations which allow us to derive new pseudo-gates L̂

from a set of pseudo-gates.

(1) We introduce general SWAP (twist) pseudo-gate T̂ (SW). A new pseudo-gate
L̂(SW) defined by L̂(SW) = T̂ (SW)L̂T̂ (SW) is obtained directly from L̂ by
exchanging two ququats.

(2) Any superoperator L̂ on H(2) generated by the commutator i[Ĥμν, Ĥαβ ] can
be obtained from L̂μν(t) = exp itĤμν and L̂αβ(t) = exp itĤαβ because

exp t
[
Ĥμν, Ĥαβ

] = lim
n→∞

(
L̂αβ(−tn)L̂μν(tn)L̂αβ(tn)L̂μν(−tn)

)n
,

where tn = 1/
√

n. Thus we can use the commutator i[Ĥμν, Ĥαβ ] to generate
pseudo-gates.

(3) Every transformation L̂(a, b) = exp iĤ (a, b) of GL(16, C) generated by
superoperator Ĥ (a, b) = aĤμν + bĤαβ , where a and b are complex, can
obtained from L̂μν(t) = exp itĤμν and L̂αβ(t) = exp itĤαβ by

exp iĤ (a, b) = lim
n→∞

[
L̂μν

(
a

n

)
L̂αβ

(
b

n

)]n

. �
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Control of quantum gates

Quantum non-Hamiltonian systems can be used for quantum computations. The
computations are realized by quantum operations, not necessarily unitary. Mixed
states subject to the general quantum operations could increase efficiency. This
increase is connected with the increasing number of computational basis elements
for Hilbert space. A pure state of n two level quantum systems is an element of
2n-dimensional function Hilbert space. A mixed state of the system is an element
of 4n-dimensional operator Hilbert space. The conventional quantum two-valued
logic is replaced by quantum four-valued logic. Therefore the increased efficiency
can be formalized in terms of a four-valued logic replacing the conventional two-
valued logic. Unitary gates and quantum operations for a quantum computer with
pure states and two-valued logic can be considered as four-valued logic gates
of a mixed-state quantum computer. Quantum algorithms [120] on a quantum
computer with mixed states are expected to run on a smaller network than with
pure state implementation.

In the quantum computer model with pure states, control of quantum unitary
gates is realized by classical parameters of the Hamilton operator. Quantum sys-
tems can be described by the equation:

(50)
∂

∂t
ρ(t) = Λ̂ρ(t),

where Λ̂ is the Liouville superoperator. For Hamiltonian quantum systems this
superoperator is defined by Hamiltonian H :

Λ̂ = − i

h̄

(
L̂H − R̂H

)
,

where L̂H and R̂H are superoperators defined by L̂H ρ = Hρ and R̂H ρ = ρH .
Quantum unitary gates on pure states are controlled by classical parameters enter-
ing the Hamiltonian H . For non-Hamiltonian quantum systems with completely
positive evolution, the Liouville superoperator Λ̂ is given by

Λ̂ = − i

h̄

(
L̂H − R̂H

)+ 1

2h̄

∞∑
k=1

(
2L̂Vk

R̂V ∗k − L̂Vk
L̂V ∗k − R̂V ∗k R̂Vk

)
,

where {Vk} is a set of operators. Quantum four-valued logic gates on mixed states
are controlled by classical parameters of the Hamiltonian H and the operators Vk .

Universality for general quantum four-valued logic gates acting on mixed states
should be studied. The matrices of the quantum gates can be considered as ele-
ments of some matrix group but these matrices are completely positive (or posi-
tive) elements of this matrix group. The condition of complete positivity leads to
difficult inequalities for matrix elements [35,61,82,130]. The completely positive
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condition for quantum four-valued logic gates can be satisfied by Kraus represen-
tation (41). To find the universal set of quantum four-valued logic gates we sug-
gest to consider the universal set of the superoperators (43) called pseudo-gates.
Pseudo-gates are not necessarily completely positive and the set of pseudo-gates
matrices is a group. Almost any two-ququat pseudo-gate is universal.

In the usual quantum computer model a measurement of the final pure state is
described by projection operators Pk = |k><k|. In the non-Hamiltonian model a
measurement of the final mixed state can be described by projection superopera-
tors described by P̂μ = |μ)(μ|, where |μ) are defined by (11) and (12).
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